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PREFACE. 



A SHORT and Easy Course of the Mathematical ScicnCM J 
lias long been considered ns a desideratum for the (ise c 
Students In the different schools of education: one t 
should hold a middle rank between the more voluminous 
and bulty collections of this kind, and the mere abstract 
and brief common-place forms, of principles and memo- 
randums. 

For lang experience, in all SemlnariEs of Learning, hai 
shown, that such a work was very much wanted, and would , 
prove a great and general benefit; as, for want of it, re- 

: has always been obliged to be had to a number of \ 
other boolcSj by different authors ; selecting a part from one 
and a part from another, as seemed most suitable to the J 
purpose in band, and rejecting the other parts— a practice] 
wbidi occasioned much expcnce and trouble, in procuring J 
and using such a number of odd volumes, of various formi 1 
■and modes of composition; besides wanting the benefit of 1 
uniformity and reference, which are found in a regular seriet 
of composition. 

To remove these inconveniences, the Author of the pre* 
«ent work has been induced, from time to time, to compose 
various parts of this Course of Mathematics ; which the 
experience of many years' use in the Academy has enabled 
him to adapt and improve to the most useful form and 
quantity, for the benefit of instruction there. And, to render 
that benefit more eminent and lasting, the Master General 
of the Ordnance has been pleased to give it its present form, 
by ordering it to be enlarged and priticedf for the use of the 
Eoayl Military Academy. 
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A'thi* irork has been composed expressly with the inten- 
fyii oi* adapting it to the purposes of academical education, 
^A is not designed to hold out the expectation of an entire 
' new mass of inventions and discoveries: but rather lo collect 
and arrange the most useful known principles of mathe- 
matics, disposed in a convenient practical form, demonstrated 
in a plain and concise way, and illustrated with Suitable ex- 
amples-, rejecting whatever seemed to be matters of mere 
curiosity, and retaining only such parts and branches, as have 
a direct tendency and application to some useful purpose in 
life or profession. 

It is however expected that much that is newwill be found 
■ in many parts of these volumes; as well in the matter, as in 
the arrangement and manner of demonstration, througboul: 
the whole work, especially in the geometry, which is ren- 
dered much more easy and simple than heretofore 5 and in 
the conic-sections, which are here treated in a manner at 
once new, easy, and natural ; so much so indeed, that all the 
propositions and their demonstrations, in the ellipsis, are the 
very same, word for word, as those in the hyperbola, using 
only, in a very few places, the word sum, for the word difftr- 
tncei also in many of the mechanical and philosophical parts 
which follow, in the second volume. In the conic sections, 
too, it may be observed, that the first theorem of each sec- 
tion only is proved from the cone itself, and all the rest of 
the theorems are deduced from the first, or from each other, 
in a very plain and simple manner. 

Besides renewing most of the rules, and introducing every- 
where new examples, this edition is much enlarged in several 
places; particularly by extending the tables of squares and 
cubes, square roots and cube roots, to lOOO numbers, which 
will be found of great use in many calculations j also by the 
, table of logarithms at the end of the first volume, and of lo- 
garitluns, sines, anil tangents, at the end of the second 
volume ; by the addition of Cardan's rules for resolving cubic 
e<juations f 
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equations ; with tables and rules for annuities ; and many 
other improvements in different parts of the work. 

Though the several parts of this course of mathematics are 
ranged in the order naturally required by such elements, yel 
students may omit any of the particulars that may be thought 
the least iieccssary to their several purposes ; or they may 
stutiy and learn various parts in a different order from their 
present arrangement in the book, at the discretion of the 
tutor. So, for instance, all the notes at the foot of the pages 
may be omitted, as well as many of (he rules ; particularly 
the I St or Common Rule for the Cube Root, p. 85, may well 
be omitted, being more tedious than usefiil. Also the chap- 
ters on Surds and Infinite Series, in the Algebra : or these 
migfit be learned after Simple Equations. Also Compound 
Interest and Annuities at the end of the Algebra. Also any 
parr of the Geometry, in vol. 1; any of the branches in 
vol. 2, at the discretion of the preceptor. And, in any of 
the parts, he may omit some of the eiamples, or he may 
'give more than are printed in the book; or he may very pro* 
£tab]y varj or change them, by altering the numbers oc> 
casionally —As to the (juantity of writing ; the author would 
recommend, that the student copy out into his fair book no 
more than the chief rules which be is directed to learn off by 
rote, with the work of one example only to each rule, set 
■down at full length : omitting to set down the work of all the 
other examples, how many soever he may be directed to 
work out upon his slate or waste paper. — In short, a great 
deal of the business, as lo the quantity and order and manner, 
must depend on the judgment of the discreet and prudest 
tutor or director. 
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<JENERAL PRINCIPLES. 

!• V^UANTrrY, or Magnitupe, is any thing that wlll^ 
a^mit of increase or decrease j or that is capable of any sort 
of calculation or mensuration : such as numbers^ lines^ space^ 
time, motion, weight. 

2. Mathematics is the ^ienc6 which treats of all kinds 
of quspitity whatever, that can be numbered or measured.— 
That part which treats of numbering is called Arithmetid ; 
and that which concerns measuring, or figured extension, is 
called G^e^m^/f^. — ^These two, which are conversant about 
multitude and magnitude, being the foundation of all the 
other parts, are called Pure or Abstract Mathematics; be- 
cause' they investigate and demonstrate the properties of ab- 
stract numbers and magnitudes of all sorts. And when these 
two parts are applied to particular or practical subjects, they 
constitute the branches or parts called Mixed Mathematics,-^ 
Mathematics is also distinguished into Speculative and Prao* 
tied: viz, Speculative^ when it is concerned in discovering 
properties and relations ; and Practical^ when applied to 
practice and real use concerning physical objects. 

Vol, I. B ^^^ 



3 GENERAL PRINCIPLES. 

t 

3. In Mathematics are several general terms or principles ^ 
such as, Definitions, Axioms, Propositions^ Theorems, Pro- 
blems^ Lemmas, Corollaries, Scholiums, &c. 

4. A Definition is the explication of any term or word in a 
science ; showing the sense and meaning in which the term 
is employed. — Every Definition ought to be clear, and ex- 
pressed in words that are common and perfectly well under- 
stood. 

5. 'A Proposition is something proposed to be proved, or 
something required to be done ; and is accordingly either a 
Theorem or a Problem, 

6. A Theorem is a demonstrative proposition; in which 
some property is asserted, and the tnith of it required to be 
proved. Thus, when it is said that. The sum of the three 
angles of any triangle is equal to two right angles, this is a 
Theorem, the truth of which is demonstrated by Geometry. 
«i»A set or collection of such Theorems consti^tes a Theory. 

7. A Problem is a proposition or a « question requiring 
something to be done ; either to investigate some truth or 
property, or to perform some operation. As, to find out the 
jquantity or sum of all the three angles of any .triangle, or to 

draw one line perpendicular to another. A Limited Pro» 

Hem is that which has but' one answer or solution. An Un^ 
limited Problem is that which has innumerable answers. 
And a I)eterminate Problem is that which has a certain num- 
ber of answers. 

8. Solution of a Problem, is the resolution or answer giveii 
to it. A Numerical or Numeral Solution^ is the answer given 
in numbers. A Geometrical Solution ^ is the answpr given by 
tjie principles of Geometry. And a Mechanical Solution^ is 
one yrhieh is gained by trials. 

^, A Lemma is a preparatory proposition, laid down in 
order to shorten the demonstration of the main proposition 
which follows it. 

\^. A Corollary J or Consectary^ is a consequence drawn 
immediately from some proposition or other premises. 

11, A Scholium is a remark or observation made by some 
foregoing proposition or premises. 

12. An Axiom f or Mnximy is a self-evident proposition; 
requiring no formal demonstration to prove the truth of it ; 
but is received and assented to as soon as mentioned. Such 
as, The whole of any thing Is greater than a part of It ; or, 
The whole is equal to all its parts taken together : or. Two 
quantities that are each of them equal to a third quantity, 
are equal to each other. 

n. A 




GENERAL PRINCIPLES. 

13. A Postulate, or Petition, is something required to be 
done, which is so easy and evident that no person will hesi- 
tate to allow it. 

14. An Hypothesis is a supposition assumed to be true, in 
order to argue from, or to found upon if the reasoning and 
denionstration of some proposition. 

15. Demanstration is tlie coliecting the several arguments 
and proofs, and laying them together in proper order, to 
sliow the truth of the proposition under consideration. ( 

16. A Direct, Positive, or Affrmativi Deinanstratioti, is 
that which concludes with the direct arid certain proof of the 
proposition in hand. — This kind of Demonstration is most 
satisfactory to,the,mind ; for which reason it is called si 
nmes -an Ostensive D'emonstraikii. 

11. An Indirect, or Negative Demonstration, is that which 
shows a proposition to be true, hj proving that some absur- 
dity would necessarily follow if the proposition advanced were 
false. This is also sometimes called Reductio ad Absurdutn ; 
because it shows the absurdity and falsehood of all supposi- 
tions contrary to that contained in the proposition. 

18. Method \% the art of disposing a train of arguments in 
a proper order, to investigate either the truth or falsity of a 
proposition, or to demonstrate it to others when it has been 
found out, — This is either Analytical or Synthetical. 

19. Analysis, or the Analytic Method, is the art or mode 
of finding out the trutli of a proposition, by first supposing 
the thing to be done, and then reasoning back, step by step, 
till we arrive at some known truth. — This is also called the 
Method of Inveniioii, or Resolution,- and is that which is com- 
monly used in Algebra, 

20. Synthesii, or the Synthetic Meilisd, is the searching 
out truth, by first laying down some simple and easy princi- 
ples, and pursuing the consequences flowing from tliem till 
we arrive at the conclusion. — This is also called the Method 
of Composition ; and is the reverse of the Analytic method, as 
this proceeds from known principles to an unknown conclu- 
sion ; while the other goes in a retrograde order, from the . 
thing sought, considered as if it were true, to some known 
principle or feet. And therefore, when any truth has been 
found out by the Analytic method, it may be demonstrated 
by a process in the contrary order, by Synthesis. 
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ARITHMETIC. 

-Arithmetic is the art or science of numbering; be- 
ing that branch of Mathematics which treats of the nature 
and properties of numbers. — ^When it treats df whole num- 
bers, it is called Vulgar^ or Common Arithmetic: but wheii of 
broken numbers^ or parts of numbers, it is called Pradtums. 

Unity ^ or an XJnit^ is that by which every thing is called 
one ; being the beginning of number \ as, one man, one ball^ 
one gun. ^ 

^ Number is either sioif^y one, or a compound tif several 
units*; as, one man, three men, ten men. 

An Integer^ or Whole Number, is some certain precfee 
quantity of units ; as, one, three, ten. — These are so called as 
distinguished from A-rfrff^fu, which are broken numbe!rs, or 
parts of numbers ; as, one^ialf, two-third$> or three^fourths. 
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NOTATION AND NUMERATION. - 

a 

Notation, or Numeration, teaches todetiote or ex*, . 
press any .proposed number, either bywords or characters ; . •• 
or to read and write down any sum or number. 
: The numbers in Arithmetic are expressed by the fbUowinig ' ; . * 
ten digits, or Arabic numeral figures, which w^remtroduced 'V \ 
into Europe by the Moors, ab^ut eight or nine jmndred '^'^v 
years since; viz. 1 one, 2 two, 3 three, 4 four, 5 five, 6 six/i.'j *. 
7 seven, 8 eight, 9 nine, cipher, or nothing. Iliese chaK- •. ' '/ 
liters or figures were formerly aH called by the general:'/.' 
vanxe of Ciphers f whence it came to pass that the art.'bf*;| 
Arithmetic was then often called Ciphering. Also the first - . ' 
nine are called Significant Figures, as distinguished from the * » 
cipher, which is of itself quite insignificant. 

Besides this value of those figures, they have also another, 
which depends on the place they stand in when joined toge- . ; 
ther ; as in the following table : 

Uuitf 
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O v> 






CO. 



3 

.g S M H -o -§ 
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•^ :g e5 § I eS ^^ ^e ^ i§ 

&c. 9 . 8 7 6 5 -4f 3 2 1 

9 8 7 6 5 4 3 2 

9 8 7 6 543 

9 8 7 6 5 4 

9 8 7 6 5 

'9876 

9 8 7 

9 8 

9 

Here, any figure in the first place^ reckoning from right to 
left, denotes only its own simple ralue ; but that in the 
second place> denotes ten times its simple value ; and that in 
the third place, a hundred times its simple value ; and so on : 
the value of any figure, in each. successive place^ being always 
ten times iti former value. 

Thus, in the number 1796, the 6 in the first place denotes 
only six units^ or simply six ; 9 in the second place signifies 
nine tens, or ninety ; 7 in the third place, seven hundred ; 
and the 1 in the fourth place, one thousand: so that the 
whole number is read thus, one thousand.seven hundr^ and 
ninety-six. 

As to the cipher, 0, though it signify nothing of itself, yet 
being joined on the right-hand side to other ngure% it in- 
creases their value in -the same ten-fold prc^>ortion : thus, 5 
signifies only five ; but 50 denotes 5 tens, or fifty ; and 500 
is five himdred ; and so on. ' , 

For thb more easily reading of large numbers, they are 
divided into periods and half-periods, each half-period con* 
sisting of three figures ; the name of the first period b^g 
units; of the second, millions; of the third, millions c£ 
millions, or bi-millions, contracted to billions : of the fourth^ 
millions of millions of millions^ or tri-millions, contracted 
to trillions^ and so on. Also the first part of any pe^od is so 
many units of it, and the latter part so many thQUS9i.ivd&* 
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The following Table contain^ a summary of the whole 
doctrine. 



Periods. 



QuadrilL; Trillions; Billions; Millions; Units. 



Half-per. th. un. th. un. thl un. th. un. th. un. 



Figures. 



123,456; 189,098; 765,432; 101,234; 567,890. 



Numeration is the reading of any number in words 
that is proposed or set down in figures ; which .will be easily 
done by help of the following rule, deduced from the fore- 
going tablets and observations — ^viz. 

Divide the figures in tlie proposed number, as in the sum- 
mary above, ijato periods and half-periods ; then begin at the 
left-hand side* and read the figures witih the names set to 
them in the two foregoing tables* 

EXAMPLES. 

Express in words the following numbers ; viz. 



34 

96 

180 

304 

6134 

9028 



15080 

72003 

109026 

483500 

3500639 

75?3000 



1 3405670 

47050023 

309025600 

4723507689 

274856390000 

6578600307024 



NoTATio j«r is the setting down in figures any number pror 
posed in words ; which is done by setting down the figures 
instead of the word^ or nam^ belonging to them in the sum- 
mary above ; supplying the vac^t pla(:es with ciphers where 
any words do not occur. 

EXAMPLES. 

Set dovm in figures the following numbers ; 

Fifty-seven. 

' Two hundred eighty- six*. 
Nine thousand two hundred and ten. 
Twenty-seven thousand five hundred and ninety-four. 
Six hundred and fortythousand^foiu- hundred an^ eighty-one. 
Three millions, two himdred sixty thousand, one hundred 
andsixt 

Four 
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Four hundred and ei^ht millions, two hundred and fifty-five 
thousand, one hundred and ninety-two. 

Twenty-seven thousand and eight millions, ninety-six thou- 
sand two hundred arid four. 

Two hundred thousand and five hundred and fifty millions^ 
one hundred and ten thousand, and sixteen. 

Twenty-one billions, eight hundred and ten millions, sixty- 
four thousand, one hundred and fifty. 

Of the Roma^ Notation. 

The I^omans, like several other nations, expressed their 
numbers by certain letters of the alphabet. The Romans 
used only seven numeral letters, being the seven following 
capitals: viz. I for one; V for five; X for ten; L ior fifty ; 
C for an hundred ; D for five hundred ; M for a thousand* 
The other numbers they expressed by various repetitions and 
combinations of these, after the following manner : 



1=1 

2 = II 

3 = III 

4 = im or IV 

5 = V 

6 c= VI 

7 =^11 



As often as any character is re- 
peated, so many times is its 
value repeated. 

A less character before a greater 
diminishes its value. 

A less character after a greater 
increases its value. 



8 

JO 

50 

100 

5G0 

1000 
2000 

5000 

6000 

• 10000 

50000 

60000 

100000 

1000000 



VIII 

IX 

X 

L 

C 

Dor ID 

■ 

M or CIO 

MM 



20Q0Q06 = m|[ 
fcc. &c. 



V or IDD 

VI 

X or CCIOD 

Ljjr IDDD 

LX 

C or CCCIOOO 

M or CCCCIOOOD 



For every 3 annexed, this be- 
comes 10 times as many. 

For every C and 0, placed one 
at each end, it becomes 10 
times as much. 

A bar over any number in- 
creases it 1000 fold. 
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9 ■ .: . , . ARITHMETIC. 

Explanation of certain Characters. 

There are various characters or marks used in Arithmetic, 
and Algebra, to denote several of the operations and proposi- 
tions ; the chief of which are as follow : 

+ signifies/////, or addition. 
"- - - minus f or subtraction. . 
X or . - multiplication. 
-7- - - division. 
: :: : - proportion. 
= - - equality. 
s/ - - square root. 
v/ - - cube root, &c. 

^ - - diff. between two numbers when it is not 
known which is the greater. 

Thus, 

5 + 3> denotes tihat 3 is to be added to 5. 

6 — 2, denotes that 2 is to be taken from 6. 

7 X 3, or 7 . S, denotes that 7 is to be multiplied by 3. 
8^4, denotes that 8 is to be divided by 4. 

2:3 :: 4: 6, shows that 2 is to 3 as 4 is to 6. 

6+4 = 10, shows that the sum of 6 and 4 is equal to 10. 

V 3, or 3i, denotes the square root of the number 3. 

^5, o;* 5*, denotes the cube root of the number 5. . 

7', denotes that the numbctr 1 is to be squared. 

%\ denotes that the number 8 is to be cubed. 



OF ADDlflON. 



Addition is the collecting or putting of several numbers 
together, in order io find their isitm^ or tin total amount of the 
whole. This is done as foUow^i r . ^ 

Set or place the nom'bers under each other, so that each 
figure may stand exactly under the figures ^the same value, 

. ^ t^t 
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that is, units under units, tens under tens, hundreds 
hundreds, &c. and draw a line under the lowest number, 
separate the given numbers from their sum, when it is found. 
— ^Then add up the figures in the column or row of units, 
and find how many lens are contained in that sum. — Set 
down exactly below, what remains more than those tens, or 
if nothing remain'^, a cipher, and carry as many ones to the 
next row as there are tens. — Next add up the second row, 
together with the number carried, in the same manner as the 
first. And thus proceed till the whole is finished, setting 
down the total amount of the last row. 
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To PROVE Addition. 

First Method.- — Begin at the top, and adil together all the 
rows of numbers downwards; in the same manner as they 
were before addal upwards ; then if the two siuns agree, it 
may be presumed the work is right. — This method of proof 
is only doing the same work twice over, a little varied. 

Second Method. — Draw a line below tlve uppermost number, 
and suppose it cut off. — Then add all the rest of the numbers 
together in the usual way, and set their sum under the num- 
ber to be proved- — Lastly, add this last found number 
and the uppermost line together ; then if their sum be the 
same as that found by the first addition, it may be presumed 
the work is right.^This method of proof is founded on the 
plain axiom, that " The whole is equal to all its parts taken 
together," 

Third Method. — Add the figures in 
the uppermost line together, and find example I. 

how many nines are contained in 
their sum. — Reject those nines, and 3497 g 5 
set down the remainder towards the 6.712 ,S 5 
right hand directly even with the S29fl ^ 6 

figures in the line, as in the annexed '■ — o _ 

example. — Do the same with ea-h 18S04 % 7 
of the proposed lines of numbers, set- ' U — 

ting ail these excesses of nines in a co- W 

lumn on the rigbt-liand, as here 5, 5, 6. Then, if the excess 
of 9's in this sum, found as before, be equal to the excess 
of 9's in the total sum 1 8304, the work is probably right. — 
Thus, the sum of the right-hand column, 5j 5, 6, is 16, the 
excess of which above 9is 7. Also thesumof the fi^utctvtv 

•Cot, 
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the sum total 18304, is 16, the excess of which zbov^Sis 

also 7, the same as the former^. 



t 


OTHER EXAMPLES. 




2. 


3. 


4. 


12345 


12345 


12345 


67890 


67890 


876 


98765 


9876 


9087 


43210 


543 


56 


12345 


21 . 


234 


67890 


9 


. 1012 



302445 



90684 



23610 



290100 



78339 



11265 



302445 



90684 



23610 



* This method of proof depends on a property of the number g, 
which, except the number 3, belongs to no other digit whatever ; 
namely, that '^ any number divided by g, will leave the same re- 
mainder as the sum of its figures or digits divided by Q :** which 
may be^ demonstrated in this manner. 

' uemumtrdtion. Let there be any number proposed, as 4658. 
This, separated into its several parts, becomes 4000 + ^^ + 50 
-f B. But 4000 = 4 X 1000 =4 X (gtJQ + l) = 4 X 999 -f 4. 
In like noanner 600 = 6 x 99 + 6 j and 50 z= 5 x 9 -f 5. There- 
fore the given number 4658 =: 4 x 999 +4 + 6 X99 + 6 + 
5X9 + 5+8=4x 999 + 6x 99 + 5X9 + 4 + 6 + 5 
+ 8 ; and 4658 -v-9=(4X9C)9+6X99 + 5 X9 + 4 + a 
+ 5 + 8) -r- 0. But 4 X 999 + 6 X 99 + 5 X 9 is evidently 
divisible by 9, without a remainder ; therefore if the given num- 
ber 4658 be divided by Q, it will leave the same remainder- as 
4 + 6 + 5 + 8 divided by 9. And the same^ it is evident, will 
hold for any other number whatever. 

In like manner, the same property may be shown to belong to 
the number 3 -, but the preference is usually given to tiie numt)er 
9, on account of its being more convenient in practice. 

Now, frotn the demonstration above given, the reason of the 
rule itself is evident -, for theexcess of 9's in two or more numbers 
being taken separately, and. the excess, of 9's taken also out of the . 
sum of the former ei^qesses, it is plain that this last excess must be , 
equal to the excess of 9's contained in l^e total sum of all these 
numbers -, all the parts taKen together being equal to the whole. 
-This riile was first given by Dr. Wallis in his Arithmetic, 



pfabB'shed in the year 165^. 



Ex- 



SUBTRACTION. 



U 



Ex.5. Add 3426; 9024; 5106; 8890; 1204, together. 

Ans. 27650. 

6. Add 509267; 235809; 72920; 8392; 420; 21; and 9, 
together. ' Ans. 826838, 

7. Add 2; 19; 8l7; 4298; 50916; 730205; 9180634, 
together* Ans. 9966891. 

B, How many days are in the twelve calendar months? 

Ans. 365* 

9. How many days are there from the iSth day of April to 
the 24th day of November, both days included ? Ans. 224. 

10. An army consisting of 52714 infantry*, or foot, 51 10 
horse, 6250 dragpons, 3927 light-horse, 928 artillery, or 
gunners, 1410 pioneers, 250" sappers, and 406 miners : whajt 
is the whole number of men ? Ans. 7099^5, 



OF SUBTRACTION. 



Subtraction teaches to find how much one number 
exceeds another, called their difference , or the remainder^ by - 
taking the less from the greater. The method of doing which 
is as follows : 

Place the less number under the greater, in the same man- 
ner as in Addition, that is, units under units, tens under tens,- 
and so on ; and draw a line below them. — Begin at the right 
hand, and take each figure in the lower line, or number, from 
the figure above it, setting down the remainder below it. — 
But ii the figure in the lower line be greater than that above 
it, first borrow, or add, 10 to the upper one, and then take 
the lower figure from that sum, setting down the remainder, 
and carrying 1 , for what was borrowed, to the next lower 
figure, with which proceed as before; and so on till, the 
whole is finished. 



* TJhe whole, body of foot soldiers is denoted by the word /«- 
f{mtry:Bnd all those that charge on horseback by the word Cavaliy. 
— S6me authors conjecture that the term infantry is derived from 
a certain In^nta of Spain, who, finding that the army commanded 
by the king her father had been defeated by th6 Moors, assembled 
a body of -the people together on foot, with which she engaged 
and totally routed the enemy. In honour of this event, apd to 
^tingtiish the foot soldiers, who were not befoi^e held in hiuch 
estimation, they receiyed the name of Infaptty, froni her own 
tUle of Infanta, • • . v .. 
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To PROVE Subtraction. 

Add the remainder to the less numbery or that which is 
just above it j and if the sum be equal to the greater or uppers 
most number, theworfc is right*. 

EXAMPLE5. ' 



1. 

From 5886427 
Take 2164315 



From 5386427 
Take 4258792 



3. 
From 1234567 
Take '702975 



Rem. 3222112 



Rem. 1127635 



Rem. 5315.94 



Proof.5386427 



Proof. 5386427 



Proof. 1234567 



4. From 5331806 take 5073918. 

5. From 7020974 take 2766809. 

6. From 8503602 take 574271. 



' Ans. 257888. 
Ans. 4254165. 
Ans. 7929131. 



7. Sir Isaac Newton was bom in the year 1 642, and he 
died in 1727 : how old was he at the time of his decease ? 

Ans. 85 years. 

8. Homer was bom 2543 years ago, and Christ 1810 years 
ago: then how long before Christ was the birth of Homer ? 

Ans. 733 years. 

9. Noah's flood happened about the year of the world 1656, 
and the birth of Christ about the year 4000: then how long 
was the flood before Christ? Ans. 2344 years. 

10. The Arabian or Indian method of notation was flrst 
known in England about the year 1150: then how long is 
it since to this present year 1810 ? * Ans. 660 years.. 

] 1 . Gunpowder was invented in the year 1 330 : then how 
long was this before the invention of printing, which was 
in 1441? Ans. HI years. 

12. The mariner^! compass was invented in Europe in the 
year 1302: then how lone was that before the discovery of 
America by Columbus, which happened in 1492? 

I Ans. J 90 years. 

* The reason of this metbpd of proof is evident; for.iftbi 
difierence of two numbers he 9d4ed to th^iiw, it nniit xmiSfyOj 
make up a sum equal to the greater. 

^ OF 



MUXJIfftKATION. ' 



OF MULTIPLICATION. 



McrLTiPLiCATioN is 3 compendious method of Addition, 
teaching how to £nd the amount of any given nomber when 
t<epeated a. certain number of times; as, 4 times G, which 
is 24. 

Tlie number to be multi[died, or repeated, is called the 
J/nuM^irtMi/.-'—Thefiuniber you multiply by, or the number of 
repetitions, is the Multiplier. — And the number found, b^g 
the total amomit, is called the PtvducL~Msa, both the 
■multiplier and multiplicand are, in general, -named the Termi 
or Factors, 

Before pr'o'ceeding to any op«^tions in this rule, it is ne- 
cessary to learn off very perftcdy the following TsUei of all 
the products of the first 12 numbers, commonly called the 
Multiplication Table, or sometimes lyiiagotas's Table, from 



Multiplication Table. 



1 


a 


3 


4h. 


« 


7 


8 


9 


10 


ll] 12 


2 


4 


6 


8 [ 10 


12 


14 


16 


IS 


20 


22[ 24 


3 


6 


^ 


12 1 1.^ 


18 


21 


24 


y" 


30 


33 


36 


4 


8 


12 


16 20 


24 


28 


:S2 


3G 


40 


44 


48 


5 


10 


15 


20|25 


30 


35 


40 


45 


50 


55 


60 


G 


12 


is 


2+1 30 


36. 


42 


48 


54 


60 


66 


72 


'1 


-14 


21 


28J35 


42 


49 


56 


63 


70 


77 


84 


S 


16 


24 


S2 40 


48 


56 


64 


ri 


80 


88 


96 


• 9 


IS 


27 


36 45 


54 


63' 


12 


81 


90 


99 


108 
120 


10 


20 


SO 


4o|50 


60 


Id 


80 


90 


100 


n 


22 


33 


44|55 


66 


77 


8S 


99 


110 


121 


132 


13 


24 


36 


4S|€0 


12 


84 


96 


108 


120 


132 


144 
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Ta multiply any Given Number by a Single Figure^ or by any 

Number not more than 12. 

* Set the multiplier under the units figure, or right-hand 
place> of the multiplicand, and draw a line below it.-— Then, 
beginning at the nght-hand^ multiply every figure in this by 
' the multiplier. — Count how^ many tens there are in the pro- 
duct of every single figure, and set down the remainder di- 
rectly under the figure that is multiplied; and if nothing 
remains, set down a cipher. — Carry as many units or ones a& 
there are tens counted, to the product of the next figures ; 
and proceed in the same manner till the whole is finished. . 

EXAMPLE. 

Multiply 9876543210 the Multiplicand. 
. By - ' - - - 2 the Multiplier. 

19758086420 the Product. 



To multiply by a Number consisting of Several Figures* 

t Set the multiplier below the multiplicand, placing them 
'as vfi Addition, namely, units under units, tens under tens, &c. 
drawing a line below it. — ^Multiply the whole of the multi- 
plicand by each figure of the multiplier, as in the last article; 

setting 



, 56/8 

* The reason of this rule Is the same as for 4 

the process in Addition^ in which 1 is car- ■ ■ ' 

ried for every 10, to the next place, gra- 32 = 8X4 

dually as the several products are produced, 280 = 70 X 4 

one after another, instead of setting them 2400 = 600 X 4 

all down one below each other^ as in the an- 20000 =5003 X 4 

nexed example. r- • 

22712 =5678 X 4 



f After having found the produce of the multiplicand by the first 
figure of the multiplier, as in the former case, the multiplier is 
supposed to be divided into parts, and the product is foimd for the 
second figure in the same manner : but as this figure stands in the 
place of tens, the product roust be ten times its simple value ; and 
tiierefore the first figure of this product must be set in the place of 

» tens; 




MULTIPLICATION. 



ing down a line of products for each figure in the muiti- 
' plier, so as that the first figure of each line may stand straight 
under the figure multiplying by. — Add all the lines of pro- 
ducts together, in the order as they stand, and their sum will 
be the answer or whole product required. 

h|i To PROVE Multiplication. 

I^'There are three diflerent ways of proving Multiplication, 
■wluch are as below: 

Firit Method. — Make the multiplicand and multiplier 
change places, and multiply the latter by the former in the 
same manner as before. Then if the product found in this 
way be the same as the former, the number is right. 

Second Method. — * Cast all the 9's out of the sum of the 
figures in each of the two factors, as in Addition, and set 
down the remainders. Multiply these two remainders 
together, and cast the 9's out of the product, as also out of 



tens ; or, which is the same thing, direclly under the figure multi- 
plied by. And proceedlngin 



I2345fi7 the muhiplicand. 
4567 



this manner separately wiihall 
the figures of the mulliph r, 
it is evident that we shall mul- 
tiply all die parts of the mul — 
tiphcand by ail the parts of 8641()SC|= "times tlie mult. 
the multiplier, or die whole of 740/402 ~ 60 times ditto, 
the multiplicand byihewhole til72a35 = SOOtitnca ditto. 
of the muhipher : therefore 41)38308 =4000 limes ditto. 

these several products being .^ 

added together, will be equal 503S26743y=45U7 times ditto. 
to tbe whole required product; ■ 
as in the example annexed. 

* This method of proof is derived from the peculiar property of 
the number p, meoiioned in the proof of Addition, and the reason 
for the one may lerve lor that of the other. Auotiier more ample 
demonstration of this rule may be as follows : — LetP and Q denote 
the number of y's in the factors to be multiplied, and a and fi what 
remain i then 9 P+aand .cjQ+t wiUbe the numbers themselves, 
and their product is (y P X y Q) + (y P X 6) + (9 Q x «) + 
((I X fi) ; but the first three of these products are each a precise 
number of g's, because their lactors are so, either one or both : 
these therefore being east away, diere remains only a x b; and if 
the 9's also be cast out of this, the excess is the excess of y's in the 
total product : but a and A arc the excesses in the factors them- 
selves, and a X (is their product; therefore the rule is tiu«. 
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the "vrhole product or answer of the question, reserting t^ 
remainders of these last two, which remainders must be eouad 
when the work isji^t. — Ncte^ It is comsion to set the tour 
remainders within the four angular spaces of a cross^ as in the 
example below. 



Third ilff/^*—- Multiplication is also very naturally 

E roved by Division \ for the product divided by either of tbe 
ictors, win evidently give the other. But this cannot be 
practised till the rule of Division is learned. 



Mult. 3542 
by 61^ 

* 21252 
31878 
3542 
21252 



21946232 Product. 



EXAMPLES. 

Proof. 




or Mult. 6196 
by 3542 



12392 
247S4 
30980 
18588 



21946232 Proof. 



OTHER EXAMPLES. 



Multiply 
Mt|lti{rfy 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 



1234S6789 by 
123456789 by 
12345^789 by 
123456789 by 
123456789- by 
123456789 by 
12S456789 by 
123456789 by 
123456789 by 
302914603 by 
273580961 by 
402097316 by 
82164973 by 
7564900 by 
8496427 by 
2760325 . by 



3. Ans. 370370367. 

4. Ans. 493^27156. 

5. Ans. 617283945. 

6. Ans. 740740734. 

7. Ans. 8641^7523. 

8. Ans. 987654312. 

9. Ans. 1111111101. 

11. Ans. 1358024679. 

12. Ans. 1481481468. 
16. Ans. 4846633648. 
23, Ans! 6292362103. 
195. Ans. 78408976620. 
3027. Ans. 248713373271. 
579. Ans. 4380077100. 
874359. Ans. 7428927415293. 
37072. Ans. 10233Q768400. 



Qonruc* 
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MULTIPLICATION. 1? 

Contractions in M^Jltiplication. 

I. When there . are Ciphers it^ the Factors, 

If the ciphers be at the right-hand of the numbers ; mul- 
tiply the other figures only, and annex as many ciphers ia> 
the right-hand of the whole product, as are in both the fac- 
tors.— When the ciphecs are in the middle parts of the mul- 
tiplier 5 neglect them as before, only taking care to place 
the first figure of .every IJn^ o( products exactly under the 
figure multiplying with. 

exa:mples. * 
1. . 2. 

Mult. 9001635. Mult^ 390720400 

by - 7010Q - by .- ' 406000 

9001635 ' 23443224 

63011445 . 15628816 

631014613500 Products 158632482400000 



3. Multiply 81503600 by 7030. Ana. 5^2970308000.^ 

4. Muhiply 9030100 by 2100, Ans. 18963210000. 

5. Multiply 8057069 by 70050, Ans, 564397€^3450. 

H. When the Multiplier is the Product oftnup or more^ Numbers 
* ' in the Table'; then 

* Multiply by each of those parts separately, instead of 
the whole number at once« 

EXAMPLES. 

U Multiply 51307298 by 56^ or ^ tunes g. 

51307298 



359151086 
S 

.12873208688 

^ . I • -■--■■■, ■ . ■ . . ■ » -- - .. , - . .[t- ^ 

.* The reason of this rule is obvious cftiough^ for any number 
multiplied by the component psirt? of another, must gjive the s^mfc 
proiluct as if it were multiplied by th^t nurpberat arjfe. " thfus, i^ 
me 1st example, 7 times the' product of 8 by the given number, 
makes 56 times the same number, as plainly as 7 tinges S ijvafe^^^Si'^N 
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2. Multiply 31704592 by 36. Ans. ll*T3fi531Z. 

3. Multiply 2975380* by 72. Ans 2142273888. 
4.. Multiply 7128368 by 96. Ans. 684.32a3a8. 

5. Multiply 160430800 by 108. Ans. 17326526400. 

6. Multiply 61835720 by 1320. Ans. 81623150+00. 

7. There was an army composed of 104 * battalions, each 
consisting of 50O men; what was the number of men con- 
tained in the whole? Ans. 52000. 

8. A convoy of ammunition f bread, consisting of 250 
waggons, and each waggon containing 320 loaves, havinjf 
been intercepted and taken by the enemy j what is the num- 
ber of loaves lost ? Ans. 80000. 



1 
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OF DIVISION. 

Division is a Icind of compendious method of Subtrac- 
tion, teaching to find how often one number is contained in 
another, or may be taken out of it : which is the same thing. 

The number to be divided is called the Dividend. — 
The number to divide by, is the Divisor..— And the number 
of times the dividend contains the divisor, is cdled the Qiia- 
iient. — Sometimes there is a Retnainder left, after the division 
is finished. 

The usual manner of placing the terms, is, the dividend in 
the middle, having the divisor on the left hand, and the quo- 
tient on the right, each separated by a curve line ; as, to 
divide 12 by 4, the quotient is 3, ' 

Dividend 1 2 

Divisor4} 12 (3QnDtient; 4 subtr. 

showing that tho number 4 is 3 times — 

contained in 12, or may be 3 times 8 

subtracted out of it, as in the margin. 4 subtr. 

X Rule. — Having placed the divisor — 

before the dividend, as above direct- 4 

ed, find how often the divisor is con- 4 subtr. 

tained in as many figures of the divi- — 

dend as are just necessary, and place the O 

Dumber on the right in the quotient. ~- 

Mul- 

* A battflllonisabodyoffoot, consisting of 500, or Goo, or 700 
men, more or less. 

f The ammunition bread, is that which is provided for, and dia- 
tributei lo. the ioldiers; the usual allowauce being a loaf of 6 
pounds to every soldier, once in 4 days. 

X In this way the dividend is resolved into parts, and by trial is 

found 
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filVIStON. 19 

I Multiply the divisor by this tuitnber, and set the product 
I tinder the fii^ures of the dividend before-mentioned. — Sub- 
l tract this product froiE that part of the dividend under which 
\ tt stands, and bring down the nexr figure of the dividend, or 
I more if necessary, to join on the right of the remninder. — Di- 
l vide this number, so increased, in the same mmmer as before; 
I and so on till all the figunes are brought down and used. 

N. B. If it be necessary to bring down more figures than 
one to any remainder, in order to make it as large as the 
divisor, or larger, a cipher must be set in the quotient for 
every figure so brought down more than one. 

To PROVE Division. 

* Multiply the quotient by the divisor ; to this product 
add the remainder, if there be any; then the sum will be 
equal to the dividend when the work is right- 



found bow often the divisor is contained in each of those parts, one 
after another, arranging the several figures of the quotieul one after 
another, into one number. 

Wheii there is no remainder to a division, the quotient is the 
whole and perfect answer to the question. But when ihtre is a re- 
mainder, it goes so much towards another iirae, as it approaches to 
the divisor : so, if tbe remainder be half the divisor, ii will go the 
half of a time mote ; if the ^ib partof the divisor, il will go one 
fourth of a time more; and so on. Thereiore, to complete the 
quotient, eet the remainder at the end of ic, above a small lino, and 
the divisor below itj thus forming a fractioual part of the whole 
quotient. 

* This method of proof is plain enough : for since the quotient 
is the number of rimes the dividend coniaiiis the divii^or, the quo- 
tient multiplied by the divisor mu:it evidently Oe eijual to tbe 
dividend. 

There are also several other raeth'ids sometimes <.\%eA for proving 
Division, some of the most useful of which are as ii>llow: 

Second Mrfiorf.— Subtract the remainder Inim the dividend, and 
divide wh« is left by the quotient ; so shall the nt-w quotient from 
tills last division be equal to tbe farmer divi^r, when the work is 
right. 

TAird Method. — Add logeiher the remainder and all the pro- 
ducts of the several quotient ligures by the divisor, according to the 
order in which they stand in the work ; and the sum wi" 
equal to the dividend when the work » right. 
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1. Quot. 

3) 1234567 (411522 

1? mult. 3 



EXAMPLES. 



2, Quot. 
37 ) 12345678 (333666 

37 



3 
3 


1234566 
add 1 


4 


1234567 


15 
15 


Proof. 


6 
6 

7 
6 

Rem. 1 


« 



111 

124 
111 

135 
111 



246 
222 

247 
222 



2335662 
1000998 
rem. 36 

12345678 

Proof. 



^58 
222 



Rem. 36 



5. Divide 73146085 by 4. 

4. Divide 5317986027 by 7. 

5. Divide 570196382 by 1«. 

6. Divide 74638105 

7. Divide 1378^6254 

8. Divide 35821649 

9. Divide 72091365 



Ans. 18286521|.. 
Ans. 759712289^ 
Am. 47516365^, 
Ads. 2017246^. 
Ans. 14216l0ff. 
Ans. 4688614^. 
Ans. 13861-5?^r. 



Ans. 80496^%^. 



by 37 
by 97. 
by 764. 
by 5201. 

10. Divide 4637064283 by 57606. 

11. Suppose 471 men are formed into ranks of 3 deep, 
what is the number in each rank i Ans. 1 57. 

12. A party, at the distance of 378 .miles from the head 
' quarters, receive orders to join their corps in 18 days : what 

number of miles must they march each day to obey their 
orders? ' Ans. 21. 

13. The annual revenue of a gentleman being 38330/$ 
how much per day is that equivalent to> there being 365 days 
in the y^ar ? Ans. 104/. 

'Contractions in Division. 

There are certain contractions in Division, by which thq 
operation in particular cases may be performed in a shorter 
nanner: as follows; ' ; . 



L Divji'i 



DIVISION. 



21 



* I. 'Division By any Small Number ^ not greater than I^, may 
be expeditiously performed, by multiplying and subtracting 
mentally, omitting to set down the work, except only the 
quotient immediately below the dividend. 



3) 56103961 
Quot. 18701320| 



EXAMPLES. 

4) 52619675 



5) 1379192 



6) 38672940 7) 81396627 8) 23718920 



9) 43981962 11) 57614230 12) 27980373 



-II. * When Ciphefs are qinnexed to the Divisor; cut off those 
ciphers from it, and cut off the same number of figures from 
the right-hand of the dividend; then divide with the remain- 
ing figures, as usual. And if there be any thing remaining 
after this division, place the figures cut off from the dividend 
to the right of it, and the whole will be the true remainder j 
otherwise, the figures cut off only will be the remainder. 

EXAMPLES. 

1. Divide 3704196 by 20. 2. Divide 31086901 by 71 Oa 
2,0) 370419,6 71,00)310869,01 (4378f44i. 
^84 . 



Quot. 18j?209|4 



268 
213 



556 
497 

599 
56$ 



31 



3. Divide 



* This method is only to avoid a needless repetition of cipherg^ 
jtrhich would hapjpen in the common way. ^d ^<^ vra>\t oi W^ 



M AIUTHMETIC. 

3. Divide 7S80964 by 23()00. Am. adO$fU4* 

4. Divide '2304109 by 5800, Ans. 39744SS- 

in. When the Divisor is the exact Product of two or more 
of the small Numbers not greater than 12 : * Divide by each 
of those numbers separately, instead of the whole divisor at 
once. 

N, B, There are corjimonly several remainders in work* 
ing by this rule, one to each division; and to find the true or 
whole remainder, the same as if the division had been per- 
formed all at once, proceed as follows : lylultiply the last 
renxainder by the preceding divisor, or last but one, and to 
the product add the precedmg remairAler; multiply this sum 
by the next preceding divisor, and to the product add the 
next preceding remainder ; and so on, till you have gone 
backward through all the divjsors and remainders tO the first. 
As in the example following ; . 

EXAMPLES, 

1. Divide 31046835 by S^ or 7 times 8* 

7 > 31046835 6 the last rem, 
— mult. 7 preced. divisor. 

8 ) 4435263—1 fijst rem. --- 

4? 

554407 — 6 second rem. add 1 tb.e 1st rem. 



Ans, 554407fJ 43 whole rem. 



principle on which it is founded^ is evident ; for, cutting off the 
same number ijf ciphers^ or figures, from each, is the same as 
dividing each of thein by 10, or 100, or J 000, &c. according to 
the number of ciphers cut off; and it is evident, that as often as 
the whole divisor is contained in the whole dividend, <:o often must 
any part of the former be contained in a like part of the latter. 

* Thie follows froip die second contraction in Multiplication, 
being only the converse of itj for the half of the thfrd part of any 
thing, is evidently the samp as the sixth part of the whole ; and 
so of any other numbers.— The reason of the method of finding 
the whole remamder from the several particular ones, will best 
appear from the nature of Vulgar Fractions. Thus, in the first 
example abovp, the first remainder being ] , when the divisor is 
7« makes | ; this must be added to the second remainder, 6j 
inakiutj o^ to the divisor 8, or tq be divided by 8. But ^t^ 

» y =y3 9Pd this dmd^ by 8 givesy^ =5§t 

?. Divide 



REDUCTION. 8S 

8. Divide 7014596 by 72. Ans. 974244f. 

3. Divide 5130652 by 132. Ans. 38868tZ3^. 

4* Divide 83016572 by 240. . Ans. S45902^. 

^IV. Common Division may be performed more concisely ^ 
by omitting the several products, and setting down only the 
remainders; namely, multiply the divisor by the quotient 
figures as before, and, without seeing down the product^ 
subtract each figure of it from the dividend, as it is produced; 
always remembering to carry as many to the next ^gure as 
were borrowed before. 



EXAl^PLES. 

> 

1. Divide 3104679 by 833. 

833) 3104679 ( 3727^V- 
6056 
2257 
J5919 
88 

J. Divide 79165238 by 238. Ans. 332627^. 

3. Divide 29137062 by 5317. ^ Ans. 54794fi^. 

4. Divide 62015735 by 7803. Ans. 7947f|4^. 



OF REDUCTION. ' . 

Reduction is the changing of numbers firpm one n;m)e 
o>r denomination to another, without altering their yalue.— 
This is chiefly concerned in reducing money^ weights, and 
measures. 

When tlie numbers are to be reduced from a l^igher panie 
to a lower, it is called Reduction Descending; but when, 
contrarywise, from a Ipwer name to a higher, it is Reduction 
Ascending. 

Before proceeding to the rules and questions of Reduction, 
it will be proper to set down the usual Tables of money, 
weights, and measures^ which are as follow : 



^4 



ARiTHMETiC. 



0/MOmYi WEIGHTS, and MEASURES^ 
Tables of Money*. 



ft Farthings 
4 Farthings 
12 Pence 

20 Shillings 



1 Halfpenny f 
1 Penny d 
1 Shilling s 
I Pound j! 



qrs 
4 
48 
960 



d 
1 

12 
240 



1 

20 






PENCE TABLE, 



d 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 



i& 



/ 


d 


s 


1 


8 


I 


2 


6 


2 


3 


4 


3 


4 


2 


4 


5 





5 


5 


10 


6 


6 


8 


7 


7 


6 


3 


8 


4 


9 


9 


2 


10 








U 



SHILLINGS TABLE* 

is \i 

'— 24 

— 36 

— 48 

— 60 
-* 72 

— 84 

— 96 

— 108 

— 120 
~ 132 



Troy 



'■ Jiia 1.1 ■ 



^ JE denotes pounds, s shillings, and (/denotes pence. 
^ denotes l farthing, or one (juarter of any thing. 
4 denotes a halfpenny^ or the h^lf of any thing. 
^ denotes 3 farthings, or thi'ee quarters o'f any thing. 

The full weight and value of the English gold and silver coin, 
i^ as hbre below : 

SiLVEtt, 

A Crown 
Half crown 
Shilling 
Sixpence 

The usual value of gold is tiearly 4/ an ounce, or 2i/ d grain; 
and tli^t of silver is nearly 5it an outlce. Also; the value of any 
quantity of gold, is to the value of the same weight of standard 
pilver, nearly as 15 to. I, or more nearly as 15 and A-Hth to I. 

Pure gold, free from mixture with other metals, usually called 
iipe gold, is of so pure a nature, thar it will endure the fire 

• without 



Go^Ot Value. 


Wd^h'u 


£ 's d 
AGuine^ 110 
Half-guined 10 d 
Seven Shillings 7 0* 
OuarterrguineaO ^ 3 


dwt gr 
2 10^ 

J Si J 



Value. 


TVeigHf. 


s d 


du't gr 


5 


19 84 


2 6 


9 1«J 


1 O 


3 21 


6 


1 2%i 



Tables ot weights. ^ ss 



Troy Weight*. 



Crams ^ - marked ^r 
Of G»;ains make 1 Pennyweight dwt 
20 Pennyweights 1 Ounce oz 

1 2 Ounces 1 Pound 16 



gr dwt 
24= \ * oz 
480=r 20= 1 !b 
5760=^240 = 12 = 1 

By this weight are weighed Gold, Silver, and Jewels^ 



AbOT HECARIES' WEIGHti 

Grains - - marked gr 

20 Grains make 1 Scruple sc- or 3 

3 Scruples 1 Dram ^r or 3 

8 Drams 1 Ounce oz or | 

12 Ounces 1 Pound lb or fb 

gr ic • 

5^0 =. * 1 dr 
60 = 3 = 1 dz 
480 = 24 ^ S = 1 /iJ 
5760 = 288 ±r 96 = 12 = 1 

This is the same as Troy weight, only having some dil"- 
ferent divisions.. Apothecaries make use of this weight in 
compounding their Medicines ; but they buy and sell their 
Drugs by Avoirdupois weight. 

AvoiR- 



i^mtm 



^ . ^ 4 M L 



Vtthout wasting, though it be kept continually melted. But silver^ 
not having the purity df gold, will not endure the fire like it : yet 
fine silver will waste but a very little by being in tho fire any 
moderate titne ; whereas copper, tin, lead, &c. will not only 
waste, but may be calcined, or burnt to a powder. 

Both gold and silver, in their purity^ are so very soft and iexible 
(like new lead, &c.>, that they are not so useful, either in coin or 
otherwise (except to beat into leaf gold or silver), as when they 
are allayed, or mixed arid hardened With C('pper or brass. And 
though most nations differ, niore or less, in tlie quantity of such 
allay, as well as in the same place at different times, yet in Eng- 
land the standard for gold and silver coin has been for a long titne 
as follbws — viz.-That 2S4 part^ of fine gold, and 2 parts of<*opper, 
being melted together, shall be esteemed the X\ ue standard forgoJd 
toin : And that i I ounces and 2 pennyweights of tine silver, and 
1 8 penny wdgbtb of copper^ being meked toL^ether, is esteemed 
the true standard tor silver coin, ctilled Sterling silver. 

* T he original of idll i^'eights used in England - was a grain or 

Eom of wheat, gathered ont of the middle of the ear, ' and, ' "^i^^ 

• Veil djri^d, 32 of theoa were to make onepenu^ weight, 20 pennY- 



/ 
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ARITHMETIC. 



Avoirdupois Weight. 



marked if 



- - - as 
^ ^ ^ lb 



Drams - - - - 

16 Drams make 1 Ounce 

16 Ounces - - - 1 Ppund 

28 Pounds - • - 1 Quarter - - - ^r 

4 Quarters - - • 1 Hundred Weight - cwt 

20 Hundred Weight 1 Ton - . . tm 



dr 


oz 




16 = 


1 


lb 


256 = 


16 = 


1 qr 


7168 = 


448 = 


28 = 1 cvit 


28672 = 


1792 = 


112 = 4 = 1 tti 


573440 = 


35840 = 


2240 ^ 80 = 20 = 1 



By this weight are weighed all things of a coarse or drossy 
nature^ as Corn, Bread, Butter, Cheese, Flesh, Grocery 
Wares, and some Liquids ; also all Metais, except Silver and 
Gold. 





oz dwt 


«»• 


tfatfy that \lh Avoirdupois = 14 11 


15i Troy. 




\oz - - = 18 


Si 




\dr - - t= 1 


Si 




Long Measure. 


^ 


. 3 Barley*coms make 1 Inch 


In 


12 Inches 


. 1 Foot - - 


Ft 


8 Feet 


. 1 Yard - - 


Yd 


6 Feet 


- 1 Fathom - 


Fth 


5 Yards and a half 1 Pole or Rod - 


PI 


40 Poles 


- 1 Furlong - 


Fur 


3 Furlongs 


i - - I Mile . - 


MiU 


3 Miles 


- 1 League - 


Lea 


69t Miles n 


early - 1 Degree - - 


Deg or *. 



weights one ouQce, and 12 ounces one pound. But in later times^ 
it was thought suificient to^vide the same penn3rweight into 
^ equal parts, still called grains^ being the least weight now in 

* common use ) and from thence the ce^ are computed^ as in tl^e 

; Tables above. 

■ In 



TABLES ou? MEASURES. an 



In Ft 
12 = 1 Td 
36 = 3 =5 1 PI 
198 = 164 = 54 ss 1 Fur 
7920 = 660 = 220 = 40 = 1 Mik 
63360; = 5280 = 1760 =s S20 as a =s 1 


\ 


\ 

Cloth Measure. 




2 Inches and s^ quarter make 1 Nail 

4 Nails - - - 1 Quarter of a Yard 

3 Quarters - - - 1 Ell Flemish 

4 Quarters - , , 1 Yard 

5 Quarters - ^ - 1 Ell English 
4 Quarters 1 4 Inch - 1 Ell Scotch 


Nl 
(?'' 

Td , 
EM 
£S 



Sqjjare Measure. 

144 Square Inches make I Sq Foot * Ft 

9 Square Feet - 1 Sq Yard - Td 

304 Square Yards - 1 Sq Pole * Pifk 

40 Square Poles - 1 Rood - Rd 

4 Roods - - 1 Acre - jtcr 



Sq Inc 




SqFt 








144 


qc 


1 




SqTd 




1296 


=: 


9 


= 


1 




35204 


=z 


2724 


:= 


304 


=z 


1568160 


zzz 


10890 


s 


1210 


r= 


6272640 


zzs 


43560 


= 


4840 


=2 



SqPl 

1 Rd 

40 = I Acr 
160 ^ 4 = 1 



By this measurt) Land, and Husbandm^ and Gardener^ 
work are mes^sured; also Artificers' work, such as Boards 
Glass, Pavements, Plastering, Wainscoting, Tiling, Flooring^ 
^d every dimension of length and breadth only* 

When three dimensions are concerned, namely, length, 
breadth, and depth or thickness, it is called cubic or solid 
measure, which is used to measure Timb^i', S one, &c» 

The cubic or solid Fooit, which is 12 inches in length and 
breadth and thickness, conts^ns 1728 cubic or spli4 inches, 
V\A 97 6pU4 fe^t make oae sgUd 7ar4« 



is 
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Dry, or Corn Measure. 




2 Pints make 1 Quart ^ - - 


Of 


2 Quarts - 1 Pottle 


Pot 


2 Pottles ^ 1 Gallon 


Gal 


2 Gallons. - 1 Peck 


Pec 


4 Pecks - 1 Bushel 


Bu 


8 Bushels - 1 Quarter 


Or 


5 Quarters - 1 Wey, Loady or Ton 


Wey 


2 Weys - 1 liast - - - 


Last 


Pts Gal 




8=1 Pec 




16 = 2 te 1 Bu 




64 = 8 3 4=1 Qr 


^ 


512 = 64 = 82 = 8 = 1 


Wey 


2560 = 320 = 160 = 40 = 5 = 


' 1 Last 


5120 = 640 = 320 = 80 = 10 = 


= 2=1. 



By this are measured all dry wares, a^. Com, Seeds, RootSy 
Fruits, Salt, Coals, Sand, Oysters, &c. 

The standard Gallon dry-measure contains ^^^ cubic or 
solid inches, and th? Corn or Winchester bushel 2150f cubic 
inches \ for the dimensions of the Winchester bushel, by the^ 
Statute,- are 8 inches deep, and 18 ^ inches wide or in diameter. ' 
But the Coal bushel must be 19t inches in diameter-, and 36 
bushels, heaped up, make a London chaldroa of coals, the ^ 
weight of which is 3 1 5 6 lb Avoirdupois. 



Ale and Beer Measure. 



\ 



2 Pints make 


• 


1 Quart 


Of 


4 Quarts 


• 


1 Gallon 


Gal 


36 Gallons - 


« 


1 Barrel 


Bar 


i Barrel and a half 


1 Hogshead 


Hhd 


2 Barrels 


«> 


1 Puncheon" 


Pun 


6 Hogsheads 


* 


1 Butt 


Butt 


2 Butts 


- 


I Tun 


Tun 


Pis Qt 




V 




2 - I 


Gifl 


\ 




8 = 4 = 


1 


Bar 




288 = 144 = 


36 


=: \ Hhd 




432 =; 216 = 


54 


= If = 1 


Butt 


864 n '482 zl 


108 


= 3 = ii = 


; 1 


Nfte^ The Ale Gallon contains 252 Ciubic or 


solid Inc!he$. 


« 
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.Wine Measure. 



2 Pints make 


1 Quart 


Qt 


4 Quarts 


1 Gallon • - 


Gal 


42 Gallons - - - 


1 Tierce 


Tier 


63 Gallons or 1^ Tierces 


I Hogshead - 


Hhd 


;2 Tierces - - - 


I Puncheon - 


Pun 


2 Hogsheads 


1 Pipe or Butt 


Pi 


2 Pipes or 4 Hhds 


1 Turi - . 


Tun 


Pts Qt 


' 


/ 


2 = 1 Gal 


• • ~ 




8 =z ^ = 1 


Tier 




33^ =;: 16J5 =i 42 = 


I Hhd 




.504 i^i: 252 = . 63 = 


lt= 1 Putt 




672 =. 336 == .84 c= 


2 = lt=I \Pi 


j 


1008 =: 504 = 1?,6 ;= 


3^2 =,it= r 


Tun 


2016 = 1008 = 252 = 


6 .= ♦ ?= 3 f= i? 


z;:: 1 



N<aef By this are measured aH Wines, Spirits, Strong- 
waters, Cyder, Mead, Perry, Vinegar, Oil, Honey, &c. 

The Win^ Gallon contains 231 cubic or solid inches. 
And it is remarkable, that the Wine and Ale Gallons have the 
same proportion to eacTi other, as the Troy and Avoirdupois 
Pounds h Jvfi^ tj|i;at is, as one Pound Troy is to one Pound , 
Avoirdupois, so is one Wine Gallon to one Ale Gallon. 



Of TIME. 



60 Seconds or 60" make 

60 Minutes 

24 Hours - - * 
7 Days - - - 

4 Weeks - - - 

13 Months 1 Day 6 Hourjs, 
or 365 Days 6 Hours 



} 



. Sec 

60 

3600 

86400 

604800 

^241^200 

31557600 

• ■ • 



Min 

1 
60 
1440 
10080 : 
40320 : 
525960 : 



Hr 

1 

24 

168 

672 

87(i6 



1 Minute 


- Mov* 


1 Hour 


- Hr 


I Day 


- Dt>y 


1 Week 


- Wk 


1 Month 


- Mo 



\ Julian Year Xr 



Day 
= 1 Wk 
=='7 = 1 

= 28 •= 4 
=F 365;^ = 



Mo . \ 
= 1 .. 

Ox 



\ 



J* ARITHMETIC. 

Wk Da Hr Mo Da Hr 
Or 52 1 6 = 13 1 6 = 1 Julian Tear 

Da Hr M Sec 
But 365 5 48 48 r= 1 Solar Tear. 



RULES FOR REDUCTION. 

I. When the Numbers are to be reduced from a Higher Denomi" 

nation to a Lower : 

MtJLTiPLT the number in the highest denomination by as 
many as of the bext lower make an integer, or 1, in that 
higher ; to this product add the number, if any, which was 
in this lower denomination before, and set down the amount* 

Reduce this amount in like manner, by multiplving it by 
as many as of the neit lower make an integer of this, taking 
in the odd parts of this lower, as before. And so proceed 
through all the denominations to the lowest ; so shall the 
number last found be the value of all the numbers which 
were in the higher denominations, taken together *. 

EXAMPLE. 

1. In 1284/ 15/ Trf, how many farthings ? 

/ 5 d 
1234 15 7 
20 



24695 Shillings 
12 



296347 Pence 
4 



Answer 1185388 Farthings. 



* The reason of this rule is very evident j for pounds are 
brought into shillings by multiplying them by 20 ; shillings into 
pence, by multiplying them by 12; and pence into farthings^ by 
multiplying by 4 5 and the reverse of this rule by Division. — And 
the same^ it is evident^ will be true in the redutrtion of numbers 
Mlsbting of any denominations whatever 

n.jnen 



RULES Fon REDUCTION. 31 

II. When the Nutfiieri are to be reduced from a Lower Denomi" 

nation to a Higher : 

Divide the given tiuniber by as many as of that denomi* 
]htt:k)h ihake 1 of the ttext higher, ind set down what 
rtfriJAainS) as well as the quotient. 

Divide the quotient by as many as of this denomination 
ik^ke 1 of the next higher; setting down the new quotient, 
and remainder, ias befwe. 

Proceed in the same manner through all the denomina- 
tidiis, to the highest ; and the quotient last found, together 
i^ith the several remainders, if any, tiill be of the same vahie 
sis the iSrst number proposed. 

EXAMPLES. 

2. Reduce 11853SS farthings into pounds, shillings, and 
pence. 

4) 11853^8 



12) 296347 rf 



2,G ) «469,5 s—7d 



Answer 1234/ 13/ Id 



3, Reduce 24/ to farthings. Ans. 23040. 

4. Reduce 3375^1 farthings to pounds, &c. 

Ans. 351/ 13x0^. 
5; How many farthmgs are in S6 guineas? Ans. 36288. 

6. In 36288 farthings how many guineas ? Ans. 36. 

7. In 59 lb 13 dwts 5 gr how many grains ? Ansr. 340157. 

8. In 8012131 grains how many pounds, &c.? 

Ans. 13901b Uoz 18dwt 19gr 

9. In 35 ton 17cwt 1 qr 23 lb 7oz 13 dr how many drams? 

Ans. 20571005. 

10. How many barley-corns will reach round the earthy 
supposing it, according to the best calculations, to be 25000 , 
miles? Ans. 4752000000. 

11. How many seconds are in a solar year, or 365 days 
5 hrs 48 min 48 sec ? Ans. 3 1 556928. 

12. in a lunar knbntk, or 29 ds 12 hrs 44 min 3 sec, how 
many seconds? Ans. 2551443. 

com- 



3* ARITHMETIC. 



COMPOUND ADDITION. 

Compound Addition shows how to add or collect several 
numbers of different denoinlaations into one sum. 

Rule, — ^Place the numbers so, that those of tbe same de- 
nomination may stand directly under each other^^and draw a 
line below them. Add up the figures in the lowest denomi- 
nation, and find', by Reduction, how many units, or ones, of 
the next higher denomination are contained in their sum.— »• 
Set down the re;mainder below its proper column, and carry 
those units or ones to the next denomination, which add up 
in the same manner as before. — Proceed thus through all the 
denominations, to the highest, whose sum, together with thf 
several remainders, will give the answer sought. 

The method of proof is the same as in Simple Addition* 

EXAMPLES OF MONEY. 



I. 






2. 






3. 






4. 


•w 


/ s 


d 


/ 


s 


d 


/ 


s 


d 


/ 


/ 


d 


1 13 


3 

lot 


14 


7 


5 


15 


17 


10 


$3 


14. 


s 


3 5 


8 


19 


n 


3 


14 


6 


5 


10 


2^ 


6 18 


7 


7 


8 


if 


23 


6 


H 


93 


11 


6 


2 


H 


21 


2 


9 


14 


9 


4t 


7 


5 





4 


3 


7 


16 


8t 


15 


6 


.4 


13 


2 


5 



17 


15 


4t 


39 


15 


H 


s? 


2 


6i 


39 


15 


9| 



4 3 6 12 9i 18 7 



^T" 



5. .6, 7. B. 

I s d I s d I $ d I s d 

14 7t 37 15 8 61 3 2f 472 15 3 

8 15 3 14 12 9| 7 16 9 9 2 2f 

62 4 7 17 14 9 29 13 lOJ 27 12 ^\ 

4 17 8 ' 25 10 9^ 12 16 2 370 16 2t 

, 23 4|. 8 6 7 5^ 13 7 4 

6 6 7 14 5f 24 13 6 10 5J 

91 10^ 54 2 7J 5 10|. 30 ll| 



fill ■ ■ ' . ■ ■ ■■■ ' " * ■'■'■^P' 
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COMPOSUND APpmON. 



as 



Exam. 9. A nobteman, going out of town, is mformed by 
his steward, that his butcher's biil comes to 197/ IS/ l^d; his 
baker's to 59/ .5/ 2|^/; his brewer's to 85/; hfe wine-met- 
chant's to iO'^l \3s; to his corn-chandler U due 75/ Sd; t}o 
his tallow-chandler and cheesemonger, 27/ 15/ ll^d; and 
to his tailor 551 3s 5^di also for rent, servants* wages, ar^d 
other charges, 127/ 3/: Now, supposing he would take 100/ 
with him, to defray his charges on the road, fot what siyn 
must he send to his banker ? Ans. 850/ 14/ 6^. 

• ■ ! ? - . 

10. The strength of a regiment of foot, of 10 coftipaiiiefe, 
and the amount of their subsistence*, for a month of 30 days, 
according to tfxQ aimexied Table, are required ? • 



Numb. 

1 


1 Rank. 

• 


Subsistence for 


a Month. 






/ s 


d 


1 


Colonel 


27 





1 


Lieutenant Colonel 


ig 10 





1 


Major 


17 5 





7 


Captains 


7H 15 





11 


Lieutenants 


57 \\ 
40 10 





9 


Ensigns 





1 


Chaplain 


7 10 





1 


Adjutant 


4 10 





1 


Quarter-Master 


5 5 





1 


Surgeon 


4 10 





1 


Surgeon's Mate 


4 10 





8P 


Serjeants 


45 





30 


Corporals 


30 





20 


Drummers 


, 20 





2 


Fifes 


2 





3p0 


Private Men ^ 


292 JO 





507 


Total 

* 


656 10 






J — 



* Subsistence Money, is the money paid to the soldiers weekly 
which is short of their full pay, because their clothes, accoutre- 
ments, &c. are to be accounted fpr. It is likewise the money ad- 
vanced to officers till their accounts are made up, which is com- 
monly once a year» when they are paid their arrears. The follow- 
ing Table shows the full pay and subsistence of each rank on the 
English establishment. 
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EXAMPLES OF WEIGHTS, MEASURES, jfe. 





TROY WCIGHt. 




' APOTHECARIES* WEIGHT. 




u 


2. 




3. 


4. 


lb 


62 dwt 


oz dwt gr 


lb 


oz dr sc 


oz dr sc gr 


17 


3 15 


37 9 3 


3 


'5 7 2 


3 5 1 17 


7 


9 4 


9 5 3 


13 


7 3 


7 '3 2 5 


O ] 


10 7 


8 12 12 


19 


10 6 2 


16 7 12 


9 


5 


17 7 8 





9 1 2 


7 3 2 9 


176 


2 17 


5 9 


36 


S 5 


4 12 18. 


2S ] 


11 12 


3 19 


5 


8 6 1 


36 4 1 14 




AVOmOUPOIS WEIGHT. 




LONG MEASURE. 




5. 


6. 




7. 


8. 


lb 


oz dr 


Hcwt qr lb 




mis fur pis 


yds feelinc 


17 


10 13 


15 2 15 




29 3 14 


127 1 5 


5 


14 8 


€ 3 24 




19 6 29 


12 2 9 


12 


9 18 


3 1 14 




7 24 


10 Q 10 


^7 


1 6 


9 1 17 




9 1 37 


54 1 11 





4 


10 2 6 




7 3 


5 2 7 


6 


14 10 


3 3 




4 5 9 


23 5 




CLOTH 


MEASURE. ^ 




LAND ] 


MEASURE. 




9. 


10, 




lU 


12. 


yds 


qr nis 


el en qrs nls 




ac ro p 


$ic ro p 


26 


3 1 


270 1 




225 3 37 


19 16 


13 


1 2 


57 4 3 




16 1 25 


270 3 29 


9 


1 2 


18 1 2 




7 2 18 


6 3 13 


217 


3 


3 2 




4 2 9 


23 34 


9 


1 


10 1 




42 1 19' 


7 2 16 


55 


3 1 


4 4 1 




7 6 


75 23 




WINE ] 


MEASURE. 




ALE and BE£R Measure. 




13. 


14, , 




15. 


16. 


t 


hdsgal 


hds gal pts 


- 


hds gal pts 


hds gal pts 


13 


3 15 


15 61 5 




17 37 3 


29 43 5 


^ 


1 37 


17 14 13 




9 10 15 


12 19 7 


14 


1 20 


29 23 7 




•362 


14 16 6 


25 


12 


3 15 1 




5 14 


6 8 1 


3 


1 9 


16 8 O 




12 9 6 


57 13 4 


72 


3 21 


4 36 6 


* 


8 42 4 


S 6 <} 



/ 



D2 QSS^- 



S6 ARITHMETIC. 



COMPOXJND SUBTRACTION. 

Compound Subtr action shows how to fiiKjthe diffb'- 
cnce between any two numb^s of difFeren;^ deuomi^isuipps. 
To perform which, observe tl^^ following Rule : 

* Place the less number b^w the greater,^ so that the 
parts of the same denominatibn may stand directly under 
each other ; and draw a line below them. — Begin at the 
right-hand, and subtract each number or part in the lower' 
line, from the one just above it, a,nd $et the remainder 
straight below it. — But if any number in the lower line be. 
greater than that above it, add as many to the uppier njumber 
as make 1 of the next h^her denpminatipn ; tl^en take the 
lower number from the upper one thus increased, and set 
down the remainder. Carry the unit borrowed to the next 
number in the lower line ; after which subtract this number 
from the one above it, as before ; and ^ procee4 till the 
whole is finished. Then the several remainders, taken to-* 
gether, will be the whole difference sought. 

The method of proof is the same as in Simple Subtraction* 



EXAMPLES OF MONEY. 



' 1. 

From 79 17 
Take 35 12 


1 

d 

H 


2. 
/ s 
103 3 
71 12 


d 
H 


3. 
/ s d 
81 10 11 
29 13 31 


4. 
/ s d 
254 12 
37 9 4^ 


Rem. 44 5 


H 


31 10 


H 


y 




Proof 79 17 


H 


103 S 


21 





5. What is the difference between 737 5iJ and 19/ 13x lOd.^ 

Ans. 53/ 6s l{d. 



* The reason of this Rule will easily appear from what has been 
said in Simple Subtraclion ; for the borrowing depends on the 
same principle, and Is only different as the numbers to be sub- 
tracted are of different denominations. 

Ex. 6^ 



COMPOUND) aUBTRACnON. 



SI 



Ex 6. A lends to B lOG/, how much is B in debt after A 
lias taken goods of him to the amount of 73/ 1 2s 4^dP 

,T :■ ; Ans.26Ll slid. 

7; iSuppose that- iny rent for half a year is 20/ i2sj and 

that I have laid oni for the land-tax i4j 6rf, and for several 

repairs l/3f S\dy what have I to pay of my half-year's rent ? 

Ans. 18/ 14f 2irf. 
8. A trader, failing, owes to A 35/ Is 6^, to B 91/ 13/ id, 
to C 53/ 7i^/, to D 877 5i, and to E ll'j/ 3/ 5^. When 
this happened, he had by hi"m in cash .23/ 7x 5d, in wares 
53/ 1 1/ lOJ^, in household furniture 63/475 7|^, and in re- 
coverable book-debts 25/ 7x 5d. What will his creditors lose 
by him, suppose these thipgs delivered to them ? 

Ans. 212/ 5x 3i^f. 

EXAMPLES OF WEIGHTS, MEASURES, iffc. 

TROY WEIGHT. APOTHECARIES WEK3HT. 



1. 


2. 




3. 


lb ozdwtgr 


lb oz dwt gr 


lb oz 


dr scr gr 


From 9 2 12 iO 


7 10 4 n 


73 4 


7 14 


Take 5 4 6 17 


3 7 16 12 


29 5 


3 4 19 



Rem. 
Proof 





AVOIRDUPOIS WEIGHT. 


LONG MEASURE. 






4. 5. 


6. 


7. 






c qrs lb ' lb oz dr 


m fu pi 


yd ft 


in 


From 


5 17 71 5 9 


14 3 17 


96 


4 


Take 


2 3 10 17 9 18 


7 6 11 


72 2 


9 



Rem. 
Proof 





CLOTH MEASURE. 




LAND MEASURE, 




8. / 9. 




10. 11. 


yd 


qr nl yd qr 


nl 


ac ro p ac ro p 


From 17 


2 19 


2 


17 1 14 57 1 16 


Take 9 


2 7 2 


1 


16 2 8 22 3 29 



Rem. 

Proof 



^\«kl5. 
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WI/TE MBAftJKl. Af.1 tlld BIIR MBAIDlC^ 

12. IS. 14. 15. 

t hd gal hd gal pt hd gal pt hd gal pt 

From 17 2 23 5 4 14 29 3 7l 16 5 

Take 9 1 36 2 12 6 9 35 ' 7 19 7 1 

Rem. 



Proof 



■ V 



»v 





DRY MEASURE. 


TIMB^ 


la 
From 9 
Take 6 


1?. 17. 

qr bu bu gai pt 
4-7 ;3 7 1 
3 5 & 2 7 


18. 19. 

mo we da ds hrsroMi 
71 2 5 114 17 26 
17 1 6 72 10 37 



Rem. 
Proof 



20« The line of defence in a certain polygon being 236 

yards, and that part of it which is terminated by the curtain 

and shoulder being 146 yards 1 foot 4 inches v what then was 

^ the length of the face of the bastion? Ans, 89 yds 1 ft ft in. 



COMPOUND MULTIPUCATION. 

Compound Multiplication shows how to find th^ 
^ount of any given number of different denominations re- 
peated a certain proposed number of times j which is per- 
formed by the following rule. 

Set the multiplier under the lowest denomination of the 
multiplicand, and draw a line below it.-»— Multiply the num- 
ber in the lowest denomination by the multiplier} and find 
how many imits of the next higher denomination are con« 
tained in the product, setting down what remains.-— In like 
manner, multiply the number in the next denomination, and 
to the product carry or add the units, before found, and find 
now many units of the next his/her denomioation are in this 



COMPOUND MULTIt^LICATIO^r. 99 

amount, which carry in like manner to the next product, 
setting down the overplus.r—Proceed thus to the. highest. ^P-*; 
nomination proposed : so shall the last product, with the se- 
veral remainders, taken as one compound numbet:, bf\ the 
whole amount required. — ^The method of Proof, a^d the 

jFeason of the Rule, are the same as in Simply Multiplication. 

• ... 

EXAMPLES OF MONEY. , t 

1. Tofind the amount of 81b of Te3>,at,5x 8l<? per lbs. ,; 

•» </ , ■• • •: ,'c:, 

S 84 • •• - 

8 •. :f . 






■s;. V 



£2 5 8 Answer. j,! r: 



I s d 
2. 4 lb of Tea, at 7s 8d per lb. Ans, .110 8 

^ 6 lb of Butter, at 9jJ per lb; • " ' ' -* Annl' -O * fe 

4. 7 lb of Tobacco, at li 8^ per lb. Ans. 11 11 4. 

5. 9 stone of Beef, at 2* Yt^/per st. Ans. 1 10 

6. lOcwtofCheese, at2/i7U0rfpercwt.Ans. 28 18 4 

7. 12 cwt of Sugar, at 3/7j 4rf pet cwt, Ans, 40 8.0 

^ CONTRACTIONS. 

I. If the multiplier exceed 12, hiukiply successively by its 
component parts, instead of the whole number at once, 



EXAMPLES* 

^ 1. 15 cyrt q£ Cheese, at 17i 6d per cwt^ 

/ s 1/ 

17 6 

3 



1 
« 



2 12 6 
5 



13 2 6 Answer, 



/ s d 

2. 20 cwt of Hops, at 4/ 7/ 2d per cwt. Ans. 87 3 4 

3 . 24 tons of Hay, at 3/ 7/ 6d per ton. Ans. 81 

4. 45. ells of cloth, at 1/ 6d per ell. Ans. ^ 1 ^ 



M ARITHMETIC. 

i s i 

fjL. 5. €l3 gbdlbns of Oil, at 2/ Sd per galL Ans. 7 1 9 

6.'7(^b«n?els of Ale, at 1/4.J per IwrreL Ans. 84 O 

li'h^ ijoarters of Oats, at 1/ I2s 8^per qr. Aus^ 15J7 4 

' 8. 96 quarters of Bar1ey,at liSs^d per qr. Ans. i 12 O 0/ 

• '9:WQAAys' Wages, at 5 r9^/ per day. Ans, 34 lo O 

10. 144 reams of Paper, ai 1 3/ 4i per ream. Ans. 96 

n. If the multiplier cannot be exactly produced by the 
multiplication of simple numbers, take the nearest number to 
it, either greater or less, wtich can be so proJiKed, and mul- 
tiply by its parts, as before. — ^Then multipW the gi-. ci^ mul- 
tiplicand by the difference between this absunied M-.:."^t/and 
the mukiplier, and add the product to that befi-ic* found, 
when the assiimed number is less than the multiplier, but 
^btract the same when^it is greater. 

'. EXAMPLES. 



'» 



»Jt *6 ]r>rd$p^ Cloth, at 3x. O^d per yardi 



" I .'ii/ 



3 0| 
5 

«p 

16 3| 



3 16 6|. 
3 Oi 



;f 3 19 7i Answer. 



I s d 

2. 29 quarters of Coi^n, at 2/ 5s S^d per qr. Am. 63 12 10{. 

3. *53 loads of Hay, at 3/ 15i 2^ per load. .Ans. 199 3 10 

4. 79bushelsofWheat,atllj5^ per bush. Ans. 45 6 10|^ 

5. 97 casks of Beer, at 12j ^zd per cask. Ans. 59 2 

6. 114 stone of Meat, at 155 3|// per stone. Ans. 87 5 7i 

EXAMPLES OF WEIGHTS AND MEASURES. 



1. 


2. 






3. 




lb oz dwt gr 


lb oz dr sc 


K*' 


cwt 


qr lb 


oz 


26-7 14 10 


2 6 3 2 


10 


29 


2 16 


14 


6 


■' 


8 


m . 




12 



'•'t^ 
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4. . 






5. 






6. 


mis 


fa pis 


yds 


yds 


qrs 


na 


ac 


ro po 


22 


5 29 


6 


126 


3 


1 


28 


3 2% 






4 




, 


7 


- 


9 



I I 



7. 8. J), 

tuns hhd gal pts we qr bu pe mo we da ho min 

20 2 26 2 24 2 5 S 172 3 5 16 49 

3 . 6 10 



COMPOUND DIVISION. 



Compound Division teaches how to divide a number of 
several denominations by any given number, or into any 
number of equal parts ; as follows : 

Place the divisor on the left of the dividend, as in Simple 
Division. — Begin at th^ left-hand, and divide the number of 
the highest denomination by the divisor, setting down the 
quotient in its proper place.-— If there be any remainder after 
this division, reduce it to the next lower denomination, 
which add to the number, if any, belonging to that denomi- 
nation^ and divide the sum. by the divisor, — Set down again 
this quotient, reduce its remainder to the next lower deno- 
mination again^ and so on through all the denominations tq 
the last^ 

EXAMPLES OF MONEY. 

1. Divide 237/ 8/ 6// by 2. 

/ 5 d 
2 ) 237 8 6 



;^ 118 14 3 the Quotient. 



%*XSwj^^ 



42 ,* ARITHMETia 

I 5 d I s d 

2, Divide 4S2 12 1^ by 8. Ans. 144 4 0^ 

. S. Divide 507 3 5 by 4. Ans. 126 15 lOf 

4. Divide 632 7 6 J- by 5. ^ns. 126 ^ 6 

5. Divide 690*14 3^ by 6. Ans. 115 2 ^\ 

6. Divide 705 10 2 by 7. Ans. 100 15 ^ 

7. Divide 760 5 6 by g. Ans. 95 O gj 

8. Divide 761 5 7| by 9* Ans. 84 11 af 

9. Divide 829 17 10 by 10. Ans. S2 19 9^ 

10. Divide 937 8 8| by 11. Ans. 85.4 5 

11. Divide 1145 11 4i by 12. Ans. ^5 9 Si 



CONTRACTIONS. 



I. If the divisor exceed 12, find what simple numbers^ 
multiplied together, will produce it, and divide by them 
parately, as in Simple Division, as below. 



' :|:xAMPiEs. 

I. What IS Ch^es^ per cwt, if 16 qwt cost 25/ 14i ^d? 

I i d 
4) 25 14 8 



4) 6 8 8 



/ I 12 2 the Answer* 



/; 5 i 

2. If 20 cwt of Tobacco copie tol j^^^^ 7 10 4 

150/6/ Si,, what is that per cwt } S 

3. Divide 98/8/ by 36. Ans- 2 14 8 

4. Divide 71/ I3x 10// by 56. Ans. I 5 7-*: 

5. Divide 44/ 4j by 96. Ans. 9 2t 

6. At 31/10/ per cwt, how much per lb? Ans. 5 7t 

II. If the divisor cannot be produced by the multiplication 
of small numbers, divide by the whole divisor ^t once, after 
the mann^r^of Long Division, as follows. 



SXAM- 
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EXAMPLES. 



1. Divide 59/6/ 3li/ by 19. 

I s d I s d 
19) 59 6 3| (3 2 5J Ans. 
• 57 . 



2 

20 



46 (2 
38 



«.-; f 



• 


s 


t 


12 


« 


99 (5 


1 


95 


T 






4 




4 



19 (1 

I s d I s d 

'% Divide 39 14 5\ by 57. Ans. 13 lif 

-3. Divide 125 4 9 by 43. Ans. 2 18 3 

4. Divide 542 7 10 by 97. Ans. 5 11 10 

5. Divide 123 11 2t by 127. An3. 19 S^ 

EXAMPLES OF WEIGHTS AND MEASURES. 

1. Divide I71b^ oz Odwts 2gr by 7. 

Ans. 2 lb 6 oz 8 dwts } 4gr. 

2. Divide 1 7 lb 5 oz 2 dr 1 scr 4 gr by 12. 

Ans. 1 lb 5 oz 3 dr 1 scr 12 gr- 

3. Divide 178 cwt 3 qrs 14 lb by 53. Ans. 3cwt 1 qr 141b. 

4. Divide 144? mi 4 fur 2 po 1 yd 2 ft iu by 39. 

Ans. 3 mi 5 fur 26 po yds 2 ft 8 in. 

5. Divide 534 yds 2 qrs 2 naby 47, Ans. 1 1 yds 1 qr 2na. 

6. Divide 71 ac 1 ro 33 po by 51. Ans. 1 ac 2 ro 3 po. 

7. Divide 7 tu hhds 47 gal 7 pi by Qi5, Ans. 27 gal. 7 pi. 
g. Divide 387 la 9 qr by 72. Ans. 5 la 3 qrs 7 bu. 
p. Divide 206 mo 4 da by 26, Aps. 7 mo 3 we 5 ds. 



"^WS. 
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The golden RULE, or RULE OF THREE. 

The Rui.e of Three teaches how to find a fourth pro- 
portional to three numbers ^nven : for which reason ii is 
sometimes called the Rule of Proportion. It is called the 
Rule of '[ hree, because three terms or numbers are given, to 
find a fourth. And because of its great and extensive use- 
fulness, it is often called the Golden Rule. This Rule is 
usually considered as of two kinds, namely, Direct, and 
Inverse. 

The Rule of Three Direct is that in which more requires 
more, or less requires less. As in this; if 3 men dig 21 yards 
of trench in a certain time, hr.w much will 6 men dig in the 
same time? Here more requires more, that is, 6 men, which 
are more than 3 men, will also perform more work, in the 
same time. Or when it is thus: if 6 men dig 42 yards, how 
much will 3 men dig in the same time ? Here then^ less re-' 
quires less,' or 3 men will perform proportionably less work 
than 6 men, in the sa,me time. In both these cases then, the 
Rule, or the Proportion, is Direct ; and the stating must be 

thus. As 3:21 : : 6 : 42, 
or thus, As 6 : 42 : : 3:21. 

But the Rule of Three Inverse, is when more requires less, 
or less requires more. As in this : if 3 men dig a certain 
quantity of trench in 14 hours, in how many hours will 6 
men dig the like quantity ? Here it is evident that 6 men, 
being more than 3, will perform an equal quantity of work in 
. less time, or fewer hours. Or thus : if 6 men perform a 
certain quantity of work in 7 hours, in how many hours will 
3 men perform the same ? Here less requires more, for 3 
men will take more hours tlian 6 to perform the same work. 
In both these cases then the Rule, or the Proportion, is 
Inverse ; and the stating mu&t be 

T> thus. As 6 : 14 :: 3 : 7, 

or thus. As 3 : 7 :: 6 : 14. 

And in all these statings, the fourth term is found, by 
jmultiplying the 2d add 3d terms together, and dividing the 
product by the 1 st term. 

Of the three given iitimbers ; two of them contain the 
supposition, and the third ?. demand. Z^nd for stating and 
■working questions of these kinds, observe the following 'ge- 
neral Rule : 

State 



St ATI the question, by setting down in a straight Hne the 
tivtefi given numbers, in tliie following manner, vi^. so that 
the 2d term be that mum^ber of sup^sitioi^ which is of the 
same kind that the answer or 4th term is to be j making the 
other number of s^uppositiori the 1st term, and the demanding 
number the 3d term, when the question is in direct propor- 
tion f but contrariwise, the dther number of supposition the 
3d term, and the demanding number the 1st term, when the 
question has inverse proportion- 

■ Then, in both cases, multiply the 2d and 3d terms to- 
(gether, and divide the product by the 1st, which will give 
the answer; or 4;th term sought, viz. of the same denomina- 
tiojB as the second term. ' 

, N(4e^ If the fif st and third terms consist of difierent deno- 
minaticHas, reduce them both to the same : and if the second 
t^rm be a compound number, it is mostly convenient to re- 
duce it tq the lowest denomination mentioned* — If, after di- 
vision, there be any remainder, reduce it to the next lower 
4enomiQationi, and divide by the same divisor as before, and 
tbfi quotient wIU be of this last denomination. Proceed in 
the same manner with all the remainders, till they be re- 
4w:ed to the lowest denomination which the second admits 
of, and the several quotients taken together will be the an- 
SLWer required. 

Note also. The reason for the foregoing Rules will appear, 
when We come to treat of the nature of Proportions. — Some- 
times two OT more statings are necessary, which may always 
be known from the nature of the question. 

EXAMPLES. 

1. If 8 yards of Cloth cost 1/ 4j, what will 96 yards cost i 

yds 1 s yds 1 s 
As 8 : 1 4 :: 96 : 14 8 the Answer. 
20 

24 
96 

144 
216 



8) 2304 



2,0) 28,8* 



;f 14 8 Answer- 
ILiL. a- 



4$ ARITHMETIC. 

Ex. 2. An en^ncer having raised 100 yards of a certain 
work in'^4' days with 5 men ; how many men must he ertk^ 
ploy to finish a like quantity of work in 15 days? 

ds men ds men 
As 15 : 5 : : 24 : 8 Ans. 

5 



15 ) 120 ( 8 Answer. 
120 



3. What will 72 yards of cloth cost, at the rate of 9 yanb 
for 51 I2s ? Ans. 44/ 16/. 

4r A person's annual income being 146/; how much is 
that per day ? Ans. ^^ 

5. If 3 pacesor common steps of a certain person be equal 
to 2 yards, how many yards will 160 of his paces make ? 

Ans. 1 06 yds « ft. 

6, What length must ^e cut off* a board, that is 9 inches 
broad, to make a square foot* or as much as 12 inches m 
length and 12 in breadth contains i Ans. 16 inches.^ 

7* If 750 men require 22500 rations of bread for a monthv 
how many rations will a garrison of 1 200 men require ? 

Ans. 36O00W 

S. If Tcwt 1 qr of sugar cost 261 10/ 4i/; what will be the 
price of 43 c wt ,2 qrs ? Ans. 1 59/ 2/.. 

9. The clothing of a regiment of foot of 750 men amount- 
ing to 2831/ 5s; what will the clothing of a body of 3500 
men amount to? Ans. 13212/ 10/. 

10. How many yards of matting, that is 3 ft broad, will 
cover a floor that is 27 feet long and 20 feet broad ? 

' Ans. 60 yards. 

1 1 . What is the value of 6 bushels of coals, at the rate of 
1/ 14/ 6d the chaldron ? Ans. 5/ 9d. 

12. If 6352 stones of 3 feet long complete a certain quan- 
tity of walling j how many stones of 2 feet long will raise a 
like quantity ? Ans. 9528r 

13. What must be given for a piece of silver weighing 
73 lb 5 oz 15 dwts, at the rate of 5s pd per ounce ? 

Ans. 253/ 10/ 0|^/. 

14. A garrison of 536 men having provision for 12 months; 
.how long will those provisions last, if the garrison be increased 
to 1124 men ? Ans. 174 days and Trrr* 

15. What will be the tax up6n 763/ 15^, at the rate of 
Si 6d per pound sterling ? Ans. 133/ 13/ i^J. 

16. A 
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16w A tertam work being raised in 12 days, by working * 
hours each day \ how long would it have been in raising^y 
working 6 hours ]per day ? Ans. 8 days. 

I7>i Whatqttanrityof com canlbuyfor 90gnineas,atthe 
tate of 6s the bushel ? Ans.- 39 qrs 3 bu* 

18, A person, failing in trade, owes in all 977/; at which 
time he has, in money, goods, and recoverable debts, 420/ Ss 
3^j now supposing these things delivered to his creditors, 
how muck will they get per pound i Ans. 8s 7|^. 

• 19. A plain of a certain extent having supplied a body of 
3000 horse with forage for 1 8 days ; then h6w many ^ays 
would the sanKf plain have supplied a body of 2000 horse ? 

Ans. 27 daTs. 

20* Suppose a gentleman's income isj600 guineas a year, 
and that he spends 25/ %d per day, one day with another^ 
•how much will he have saved at the year's end i 

» Ans. 164/12j6J: 

21. What cost 30 pieces of lead, each weighing I cwt I2lb, 
at the rate of 16/ ^d the cwt ? Ans. 27/ 2f 6d. 

22. The governor of a besieged place having provisioi^ for 
54 days, at thd rate of li lb of bread ; but being desirous to 
prolong the siege to 80 days, in expectation of succour, in 
that case what must the ration of bread be ? Ans. l-^Vlb. 

23. At half a guinea per week, how long can I be boarded 
for 20 pounds ? Ans. 38-,^ wks« 

24. How much will 75 chaldrons 7 bushels of coals come 
to, at the rate of 1/ 13i 6 J per chaldron ? 

Ans, 125/ 19j0*^. 

25. If the penny loaf w-eigh 8 ounces wlien the bushel of 
wheat costs Is 3rf, what ought the penny loaf to weigh when " 
the wheat is at 8/ ^d? Ans. 6 oz 15t^ dr, 

26. How much a year will 173 acres 2 roods 14 poles of 
land give, at the rate oi ills 8d per acre? - 

Ans. 240/ 2x l^^^J. 

27. To how much amounts 73 pieces of lead, each weigh- 
ing Tcwt 3 qrs 7 lb, at 10/ 4j per fother of 19^ cwt? 

•Ans. 6W4j-2(/l||.q. 

28. How many yards of stuff, of 3 qrs wide, will line a 
cloak that is 1 J yards in length and 3f yards wide ? 

Ans. 8 yds qrs 2| nl. 

29. If 5 yards of cloth cost'14j" 2dj what must be given for ^ 
!9 pieces, containing each 2 1 yards I quarter ? 

Ans. 27/1 i lOfrf, 

30. If a gentleman's estate be worth 2 1 07/ 1 2s a year j 
what may he spend per day, to save 5C0/ in the year ? 

Ai\s. -^l ^s \-^>|-« A^ 
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i -31. Wanting just an acre of land cut off from a piece 
X/pich is 1 'Jf poles in breadth^ what length must the piece be? 

Ans 11 po 4yds 2 It Oa|iii. 

32. At 75 9iJ per yard, what is the value of a piece of 
cloth containing 53 ells English 1 qu. Ans. 25/ 18/ 1^. 

3:i. If the carriage of 5 cwt 14 lb for 96 miles be 1/ 12/ 6d; 
how far may I have 3 cwt 1 qr carried for the same money ? 

Ans. 151 m 3 fur 3i^ pol# 

34. Bought a silver tankard, weighing 1 lb 7oz 14 dwts; 
what did it cost me at f^s 4-d the ounce } Ans. 6/ 4/ 9|</. 

S5. Wiiat is the half year's rent of 547 acres of land, at 
1 5s i'd the acre ? Ans. 211/ 195 :M. 

36. A wall that is to be built to the height of 36 feet, was 
raised 9 feet high by 16 men in 6 ^ays; then how many men 
must be employed to finish the vtkVi in 4 days, at the same 
rate of working ? Att*-. 72 men* 

37. What will be the charge of keeping 20 horses for a 
year, at the rate of 14^^ per day for each horse ? 

Ans. 441/05 \Qd. 

38. If 18 ells of stuff that is J yard wide, cost 395 6rf; 
what will 50 ells, of the same goodness, cost, bging yard wide^ 

Anh. 7/ 6s ,h^^' 

39. How many yards of paper that is 30 mches wide, will 
hang a room that is 20 yards in circuit and 9, feet high? 

yVns. 72yards- 

40. If a gentleman's estate be worth 384/ 16i a year, and 
• the land-tax be assessed at 2/ 9^d per pound, what is his net 

annual income i Ans. 331/ 1/ 9\d. 

41. The circumference of the earth is about 25000 miles j 
at what rate per hour is a person at the middle of its surface 
carried round, one whole rotation being made in 23 hours 
Se minutes .? Ans. 1044-rV-A n^i^es. 

* 42. If a person drink 20 bottles of wine per month, when 
it costs 85 a gallon ; how many bottles per month may he 
drink, without increasing the expense, when wine costs 10/ 
the gallon? Ans. 16 bottles. 

43. What cost ^TJ qrs 5 bushels of corn, at 1/ 8/ 6d the 
quarter ? / Ans. 62/ 35 8|^. 

44. How many yards of canvas that is ell wide will ]ine 
50 yards of say that is 3 quarters wide ? Ans. 30 yds. 

45. If an ounce of gold cost 4 guineas, what is the value 
of a grain ? Ans. 2xW- 

46. If 3 cwt of tea cost 40/ 12/; at how much a pound 
must it be retailed, to gain 10/ by the whole ? Ans. S-j^V* 
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COMPOUND PROPORTION. 



Compound Proportion shows how to resolve such ques- 
tions as require two or more statings by Simple Proportion ; 
and these may be either Direct or Inverse/ * 

. In these questions, there is always given an odd number of 
terms, either five, or seven, or nine, &c. These are distin- 
guished into terms of supposition, and terms of demand, 
there being always one term more of the former than of the 
latter, which is of the same kind with the answer sought. 
The method is thus : 

Set down in the middle place that term of supposition 
which is of th^ san^e kind witl^ thp answer sought. — ^Take 
one of the other terms of supposition, ^nd one of the demand- 
ing terms which is of the same kind with it ; then place one 
of them for a first term, and the other for a third, according 
to the directions given in the Rule of Three. — Do the same 
with another term of supposition, and its corresponding de- 
manding term ; and so op if there be more terms of each 
kind ; setting the numbers under each other which fall all on 
the left-hand side of the middle t^rm, and the same for the 
others on the right-hand side. — ^Then, to work 

By several Operations, — ^Take the two ^ upper terms and 
the middle term, in the same order as they stand, for the first 
Rule-of-Three question to be worked, whence will be found 
a fourth term. Then take thb fourth number, so found, for 
the middle term of a second RuIe-of-Three question, and the' 
next two under terms in t^e general stating, in the same 
order as they stand, finding a fourth term for them. And sa 
on, as far as there are any iiumbers in the general stating, 
making always the fourth number, resulting from each simple 
stating, to be the second term in the next following one. 
So sliall the last resulting nun;iber be the answer to the 
question. 

By one Operation, — Multiply together all the terms stand- 
ing under each other, on the left«rhand side of the middle 
term; and, in like manner, multiply together all those on the 
right-hand side of it. Then multiply the middie- term by 
tl^ latter product, and diyicle the result by the foii^erjjro- 
duct ; so shall the quotient be the answer sought. ' ' ' 
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ARITHMETIC 



EXAMPLES. 



1. How manj men can complete a trench of 1S5 yards 
long in 8 days, when 16 men can dig 54 yards in 6 days ? 

General Stating. 

yds 54 : 16 :: 135 yds 
days 8 6 days 



432 



810 
16 



4860 

81 men 



432 ) 12960 ( 30 Ans. by one operation. 
1296 



U" 



The same bj two Operations. 



As 54 : 


1st. 
: 16 :: 135 : 40 
16 


24. 
As 8 : 40 :: 6 : 30 
6 




810 
135*" 


8 ) 240 ( 30 Ans. 
24 


- 


54) 2160 (40 
216 










2. If 100/ in one year gain 5/ interest, what will be the 
interest of 750/ for 7 years ? Ans. 262/ lOr. 

* 3. If a family of 8 persons expend 200/ in 9 months ; how 
ii^u^ will serve a family of 18 people 12 months ? 

Ans. 300/. 

4, If 2*1 s be the wages of 4 men for 7 days ; what will be 
the wages of 14 men for 10 days ? Ans. 6/ 15j-. 

5. If a footman tf-avel 130 miles in 3 days, when the days 
are 12 horn's long ; in how many days, of 10 hours each, 
may he travel 360 miles ? - Ans. 9^ days. 

' Ex- 6. 
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■ • 

_ f 

. Ex. 6. If 1 20 bushels of com. can serve 1 4 horses 56 days j 
how many days will 94 bushels serve 6 horses ? 

Ans. 102^d^y$. 

7. If 3000 lb of beef serve 340 men 15 days ; how many 
Ibs^will serve 120 men for 25 days ? Ans. 4764 lb ll|4-oz. 

8. If a barrel of beer be sufficient to last a family of 8 per- 
sons 12 days ; how many barrels will be drank by 16 p>ersons 
in^e fipace of a year? Ans. 60^ barrels. 

9. If 180 men, in 6 days, of 10 hours each, can dig a 
trench 200 yards long, 3 wide, and 2 deep ; in how many> 
days, of 8 hours long, will 100 men dig a trench of 360 yards 
long, 4 wide, and 3 deep ? Ans. 15 days. 
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OF VULGAR FRACTIONS. 

A Fraction, or broken number, is an expression of a 
part, or some parts, of something considered as a whole. 

It is denoted by two numbers, placed one below the other, 
with a line between them : 

_, 3 numerator > , • , . , r 

Thus, --1 • > » which is named 3-iourths. 

4 denominator ) - 

The Denominator, or number placed below the line, shows 
how many equal parts the whole quantity i^ divided into ; 
and it represents the Divisor in Division. — And the Numera* 
tor, or number set above the line, shows how many of these 
parts are expressed by the Fraction: being the remainder 
after division. — Also, both these numbers are, in general, 
named the Terms of the Fraction. 

Frictions are either Proper, Improper, Simple^ Com- 
pound, or Mixed. 

A Proper Fraction, is when the numerator is less than the 
denominator j as, -y, or |., or -f , &c. 

^iji Improper Fraction, is when the numerator is equal to, 
QT exceeds, the denominator ; as, j., or {>, or ^, 8cc, 

A Simple Fraction, is a single expression, denotmg any 
number of parts of the integer ; as, 5"> or 4* *- 

A Compound' Fraction, is the fraction of a fraction, or 
several fractions connected with the word ofhetvreen themj. 
as, i of f , or 4 of -^ of -3, &c. 

A Mixed Number, is composed of a whole number and a 
fraction together ; as^ 3^^ or 12^, &c, 

E 2 K "w\v!cX^ 
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A whole or intefi^d- ntrmber may be expressed like a firte« 
tion^ by writing 1 below it^ as a denominator \ so 3 is 'fj or 

4 is4> &c. 

A fraction denotes diTision ; and its Talue is equal to the 
quotient obtained by dividing the numerator by the deno^ 
minator : so .^-^ is equal to S, and *-^ is equal to 4. 

Hence then, if the numerator be less than the denominator^ 
the value of the fraction is less than 1 . But if the numerator 
be the same as the denominator^ the fraction is just equal 
to I. And if the numerator be greater thafi the deiiotni<» 
pator^ the fraction is greater than !• 



REDUCTION OF VULGAR FRACTIONS. 

Reduction of Vulgar Fractions, is the bringing theii\ 
out of one form or denomination into another; commonly to 
prepare them for the operations of Addition, Subtraction, &Ct 
of vrhich there are several cases* 



PROBLEM. 

To find the Greatest Common Measure of Two or more Number ^^ 

The Common Measure of two or more numbers, is that 
number which will divide them both without remainder ; so, 
3 is a common measure of 18 and 24 •, the quotient of the 
former being 6, and of the latter 8. And the greatest num<* 
ber that will do this, \% the greatest common measure : so 6 
is the greatest common measure of 1 8 and 24 ; the quotient 
of the former being 3, and of the latter 4> which wilj not 
both divide further, 

RULG. 

If there be two numbers only ; divide the greater by th«r 
less ; then divide the divisor by the remainder ; and so on, 
dividing always the last divisor by the last remainder, till no- 
thing remains ; so shall the last divisor of all be the greatest 
common measure sought. 

When there are more than two numbers, find the greatest 
common measure of two of them, as before ; then do th^ 
same for th^t common measure and another of the numbers ^ 

^4 
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la^ €0 on^ through all the joumibers ; so will the grezte^tXQW^ 
mon measure last found be the answer. 

If it happen that the common measure thus found is 1 1 
then the numbers are said to be incommensurable, or not 
kavihg any common measure. 

1* To find the greatest common measure of 1908, 936, 
and 630. 

936) 1908 (2 So that 36 is the greatest common 

1872 measure of 1908 and 936. 



36 ) 936 ( 26 Hence 36 ) 6S0 { 17 
72 36 



■^M* 



216 270 

216 252 



18) 36 (2 
36 



Hence then 18 is the answer required. 

2« What is the greatest c6mmon measure of 24-6 and 372 ? 

Ans. 6* 

3. What is the greatest common measure of 324, 612, 

and 1032? Ans. 12, 

I 

CASE I. 

To Abbreviati or Reduce Fractions to_ their Lowest Terms, 

* Divide the terms of the given fraction by siny number 
that will divide them without a remainder; then divide these 

quotients 



'* That dividing both the terms of the fraction by the samd" 
number^ whatever it be> will give another fraction «qual to the 
former, is evident And when these divisions are performed ^s 
often as 4can :be done^ or when the common divisor is the greatest 
possible^ the terms of the resulting fraction must be the ie^st 
possible. 

Nate. I. Aaynumbexjending with an even number, or j8 cipher, 
is divisible, or oan be {divided, by 2. 
2. Any number eiking with ^> or 0> is dvv\siv\Ae \)7 .5« 
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quotients again in the same manner ; and so on, till it appears 
that there is no number greater than 1 which will divide 
them; then the fraction will be in its lowest terms. 

Or, divide both the terms of the fraction by their greatest 
common' measure at once, and the quotients will be the terms 
of the fraction required, of the same value as at first. 



EXAMPLES. 

1 . Reduce |4t ^^ ^^^ ^^^^ terms. 
^ = ^ = lT = il=T = i>the answer. 

Or thus : 
216 ) 288 ( 1 Therefore 72 is the greatest common 

216 measure; and 72)444 = i^^^ ^■" 

swer, the same as before. 

72) 216 (3 
216 

2. Reduce 



3. If the right-hand place of any number beO, the whole is di- 
visible by 10; if there be two ciphers^ it is divisible by 1(X); if 
three ciphers^ by 1000 : and so on; which is only cutting o£f those 
ciphers. 

4. If the two right-hand figures of any number be divisible by 
M, the whole is divisible by 4. And if the three right-hand figures 
^3e divisible by S, the whole is divisible by 8. And so on. 

5. If the sum of the digits in any number be divisible by 3^ or 
by jj, the whole is divisible by 3, or by g, 

6. If the right-hand digit be cven> and the sum of all the digits 
be divisible by 6, then the whole is divisible by (). 

<* 

7. A number is divisible by 1 1 , when the sum of the 1 st, 3d, 5 th, 

&c> or all the odd places, is equal to the sum of the 2d, 4ih, 6th, 
&c, or of all the even places of digits. 

8. If a number cannot be divided by some quantity less than the 
square root of the same, that number is a prime, or cannot be di* 
vided by any number whatever. 

9. All prime numbers, except 2 and 5, have either 1, 3, 7, or 9, 
in the place of units 3 and all other numbers are composite, or can 
be divided. 

10. When 
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2. Reduce f|^ to its lowest .terms. Ans. |. 

3. Reduce 44| to its lowest terms. Ans. f. 

4. Reduce -1^ to its lowest terms. . Ans. \. 



CASE lir. • 

li Reduce a Mixed Number to its Equivalent Improper Fraction. 

* MuLTiPLT the integer or whole number by the deno- 
minator of the fraction^ and to the product add the numera- 
tor ; then set that sum above the denominator for the frac- 
tion required. 

# 

EXAMPLES. 

1. Reduce 23| to a fraction; 
23 
5 

115, Or, 

2 (23x5)+2 117 , . 
: = , the Answer* 

117 ^ ^ 



2. Reduce I2|> to a fraction; , Ans. '|^ 

3i Reduce 14^,2^ to a fraction. Ans. ^V. 

4. Reduce ISS^/t to a fraction. Ans. 3|^«. 



. 10. When numbers, with the sigh of addition or subtraction be^ 
tween them^ are to be divided by any number^ then each of those 

' numbers must be divided by it. Thus ==5 + 4 — 2=7, 

11. But if the numbers have the sign of multiplication between 
tbem« only one of them must be divideij. Thns> 

10X8X3 _ 10X4X3 _ 10X4X1 ^ 10X2X1 _20_ 

- 6X2 ~* 6X1 "■ 2X1 ■"" 1X1 "^T""" 

* This b no morfe than first itaultiplymg a quantity b^ sdme 
number, and then dividing the result back again by the same! 
which it is evident does not alter the value^j for any fraction re- 
i^resents a division of the numerator by the denominator. ' 
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CASE III. 



To Reduce an Improper Fraction to its Equivalent WTjoIe or 

Mixed Number. 

* Divide the numerator by the denominator, and the 
quotient will be Ihe whole or mixed number sought. 

EXAMPLES. 

1. Reduce y to its equivalent number. 

Here */ or 1 2 -r- 3 = 4, the Answer. 

2. Reduce y tofits equivalent number. 

Here V or 1 5 -^ 7 = 2^, the Answer. 

3. Reduce Vr ^^ ^^^ equivalent number. 

Thus, 17) 749 (44-^ 
68 

69 So that V^' = 44^7, the Answer. 

68 

I 

4. Reduce ^^ to its equivalent number. Ans. 8. 

5. Reduce ' ^^ ^/ to its equivalent number. Ans. 544.|. 

6. Reduce *-?^« to its equivalent number. Ans. I7l4f. 

CASE IV. 

To Reduce a Whole Number to- an Equivalent Fraction^ having 

a Given Denominator, 

f Multiply the whole number by the given denominators 
then set the product' over the said denominator, and it will 
form the fraction required. 



* This Rule is evidently the reverse of the former j and the 
reason of it is maniiest from the nature of Common Division. 

f Multiplication and Division being here equally ased, the re- 
sult must be the same as the quantity first proposed. 

- EXAMPLES. 
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EXAMPLES* 

1. Reduce 9 to a fraction whose denominator shall be 7. 
Here 9x7 = 63: then y is the Answer^ 
For V = 63 -T- 7 == 9, the Proof. 
2« Reduce 12 to a fraction whose denominator shall be IS. 

Ans. Vt *• 
3. Reduce 21 to a fraction whose denominator sh^ll be 1 U 

Ans. VV- 

CASE V. 

To Reduce a Compound Fraction to an Equivalent Simple One* 

* Multhplt ^Ithe numerators together for a numerator, 
and all the denominators together for a denominator^ and 
they will form the simple fraction sought. 

When part of the compound fraction is a whole or mixed 
number^ it must first be reduced to a fractibn by one of the 
former cases. 

And, when it can be done, any two terms of the fraction 
sn&y be divided by the same number, and the quotients used 
instead of them. Or, when there are terms that are common, 
they may be omitted, or cancelled. 

EXAMPLES. 

1 . Reduce \ of 4 of -|- to a simple fraction^ 

,^ 1x2x3 6 1 , ^ 

Here- — ; = — - = --- the Answer. 

2 X 3 X 4. 24. . 4 * 

1 X 5f x^f 1 ^ 

■ Or, -; 7 = -Ti by cancellbg the 2's and 3's. 

;5x s x4 4 ' ** 



* Tbe truth of this Rule may be shown as follows: Let the 
compound fraction be ^ of f . Now j- of | is f -r 3, which is 5*^; 
cc«sequently | of ^ will be ^V X ^ 0^ -Jx > ^^^t is, the numerators 
arc multiplied together, aud also the denominators, as in tbe Rule. 
When the compound fraction consists of more than two single 
ones 'f having first reduced two of them as above, then the resulting 
faction and a third will be the same as a compound fraction of twa 
parts^ and so on to the last of alh 
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2. Reduce y of 4 of 4^ to a simple fractiod. 

2x3x 10 60 12 4 , . 
^''^ 3757TT = 165 = 33 = U' *" ^°''^"- 

Or, - — - — r: = T7> the same as before, by cancellinir 

the 3's, and dividing by 5's. 

3. Reduce 4 of j^ to a simple fraction. Ans. J4- 

4. Reduce f of I of ^ to a simple fraction. Ans. -J. 

5. Reduce ^ of -J- of 3^ to a simple fraction. Ans. ^ 

6. Reduce y of -| of ^ of 4 to a simple fraction. Ans. 4-- 

7. Reduce 2 and | of -^ to a fraction. Ans. |-» 

CASE VI. 

To Reduce Fractions of Different Denominators^ to Equivalent 
Fractions having a Common Denominatori 

* Multiply each numerator by all the denominators ex- 
cept its own, for the new numerators : and multiply all the 
denominators together for a common denominator. 

Note J It is evident, that in this and several other operations, 
when any of the proposed quantities are integers, or mixed 
numbers, or compound fractions, they must first be reduced^ 
by their proper Rules, to the form of simple fractions* 

EXAMPLES. 

1. Reduce -j-, •§■, and -^-, to a common denominator. 

1 X 3x4 = 12 the new numerator for 4^. 

2 X 2 X 4 = 16 ditto ^i 

3 X 2 X 3= 18 ditto \i 
2 X 3 X 4 = 24 the common denominator. 

Therefore the equivalent fractions are ^ i^j and i^. 

Or the wjiole operation of multiplying may be best per- 
formed mentally, only setting down the results and given 
fractions thus: 4, -f, ^ = H^ t|, U = t« A> A, by 
abbreviation. 

2* Redu'ce y and ^ to fractions of a common denominator. 

Anc ^8 3 5 
Ans. -jpjjf f-j. 



* Thii is evidently no more than multiplying each numerator 
and Its denominator by die same quantity, and consequendy the 
value of the fraction is not altered. 

3. Reduce 
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3. Reduce -I, ^, and j- to a common denominator. 

Ano 40 36 4 5 

/\nS. -J^, -j-g-, -g;^, 

4. Reduce |-> 2-|| and 4 to a common denominator. 

iVi/e 1. When the denominators of two given fractions 
Eave a common measure, let them ^e divided by it; then 
multiply the terms of each given fiac.lon by the quotient 
arising from the other's denomincto". 

£x. ^ and -/^ rr -f^^ and ^2^?.^., by multiplying the former 
5 7 by 7 and the latter by 5. 

2. When the less denominator of two fractions exactly 
divides the greater, multiply the terms of that which has 
the less denominator by the quotient. 

Ex, -f and -^zz ^ and -^y by mult, the former by 2. 
2 

'3. When more than two fractions are proposed, it is some- 
times convenient, first to reduce two or them to a common 
denominator ; then these and a third \ and so on till they be 
all reduced to their least conimon denominator. 

Ex. f and | and | = -f and 4 and ^^H^Lnd^ and|^. 



CASE VII. 

To find the value of a Fraction in Parts of the Integer, 

Multiply the integer by the numerator, and divide the 
product by the denominator, by Compound Multiplication 
and Division, if the integer be a compound quantity. 

Or, if it be a single integer, multiply the numerator by the 
parts in the next inferior denomination, and divide the pro-, 
duct by the denominator. Then, if any thing remains, mul- 
tiply it by the parts in the next inferior denomination, -and 
divide by the denominator as before ; and so on as far as 
necessary ; so shall the quotients, placed in order, be the 
Value of the fraction required ** 



* The numerator of a fraction being considered as i remainder^ 
in Division^ and the denominator as the divisor, this rule is of the 
same nature as Compound Division^ or the valuation of remainders 
in tho Rule of Three, before explained. 
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EXAMPLES. 



1. What Is the ^ of 2/ 6/.^ 

Bj the former part of the Rule^ 
21 6s 



5)9 4* 
Ans. 1/ I6s 9d 2\q. 



2. What is the vaJue of y of Xlf 



By the 2d 
2 
20 


. part of the Rule^ 


3) 40 


C13x WAm. 

■ 


1 
12 


• 


3) 12 


(4</ 



8. Find the value of 4 of a pound sterling. Ans. 7/ Sd* 

4. What is the value of f of a guinea ? Ans. ij Bd» 

5. What IS the value of |^ of a half crown ? Ans. 1/ 1(^. 



6. What is the value of f of 4/ lOdF 

7. What is the value of ^ lb troy ? 

8» What is the value of ,^ of a cwt ? 

9. What is the value of J. of an acre ? 

10. What is the value of ^V of a day ? 



Ans. 1/ 1 1-1^. 

Ans. 9oz 12dwts. 

Ans. 1 qr 7 lb. 

Ans. 3 ro. 20 po. 

Ans. 7hrs i2mia. 



CASE VIII. 

To Reduce a Fraction from one Denomination to another* 

** Consider how many of the less denomination make one 
of the greater ; then multiply the numerator by that number, 
if the reduction be to a less nanie> but multiply the denomi- 
natorj if to a greater. 

EXAMPLES. 

1. Reduce f of a pound to the fraction of a penny. 
^ X V" X V* == ^r = 't°* ^^e Answer. 



* This is the same as the Eule of Heduction in whole numbers 
trom one denomination to another. 



2. Reduce 



ADDITION 09 VULGAR .FRACnO^R5. €t 

J2. Reduce f of a penny to the fraction of a pound* 

f ^ A X TO = -jYz, the Answer. 
S. Reduce 13/ to the fraction of a penny. Ans. t^J. 

4. Reduce |q to the fi-action of a pound. Ans. 7:^^ 

5. Reduce f cwt to the fr^tion of a lb. Ans. V* 
^6. Reduce | dwt to the fraction of a lb troy. Ans. .,^, 

1, Reduce 4 crown to the fraction of a guinea. Ans. -^ 

8. Reduce^half-crown to the fract. of a shilling. Ans. 44* 

9. Reduce 2/ 6^/ to the fraction oiz, £. Ans. \^ 
JO. Reduce 17/ 7</ S\q to the fraction of a^^. 



%• 
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ADDITION OF VULGAR FRACTIONS. 

If the fractions have a common denominator; add all the 
fiumerators together, then place the sum over the common 
denominator, and that will be the sum of the fractions 
required. 

* If the proposed fractions have not a common denomina- 
tor, they must be reduced to one. Also compound fractions 
must be reduced to simple ones, and fractions of different 
denominations to those of the same denomination. Then 
add the numerators as before. As to mixed nifmbers, they 
may either be reduced to improper fractions, and so added 
with the others ; or else the fractional parts only added, and 
the iptegers united afterwards. 



* Before fractions are reduced to a common denominator/ they 
are quite dissimilar, as much as shillings and pence are, and tbelj^ 
fore cannot be incorporated with one another^ any more than these 
can. But when they are reduced to a common denominator, and 
made parts of the same thing, their sum, or difierence, may then be 
as properly expressed by the sum or difference of the numerators, ' 
as the sum or difference of any two quantities whatever, by the 
sudi or difference of their individuals. Whence the reason of the 
Rule is manifest, both for Addition and Subtraction. 

When several fractions ^re to be collected, it is commonly best 
^rst to add two of them together that mcst easilv reduce to a com- 
ffion denominator j then add ik^ "-^^l a third, and so on. 



« ARITHMETIC; 

EXAMPLES. 

1. To add j. and 4 together. 

Here J^ + fx^ss 14, the Answer. 

2. To add f and ^ together. 

i+i-ii + H=ii^lH,iht Answer. 

3. To add 4- and 7^ and -y of ^ together. 

4. To add f and ^ together. Ans. 1|.. 

5. To add i and ^ together* Ans. 1|-^. 

6. Add y and ^ together. Ans. -^^ 

7. What is the snm of -^ and -f and ^i Ans. l-rSi* 
. 8. What is the sum of ^ and -f and 2^? Ans. S^. 

9. What is the sum of 4 and 4 off, and 9^'^ ? Ans. 10^ 

10. What is the sum of -f- of a pound and f of a shilling ? 

Ans. '|.»Jor \Ss 10rf2|f. 

11. What is the sum of 4 of a shilling and ^% of a penny? 

Ahs. '^JoTld \^f. 

12. What is the sum of 4 of a pound, and -I of a shilling, 
and TT of a penny ? Ans. iiiis or 3s Id 14^^. 



X . 



SUBTRACTION of VULGAR FRACTIONS. 

Prepare the fractions the same as for Addition, when 
necessary ; then subtract the one numerator from the other, 
and set the remainder over the common denominator, for. the 
difference of the fractions sought. 



EXAMPLES. 

1 . To find the diflference between ^ and -}, 

Here -y "" y = i = •!> the Answer. 

2. To find the difference between |. and |.. 

I - 7 = tJ - -iT = -hi the Answer. . 

3. What 
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3. What IS the difference between -^ and -^ ? Ans. |. 

4. What is the diflference between -^ and -3^? Ans, -3^. 

5. What is the difference between ^ attd -^ ? Ans. -^^^ 

6. What is the diff. between 5|. andf of 4^? Ans.'4T^. 

7. What is the difference between |^ of a pound, and |. of 
f of a shilling ? * -' Ans. ^-f-^s or lOs 7d Ij^. 
• 8. What is the difference between ^ of 5|^ of a pound, 
and 4 of a shilling ? Ans. |^/ or 1/ 8/ 11 ■/jd. 



MULTIPLICATION of VULGAR FRACTIONS. 

* Reduce mixed numbers, if there be any, to equivalent 
fractions ; then mulHply all the numerators together for a 
numerator, and all the denominators together for a denomi- 
nator, which will gi^re the product required. 

EXAMPLES* 

1 . Required the product of f and ^, 

Here ^x | = ^ == ^, the Answer, 
Or i X I = ^ X i =: i: 

2. Required the continued product of f, 3|-, 5, and ^ of |. 

?f 13 S S 3 13 X 3 39 

Here -T^"7"^TX"r>^v = ":; — :; =~^ = Hy Ans. 

3 4 14^ 4x28 ^' 

3. Required the product of f and ^ Ans. ^. 

4. Required the product of -^ and ^^^y. Ans. -^, 

5. Required the product off, |^, and 44* Ans. ■^\, 



"* Multiplication of any thing by a fraction, implies the taking 
some part or parts of the thing j it may therefore be truly expressed 
by a compound fraction 5 which is resolved by multiplying toge- 
t|}er the numerators and the denominators. 

Note, A Fraction is best multiplied by an integer, by dividing 
the denominator by it 5 but if it will not e3^acti)r ^ivide^ then 
jnultiply the numerator by it 
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6. Required the product of 7, -|>3ad 3* Ans* I. 

7. Required the product of ^, -f , and 4^^:^. Am. 2-3^7. 

8. Required the product of -i, and |- of y. Ans. 4t- 

9. Required the product of 6, and f of 5. Ans. 20. 

10. Required the product of 4 of ^y and 4 of 3|^ Ans. f ^. 

1 1 . Requh*ed the product of 3f and 4^. Ans. 1 44|4* 

1 2. Required the product of 5,^y^ of 4> and 4^. Ans. 2^^. 



DIVISION OF VULGAR FRACTIONS. 

^ Prepare the fractions as before in Multiplication ; then 
divide the numerator by the numerator, and the denominator 
by the denominator, if they viU exactly divide : l)ut if moi, 
then invert the terms of thedivisor^and multiply the 4^vi4l?iid 
by it^ as in Multiplication* 



EXAMPLES. 

1. Divide V by i- 

Here V "^ t == t = H> ^7 ^^^ ^^^t method. 

2. Divide^ by TT- 

xiere -^--t-tt — "5"^ 1 — t^t — *?** *Y' 

3. It is required to divide i^ by 4- Ans. |. 

4. It is required to divide -^5^ by |. Ans. ^. 

5. It is required to divide ^-^ by ^. Ans. 1|. 

6. It is required to divide ^ by y . Ans. -^-^^ 

7. It is required to divide j | ^Y t- •A'^- t* 

8. It is required to divide 7 by ^. Ans. -rf* 



* Divison being the reverse of Multiplication, the reason of 
the Rule is evident. 

Note, A fraction is best divided by an integer, by dividing the 
numerator by it ; but if it will not exactly divide, then multiply 

the denominator by it. 



9. It 
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9. It IS required to divide t^ by 3. Ans. -^ 

10. It is required to divide | by 2. Ans. -^i 

11. It is required to divide 7j. by 9^. Ans. 1^; 

12. It is required to divide f. of | by f of If Ans. rfr. 



^Ukmmm^ 



RULE OF THREE in VULGAR FRACTIONS. 

Mai^e the necessary preparations ^ before directed ; then 
multiply continually together, the second and third termsi 
and the first with ks parts inverted as in Division, for the 
answer *i 

EXAMPLES. 

1 . If |. of a yard of velvet cost | of a pound sterling 5 what 
Will T^ of a yard cost ? 

3 2 5 8 i X , , ■ 

y = T ^•- fi '• T ^ 7^ ig =i/= 6.8i, Answer. 

2. What will Sf oz of silver cost, at 6s W an punce ? 

Ans. 1/ Is 4^J. 

3. If -^ of a ship bfe wdrth 273/ 2s Q J-, what are ^ of her 
Worth ? Ans. 227/ I2s Id. 

4. What is the purchase of 1230/ bank-stock, at lOS^ per 
cent.? Ans. 1336/1 i9fl/l 

5. What is the interest of 273/ 1 5s for a year, at 3^ per 
cent.? Ans. 8/17j lUj. 

6. If I of a ship be worth 73/ Is 3d; what part of her i$ 
' worth 250/ lOs? Ans. ^. 

7. What length must be ciit off a bo^rd that Is 7^ inches 
broad, to contain a square foot, or as much as another piece , 
of 12 inches long and 12 broad ? Ans. 18^ inches. 

8. What quantity of shalloon that is |^ of a yard wide, will 
line 97 yards of cloth, that is 24 yards wide ? Ans. 3 If yds; 

'' ■ ■■■ i . , m , .11 ■■■ II wmt w .' i 

I 

* This is only multiplyiog the 2d and 3d terms together, and 
dividing the product by the first, as in th^ Rule of Three in whole 
numbers. 

V0L.L V ^A\ 
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9. If the penny loaf weigh 6^ oz, when the price of 
wheat is 5s the bushel ; what ought it to weigh when the 
wheat is 8/ 6d the bushel ? Ans. 4^ oz. 

10. How much in length, of a piece of land that is llyj 
poles broad, will make an acre of land, or as much as 40 
poles in length and 4 in breadth ? Ans. 13-rrr V^^^- 

11. If a courier perform a. certain journey in 354- days, 
travelling 1 3^ hours a day ; how long would he be in per- 
forming the same, travelling only 11-,^ hours a day ? 

Ans. 40|4i days. 

12. A regiment of soldiers, consisting of 976 men, are to 
be new cloathed j.each coat to contain 2y yards of cloth 
that is 14- yard wide, and lined with* shalloon -J yard wide : 
how many yards of shalloon win line them ? 

Ans. 453 1 yds 1 qr 2^ naib* 



DECIMAL FRACTIONS. 



A Decimal Fraction, is that which has for its deno^ 
minator an unit (1)^ with as many ciphers adnexed as the 
numerator has places ; and it is usually expressed by setting 
down the numerator only, with a point before it, on the left- 
hand. Thus, /^ is '4, and -jV^ is -24, and t^-Jtt is '074, and 
rooVog is '00124 ; where ciphers are prefixed to make up as 
many places as are ciphers in the denominator, when there 
is a deficiency of figures. 

A mixed number is made up of a whole number with some 
decimal fraction, the one being separated from the other by 
a point. Thus, 3*25 is the same as S-r^t or 44^. 

Ciphers on the right-hand of decimals make no alteration 
in their value; for '4, or '40, or '400 are decimals having all 
the same value, each being = -/^ or |. But when they are 
' placed on the left-hand, they decrease the value in a ten-fold 
proportion: Thus, '4 is t^, or 4 tenths ; but '04 js only ^^tt^ 
or 4 hundredths, and '004 is only ttttoj or 4 thousandths. 

The 1st place of decimals, counted from the left-hand to- 
wards the right, is called the place of primes, or 1 Oths ; the 
2d is the place of seconds, or lOOths 5 the 3d is the place of 
thirds, or lOOOths ; and so on. For, in decimals, as well as 
in whole numbers, the values of the places increase towards 
the left-hand> and decrease towards the right, both in the 

same 
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same tenfcdd proportion j as ih the following Scale or Tabic 
of'Notation. 



.2-S'fl 2-3 ^ <r>^-S S'S'S.S 



*^ S 5 S S Pk 0) 

e cu 2 "S "^ 



g B 2 .a tt e g 



3333333*333333 



ADDITION OF DECIMALS. 

^ . * • * 

Set the numbers under efth other according to the value 
of theii^ places, like as in whole numbers ; in which state the 
decimal separating points will stand all exactly under each 
other. Then, beginning at the right-hand, add up all the 
columns of numbers as in integers ; and point off as many 
places, for decimals, as are in the greatest number of decimal 
places in any of the lines that are added $ or place the point 
directly below all the other points. 

EXAMPLES. 

I. To add together 29*0146, and 3146'5> and 2109, and 
•62417, and 14-16, 

29-0146 
3146-5 
2109- 

•62417 . 
14-16 



5299-29877 the Sum. 



-'<, 



Ex, 2, What is the sum of 276, 39*213, 72014*9/ 417, 
and 5032 ? 

3, What is the sum of 7530, 16-201, 3-0142, 957-13, 
6^72119 and -03014. 

4. What is the sum of 31209, 3-67ll» 7\95*S^nV^^%, 
9739.21S, 179, 9nd '0027 i 

F 2 STJ^tB^KKntVS^ 



>% 
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SUBTRACTION or DECIMALS. 

Place the numbers under each other according to the 
value of their places, as in the last Rule. Then, beginning 
at the right-hand, subtract as in whole numbera, aiid point 
off the decimals as in Addition. 



EXAMPLES. 

1. To find the difference between 91*73 and 2*1 3S. 

91-7S 
2-138 



Ans. 89*592 the Difference. 



ii > i 11 



2. Find thediff. between 1*9185 and 2*73. Ans. 0*81 1^. 

3. To subtract 4*90142 from 214*81. Ans. 209'90858» 

4. Fiiid the diff. between 2714 and '916. A^$. 2713-084. 



MULTIPLICATION of DECIMALS. 

^ Place the factors, and multiply them together the saxiie 
as if they were whole numbers.- — ^Then point off in the pro- 
duct just as many places of decimals as there are decimals in 
both the factors. But if there be not so many figures in the 
product^ then supply the defcfct by prefixing ciphers. 



* The Rule will be evident from this example: — Let it be re- 
quired to multiply *12 by *36l ^ these numbers are equiValelit to 
T^^ and tVtsV i the product of which is tUHv = '04332, by the 
nature of Notation; which consists of as many places as there are 
ciphers, that is, of* as many places as there are In both numbei^u 
And in like manner for any other numbers. 

tXAMPLfi^. 
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£XAMPLSS. 

}. Multiply •321()9<5 
by -2465 

< 1605480 
1926576 
1284384 
642192 

■ ' ■ ' i * j ' tfn . ' I 
Ans. '0791501640 the Product. 



r * 



fi. Multiply '?9»347 by 23-15. Ans. 1836*88805. 

3. Multiply -63478 by -8204. Ans. .520773512. 

4. Multiply -385746 by -00464. Ans, -00178986144. 

? 

CONTRACTION I. . . * 

To multiply Decimals by 1 nvith any number of Ciphers ^ asbylQy 

or 100, or 1000, ^c. 

This is done by only removing the decimal point so many 
places farther to the right-hand, as there are ciphers in th* 
multiplier \ and subjoining ciphers if need be. 

EXAMPLES. 

1. The product of 51-3 and 1000 is 51300. 

2. The product of 2-714 and 100 is 

3. The product of -916 and 1000 is 

4. The product of 21^31 and 10000 is 

CONTRACTION I|. 

To Contract the Operation^ so as tQ' retain only as many DedmaU 
in the Product as may be thought Necessary ^ when the Product 
would naturally contain several nfor^ Places ^ 

Set the units* place of the multiplier under that figure of \ 
the multiplicand whose place is the.same, as is tp be retained 
for the last in the product; and dispose of the rest of the 
figures in the inverted or contrary order to what they are 
usually placed in. — ^Then, in multiplying, reject all the figures 
lliat ore more, to the right-hand than each multiplyine fi^e> 
and set danrn the products, so that tVielt T\^V^tk»M^^<<Ga:«^ 
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may fall In a column straight below each other; but observing 
to increase the first figure of eveiy line with what would 
arise from the figures omitted, in this manner, namely 1 
from 5 to 14, 2 from 15 to 24, 3 fix)m 25 to 34, &c; and 
the sum of all the lines will be the product as required^ com- 
monly to the nearest unit in the last figure. 

1. To multiply 27-14986 by 92^41035, so as to retain 
on^ four places of decimals in the product. 

QmtracieiJFaj. ' ' * - Cofntnon Way. 

?!• 14986 " ■ 27-14986 

53014*29 92*41035 



24434874 - 


IS 


574930 


542997 


81 


44958 


1G8599 


2714 


986 


2715 


108599 


44 


ai 


542997 


2 


14 


24434874 




2508-9280 


2508-9280 


650510 



2. Multiply 480^14936 by 2*72416, retaining only four 
decimals in the product. 

3. Multiply 2490*3048 by '573286, retaining only five 
decimals in the product. 

4. Multiply 325-701428 by '7218393, retaaiiog only three 
decimals in the product* 



DIVISICMJ PF DECIMALS. 

Divide as in whole numbers; and point off in the quo^ 
tient as many places for decimals, as \ht decimal places in the 
dividend exceed those in the divisor*. 



I 



* The reason of thh Rnte is evident 5 fory 'since the divisor 
multiplied by the quotient gives the dividend, therefore the nnni- 
ber of decimal places in th^ dividend, is equal to those in. the di- 
visor and quotient, taken together, by the nature of Multiplica.- 
tkm ) and consequently the quotient itsel)^ must contain as many u. 
t^ divi^d ex/oc!q4i^ the divispr. 

Another 
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Another way to know the place for the decimal point, is 
. this : The first figure of the quotient must be made to oc- 
cupy the same place, of integers or decimals, as doth that 
figure of the dividend which stands over the unit's figure of 
the first product. 

When the places of the quotient are not so many as the 
Rule requires, the defect is to be supplied by prefixing 
ciphers. 

" When there happens to be a remainder after the division ; 
or when the decimal places in the divisor are more than those 
in the dividend; then ciphers may be annexed to the diyi-- 
dend, and the quotient carried on as far as required* 



EXAMPLES. 



1. 



178) -48520998 (-00272589 
1292 
460 
1049 
* 1599 
1758 
156 



2. 



•2639) 27-00000 (102-3114 
6100 
8220 
3030 
3910 
12710 
2154 



3. "Divide 123-70536 by 54 25, 

4. Divide 12 by -7854. 

5. Divide 4195-68 by 100, 

6. Divide -8297592 by '153. 



Ans. 2-2802. 
Ans. 15-278. 
Ans. 41-9568, 

Ans. 5-4232. 



CXJNTRACTION I. 



When the divisor is an integer, with any number of ci- 
phers annexed : cut off those ciphers, and remove the deci- 
mal point in the dividend as many places farther to the left 
as there are cipheris cut off, prefixing ciphers if nieed be; then 
proceed as before*. 



* This is no more than dividing both divisor and dividend by 
the same number, either lO, or lOO. or 1000, «rc, according to 
the number of ciphers cut-off, which, leaving them in the Su^\o 
proportion, does not affect the quotient. And, in tlie same wb} , 
the decimal point may be moved the same riuaiber of plnce^ in 
both the divisor and dividend, either to the right or left, wheiher 
th^y have cij^ers or not, ^ 



'LXK•^\^^.'^':- 
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EXAMPLES. 

1. Divide? 45*5 by 2100. 

21-00) -455 ('0216, &c. ' '*.^^- 

140 
14 



I 



2. Divide 41020 by S2000. 
8. Divide 95'^ by 21600. 
4. Divide 61 by 79000. 

CONTRACTION II. 

Hence, if the divisor be 1 with ciphers, as 10, 100, oii 
1000, &c : then the quotient will be found by merely mov- 
ing the decimal point in th^ dividend so many places farther 
to the left, as the divisor has ciphers 5 prefixing ciphers if 

need be. 

EXAMPLES. 

So, 217-3 —100 = 2-173 And 419 -^ 10::?? 

And 5-16 -r 100= And '21 -M 000 = 

CONTRACTION III. 

When the^-e are many figures in the divisor j or when 
only a certain number of decimals are necessary to be re- 
tained in the quotient ; then take only as many figures of 
the divisor as will be equal to the number of figures, both in- 
tegers and decimals, to be in the quotient, and find how 
many times they may be contained in the first figures of th^ 
dividend, as usual. 

Let each remainder be a new dividend ; and for every such 
dividend, leave out one figure more on tl^e right-hand side of 
the divisor j remembering to garry fpr the increase pjf the 
figures cut off, as in the 2d contraction i^i Multiplication. 

Note. When there are not so many figures in the divisor, 
as are required to be in the quotient, begin the operation 
with all the figures, and continue it as usual till the number 
of figures in the divisor be equal to those remaining to be 
found in the quotient ; after which begin the contraction. 

EXAMPLES. 

1. Divide 2508-92806 by 92-41035, so as to have; only 
four decimals in the quotient^ in which case the q^uotient will 
contain six figures. 

Contracted* 
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I, 

Contracted • Common ^ 

9»-4l03,5)2508-928,06(27.1498 
66O721O6 
13848610 
46075750 
91116100 
79467850 
5539570 

2. Divide 4109'2351 by 230*409, so that the quotient may 
contain only four decimals. Ans. 17*8845. 

3. Divide 37'10488 by 5713-96, that the quotient may 
contain only five decimals. Ans. -00649. 

4. Divide 913*08 by 2137'2, that the quotient may contain 
only three decimals. 



92-4103,5)2508-928,06(27- 1499 

660721 

J3849 

<4608 

912 

80 

6 



1 . ■ 



REDUCTION OF DECIMALS. 

« 

CASE I. 

To reduce a Vulgar Fraction to its equivalent Decimal, 

Divide the numerator by the denominator as in Dividon 
pf Decimals, annexing cij^ers to the numerator as far as 
necessary ; so shall the quotient be the decimal required. 

EXAMPLES. 

1. Reduce ^ to a decimal. 

24 ;?= 4 X 6. Then 4 ) 7' 

* 6) 1-750000. 

•291666 &c. 



2. Reduce ^, and 7, and |, to decimals. 

Ans, •35, and *5, and '75. 

3. Reduce {^ to a decimal. Ans: *625^ 

4. Reduce -^tosL decimal. Ans. '12. 

5. Reduce tIt to a decimal. ' Ans. -031350. ^ 
$. Reduce ^^ to a decimal^ Ans. -143155 &c. 
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CASS II. 

To Jlfid tie Value of a Decimal in terms of the Inferior Deno* 

minations. 

Multiply the decimal by the number of parts in the 
next lower denomination ^ and cut off as many places for a 
remainder to the right-hand, as there are places in the given 
decimal. 

Multiply that remainder by the parts in the next lower 
denommation again, cutting off for another remainder as 
before. 

Proceed in the same manner through all the parts of the 
integer ; then the several denominations separated on the left* 
hand, will make up the answer. 

Note^ This operation is the same as Reduction Descending 
in whole numbers. 



EXAMPLES. 

1. Required to find the value of 'TT.*? pounds sterlings 

. - * -775 

20 



s 15-500 
12 



d 6-000 Ans. 15/ 6rf. 



i?. What is the value of '625 shil ? Ans. I^d. 

3. What is the value of -8635/.^ Ans. 17/ 3-24rf. 

• ^. What is the value of '0125 lb troy ? v Ans. 3 dwts. 

5. What is the value of •4'694' lb troy } 

Ans. 5oz 12 dwts 15-744 gr, 

6. What is the value of 625 cwt ? Ans, 2 qr 14 lb. 

7. What is fhe value of '009943 miles ? 

Ans. 17 yd 1 ft 5-98S4.8 inc. 

8. What is the value of •6875 yd ? Ans. 2 qr 3 nls. 

9. What is the value of '3375 acr ? Ans. 1 rd 14 poles. 
10. Wha( is the value of 2083 hhd of wine? 

Ans. 13-I229gal. 



CASS 
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' / " ■ / 

CASB III* 

2i reJuci Integers or Decimals to Equivalent Decimals oflT^her 

Denominations. 

Divide by the number of parts in the next higher deno- 
mination^ continuing the operation to ds mapy higher dAio-* 
minations as maybe necessary, the same as. in Reduction 
Ascending of whole numbers^. 

EXAMPLES. 

' ■ " ■. 

2. Reduce 1 dwt to the decimal of a pound troy. 



20 
12 



1 dwt' 

0-05 oz 

0004166 &c. lb. Ans. 



2. Reduce 9d to th^ decimal <^ a pound. Ans. .0375/. 
S. Reduce 7 drams to the decimal of a pound avoird. 

Ans. -02734375^. 

4. Reduoe*26Jtothe decimal of a /.Ans. 0010833 &c./. 

5. Reduce 2*15 lb to the decimal of a cwt. 

Ans. -019196 + cwt. 

6. Reduce 24 yards to the decimal of a inile. 

Ans. -013636 &c. mile. 

7. R^uce *056 pole to the decimal of an acre. 

» Ans. -00035 ac, 

8. Rieduce 1*2 pint <xf wine to the decimal of a hhd. 

Ans. -00238 + hhd^ 

9. Reduce 1.4 minutes to the decimal of a day. 

Ans. 009722 &c. da. 

10. Reduce *21 pint to th^ decim^ of a pecJ^ 

Ans. -01 3 125 pec. 

11. Reduce 26'' 12^ to the decimal of a minute. 



\ ' m 



Note, When there are several numbers^ to be reduced all to the 
decimal of the highest : 

Set the given niunbers directly under each other, for divi* 
dends, proceeding orderly from the lowest denomination to 
the highest. 

Opposite to each dividend, on the left-hand, set such a 
number for a divisor as will bring it to the next higher name; 
drawing a perpendicular line between all the divisors and 
dividends. 

Begin at the eppermost, and perform all the divisions: 
only observing to set the (quotient of eachdivisvoTi,?&^^cvci\A 
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parts, on the right-hand of the dividend next below it ; sa 
shall th^ last quotient be the decimal required* 

}, Reduce 17/ 9^^ to the decimal of a poimd. 

4 3* 
9-75 
17-8125 
£ 890625 Axa. 



12 
20 



f . Reduce 19/ 17/ ^d to /. Ans. 19-86354166 &c. /. 

3. Reduce \ii6dXo the decimal of a /. An& *775/. 

4. Reduce l^d to the decimal of a shilling. Ans, '625/^ 

5. Reduce 5 oz 1 2 dwts 1 6 gr to lb. Ans. *46944 &c. lb; 



RULE OF THREE In DECIMALSL 
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Prepare the terms, by reducing the vulgar fractions to 
decimals, and any compound numbers either to decimals of the 
higher denominations, or to integers of the lower, also the 
first and third terms to the same name : Then multiply md 
divide as in whole numbers. 

Notfy Any of the convenient "Examples in the Rule of 
Three or Rule of Five in Integers, or Vulgar Fractions, may 
be taken as proper ' example? to the same rules in Decimals. 
— The following Example, ^hich is the first in Vulgar Frac- 
tions, is wrought out here, to show the method. 

If 4 of a yard of velvet cost |/, what will -^^ yd cost ? 

yd / yd / 's d 

4= -375 -375 : -4 :; -31?? : -333 &c or 6 « 

•4 



4 = -4 


*375) 
Ans. 6/ Z4- 


•12500 ( -333333 &c. 
1250 20 
125 

/ e-eeeee &c. 

12 




rf 7-99999 &c.=8rf. 


\ 

1 
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DUODECIMALS; 



DUODECIMALS. 

Duodecimals, or Cross Multiplication, is a rule used 
Vf workmen and artiiicers, in computing the contents of 
their works. 

Dimensions are usually taken in feet, inches, and quarters ; 
any parts smaller than these being neglected as of no conse- 
quence. And the same in multiplying them together, or 
casting op the contents. The method is as follows. 

Set down the two dimensions to be multiplied together, 
one under the other, so that feet may stand under feet, 
inches under inches, &c. 

Multiply each term in the multiplicand, beginning at the 
lowest, by the feet in the multiplier, and set the result of 
each straight under its corresponding term, observing lo 
carry 1 for every 12, from the inches to tlie feet. 

In like manner, multiply all the muhiplicand by the Inches 
and parts of the multiplier, and set the result of each term 
,one place removed to the right-hand of those in the muhipli- 
cand; omitting, however, what is below parts of inches, only 
carrying to these the proper number of units from the lowest 
denomination. 

Or, instead of multiplying by the inches, take such parts 
of the multiplicand as there are of a foot. 

Then add the two lines together, after the manner of 
Compound Addition, carryinj; 1 to the feet for 12 Inches, 
when these come to so many. 



i. Multiply 4 f Vine 2. Muhiplv 14 f 9 Inc. 

by 6 4 by 4 G 



3. Multiply 4 feet 7 inches by 9f 6 inc. Ans. 43 f. ej^Iiic. 

4. Muhiply 12 f 5 inc by 6 f 8 inc. Ant. 82 9i. 
i. Muhiply 35f41uic by 12f 3 inc. Ans. 433 41 
1. Multiply (i4 f fi inc by 8 f 9| inc. Ans. 565 8^ 



ARITHMETIC. 



INVOLUTION. 



iHTOtonoN ii the raising of Powers from taj pvtta 
tinmber, as a root. 

A Power is a quantity prodaceti by multiplying any pven 
cumber, called the Root, a certain number of times conti- 
nually by itself. Thus, 

2 = 2 is the root, or 1st power of 9. 
2x2= 4 is the 2d pOwer, or square of 2. 
2x8x2= Sis the Sd power, or cube of 3. 
Sx2x2x 2 = l6isthe4th power of 2, &C. 

And in this manner may be calculated the following TaUr 
of the first nine powers of the first 9 numbers. 



TABLE of the first Nine Powers of Numbees. 



]E 


^(1 


,3d [Jlh 


5lh 1 6th 


7th 


8(b 


9th 


1 

2 


i 


1 


1 


1 j 1 


1 


1 


1 


4 


8 


16 


32 1 64 


128 


256 


512 


3 


3 


W 


81 


24a 729 


2167 


6561 


I966J 


4 


id 64 


250 


H)24 -1096 


16364 


65536 


262144 


5 

d 
7 

8 


25 

d6 


125 


635 


3125 


15625 


78123 


390625 


1953 12J 


2t6 


1296 


777^ 


46656 279^36 


I67y6l6 


10077696 


49343 


2401 


leao; 


ri76J9's33543 


57fi4tOi 


40353607 


64'512 


■1096 


32768 


262144 


2097132 


16777216 


134217726 


i 


"'pi'p^ 


590-19 


531441 


4792969 


43046721 


337420489 
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» 

The Index or Exponent of a Power, is the number de- 
noting the height or degree of that power; and it is 1 more 
than the number of multiplications used in producing the 
same. So 1 is the index or exponent of the 1st power or 
root, 2 of the 2d power or square, 3 of the third power or 
cube, 4 of the 4th ppwet*, and so on. 

Powers, that are to b6 raised, are usually denoted by placing 
the index above the root or first power. 

So 2* = 4 is the 2d power of 2. 
2^ :±: 8 is the Sd power of 2, 



2* :±: 8 IS the Sd power ot 2, 

2* =i 16 is the 4th power of 2. 

to* is the 4th power of 540, &c. 



540* 

When two or more powers are multiplied together, their 
product is that power whose index is- the sum of the expo- 
nents of the factors or powers multiplied. Or the multipli- 
cation of the powers, answers to the addition of the indices. 
Thus, in the following powers of 2, 

1st 2d Sd 4th 5th 6th 7th 8th 9th 10th 
2 4 8 16 S2 64 123 256 512 1024 
or 2' 2* 2' 2* 2^ 2^ 2' 2* 2' 2*® 

Here, 4X4= 16, and 2 + 2 = 4 its index; 
and 8 X 16 = 128, and 3 + 4 = 7 its index; 
also 16 X 64 = 1024, and 4 + 6 = 10 it$ index. 



OTHER EXAMPLES. 



1. What is the 2d power of 45 ? Ans. 2025. 

2. Wliat is the square of 4* 16 ? Ans. 17*3056. 

3. What is the 3d power of 3-5 ? Ans. 42-875. 

4. What is the 5th power of '029? Ans. •000000020511149. 

5. What is the square of | ? Ans. ^. ' 

6. Whatis the 3d power of |. ? Ans. j4|. 

7. What is the 4th power of | ? ^ns. •^'^. 



lE.VO\SJ\:V3^. 
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EVOLUTION. 

tlvoLUTiON, or the reverse of InTolution^ is the extractiii|f 
•r finding the roots of any given powers. 

The root of any number, or power, is such a number, as 
being multiplied into itself a certain number of times, will 
produce that power. Thus, 2 is th^ square root or 2d root 
of 4, because 2* == 2 x 2 == 4 ; and 3 is the cube root or 3d 
root of 27> because 3' = 3 x 3 x 3 = 27. 

Any power of a given number or root may be found ex^ 
jKrtly, namely, by multiplying the number continu^y into 
itself. But there are many numbers of which a proposed root 
caii never be exactly found. Yet, by means of decimaky we 
may approximate or approach towards the root, to any de- 
gree of exactness* 

Those roots which only approximate, are called Surd 
roots } but those which can be found quite exact, are called 
Rational Roots. Thus, the square root of 3 is a surd root ^ 
but the square root of 4 is a rational root, being equal to 2 : 
also the cube root of 8 is rational, being equal to 2 ; but the 
cube root of 9 is surd or irrational* 

Roots arfe sometimes denoted by writing the chaf acter \/ 
before the power, with the index of the root against itJ 
Thus, the 3d root of 20 is expressed by ^20 ; and the square 
root or 2d root of it is ^/20, the index 2 being always omit- 
ted, ivhen only the square root is designed. 

When the power is expressed by several numbers, with the 
sign + or — between them, a line is drawn from th&tbp of 
the sign over all the parts of it : thus the third root of 

45-12is^43 - 12, or thus -^(45 -J 2), inclosing the 
numbers in parentheses. 

But all roots are now often designed like powers, with 
fractional indices : thus, the square root of 8 is 8^, the cube 
root of 25 is 25^^ and the 4th root of 45 - 18 is 45-181^, 
or (45-- 18)^. 

To 



SQUARE ROOT. ' Si 

TO SXTRICT THE SQUARE ROOT. ' 

* DiviDB the given number Into periods of two figures 
each, by setting a point over the place of units, another over 
the place of h^ndreds, and so on, over every second figure, 
both to the left hand in integers, and to the right in de- 



cimals. 



Find the greatest square in the first period on the left-^hand, 
and set its root on the right-hand 6f the given number, after 
the manner of a quotient figure in Division. 



* The reason for separating the figures of the dividend into 
periods jor portions of two places eacb^ is^ that the square of any 
single figure never consists of more than two places \ the square of 
a number of two figures^ of not more than four places^ and sq ob. 
So that there will be as many figures in the root as the given num- 
ber contains periods so divided or parted off. 

And the reason of the several steps in the operation appears 
' from the algebraic form of the square of any number of terms^ 
whctber two or three or more. Tlius, 

(a 4- by = a* -f 2«^ -f 6* = a* -f (2a + h) b, the square of two 
terms ; where it appears that a is the first term of the root, and b 
the second term j dso a the first divisor^ and the new divisor is 
2a 4- b, or double the first term increased by the second. And 
hence the manner of extraction is thus : 

Istdivisor'n ) a* + 2(/6 + ** ( a + * the root. 



a* 



2d divisor 2a + ^ I 2a6 + 6* 

* I 2a6 + b^ 



Again> for a root of three parts^ a, b, c, thus : 

(a + A + c)* = a* -f- 2aA + 6^ + 2tfc + 2bc + <^ =: 

«« + Cia + 6) 6 + (2a + 26 + <•) c. the 
square of three terms, where a is the first term of the root, b the 
second, and c the third term ; also a the first divisor, 2a -f b the 
second, and 2a -f- 26 + c the third, each consisting of the double 
of the root increased by the next term of the same. And the mode 
of extraction is thus': 
Jst divisor a) a^ -^ 2ab + P -]- 2ac + 26c + c^ (a + 6 + ctjieroot. 



a* 



2d divisor 2a + 6 I 2a6 +'6* 

b lab 4- 6* 



3d divisor 2a -f ?6 if c 



c 



2ac + 2/>c + c* 
2ac -f 2^/e + t* 
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si ARITHMETIC. 

Subtract the square thus found from the said period, and 
to the remainder annex the two figures of the next following 
period) for a dividend. 

Double the root above mentioned for a divisor ; and find 
how olten it is contained in the said dividend, exclusive of 
its right-hand figure ^ and set that quotient figure both in 
the quotient and divisor. 

Multiply the whole augmented divisor by this last quotient 
figure, and subtract the product from the said dividend]^ 
bringing down to it the next period of the given mxmber| 
for a new dividend. 

Repeat tb^ same process over agam, viz. find anothernew 
divi^on, by doubling all the figures now found in the root ; 
from which, and the last dividend, find the next figure of 
the root as before ; and so on through all the periods, to the 
last. 

JVe^, The best way of doubling the root, to form the new 
divisors, is ^y adding the last figure always to the last divisor, 
as appears in the following examples. — Also, after the figures 
belonging to the given number are all exhausted, the opera? 
tion may be continued into decimals at pleasure, by adding 
any number of periods of ciphers, two in each period. 



EXAMPLES. 

1. To find the square root of 29506624. 



• • . 



29506624 ( 543'^ the root. 
25 



•104 
4 


450 
416 


1083 
3 


3466 
3249 


10862 
2 


21724 
21724 



Note, When the root is to be extracted to many places of figures^ 
the work may be, considerably shorienedy thus: 

Having proceeded in the extraction after the common me- 
thod, till there be found half the required number of figures 

in 



SQUARE SLOOT. 8S 

in the root, or one figure more ; tlien^ for the restj divide 
,the l^t remainder by its corresponding divisor^ aft^r t^e man- 
ner of the third contraction in Division of Decimals i thus> 

2. To find the root of 2 to mne places of figures* 

2 ( 1'41421356 the root. 
I 



24 
4 


100 
96 


281 
I 


400 
281 


2824 
4 


11900 
11296 


28282 60400 
2 56564f 



^ : 1 



28284 ) 



3. What 

4. What 

5. What 

6. What 

7. What 

8. What 

9. What 

10. What 

11. What 

12. What 



is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 



square 
square 
square 
square 
squire 
square 
square 
square 
square 
square 



3836 ( 1356 
1008 
160 
19 
2 
root of 2025 ? 
root of 17-3056 ? 
root of -006729 ? 
root of 3 ? 
root of 5 ? 
root of 6 ? 
root of 7 ? 
root of 10? 
root of 1 1 ? 
root of 12 ? 



Ans. 45. 

Ans. 4'16. 

Ans. '027. 
Ans. 1-732050. 
Ans. 2-286068. 
Ans. 2-449489. 
Ans. 2-645751. 
Ans. 3- 162277. 
Ans. 3-316624. 
Ans. 3«4641dl. 



RULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS 

AND MIXED NUMBERS. ' ' 

First jwrepare all vulgar fractions^ by reducing them to 
their least terms, both for this and all other roots. Then 

1 . Take the root of the numerator and of the denominator 
for the respective terms of the root required. And this is the 
best way if the denominator be a complete power : but if it 
be not, then 

2. Multiply the numerator and denominator together; 
take the root of tht product : thisTOOt being maii^xJsi'^tajssv^- 

G 2 ic^\SiX 
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ARITHMETIC. 



rator to the denominator of the nven fraction, or made the 
de^osoiQ^qr to the numerator of it, will form the fractional 
rbdt' required. 

And this rule will serve, whether the root be finite or i nfi nite^ 
S. Or reduce the vulgar fraction tp a decimal, and extract 
its root. 

4. Mixed numbers maybe either reduced to improper 
fractions, and extracted by the first or second rule^ or the 
vulgar fraction may be reduced %o a decimal, then joined to 
the integer, and the root of the whole extracted. 



EXAMPLES. 



Ans. i* 

An8.<f« 

Ans. Q'866025. 

- Ans. 0*6454d7. 

Ans. 4rl68338. 



1. What is the root of fj ? 

2. What is the root of -f^i 
S. What is the ropt of tV ? 

4. What is the root of iV ? 

5. What is the root of 17| ? 

By means of the square root also may readily be found the 
4th root, or the 8th root, or the 16th root, &c, that is, the 
root of any power whose index is some power of the number 
2 ; namely, by extracting so often the square root at is de- 
noted by that power of 2 \ that is, two extractions for the 
4th root, three for the 8th root, and so on. 

So, to find the 4th root of the number 21035*8, extract 
the square root two times as follows : 



21035-8000 
1 



( 145-037237( 12-0431407 the 4th root. 
1 



24 

4 



110 

96 



22 45 
2 44 



285 
5 



1435 
1425 



2404 I 10372 
4 I 9616 



290031108000 24083 
3 87009 3 



75637 
72249 



20991(7237 S388 ( 1407 

687 980 

107 17 

Ex. 2. What is tjie 4th root of 97-41 ? 



« ■• 



TO 



f 

H CUBE ROOT. 

^H TO EXTRACT THE CUBE ROOT. 

H I. By the Common Rule*. 

^r 1. Having divided the given number into periods of three 
figures each, (by setting A point over tlie place of units, and 
also over every third figure, from thence, to the left hand in 
whole numbers, and to the right in decimals), find the nearest 
less cube to the first period ; set its root in the quotient, and 
subtract the said cube from the first period ; to the reminder 
, bring down the second period, and call this the resolvend. 

2. To three times the square of the root, just found, add 
three times the root itself, setting tliis one place more to the 
right than the former, and call this sum the divisor. Then 
divide the resolvend, wanting the last figure, by the divisor, 
for the next figure of the root, which annex to the former i 
calling this last figure e, and the part of the root before 
found let be called a. 

3. Add all together these three products, namely, thrice a 
square multiplied by e, thrice a multiplied by e square, and 
e cube, setting each of them one plate more to the right than 
the former, and call the sum the subtrahend ; which must 
not exceed the resolvend j but if it does, then make the last 
figure e less, and repeat the operation for finding the subtra- 
hend, tilt it be less than the resolvend. 

4. From tlie resolvend take the subtrahend, and to the re- 
mainder join the next period of the given number for a new 
resolvend ; to which form a new divisor from the whole root 

"now found ; and from thence another figure of the root^ as 

^B directed in Article 2, and so on. 



* The reason for poiniing the given number into period* of 
three figures each, is because liiecuheof one figure never amoilnts 
Id men: than three places. Anil, for a similar reason, a given 
number is pointed into periods of four figures for the 4lh root, of 
five figures tor the Tith root, and so on. 

And the reason for the other parts of the rule depends on ilie 
'algebraic formation of a cube : for, if ihe root consist of the iwo 
parts a + 6, ilien its cube is as tbDows : (a + 6)' ~ a' + ja'i^- ^ 
- 3b4' + i'j where fl is the root of the first part n' } the resolvend 
is 3a>i + Aali* -f ''', which is also the same as the three parts of 
the subtrahend ; also the divisor ts Ju' -f '6a, by which ilividing 
_ Uie first two terms of the resolvend 3n'i + flo , gives b for the 
mi part of die root ; and so on. 
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EXAMPLE. 



To extract the cube root of.48228-344. 



3 X 3* = 27 
3x3= 09 



Divisor 279 



48228"544 ( 36-4 root. 
27 



21228 resolvend. 



3 X 3* X 6 

3x3x6* 

6' 



I 



162 
324 Vadd 
216) 



3 X 36* = 3888 
3 X 36 = 108 



38988 



19656 subtrahend. 



1572544 resolvend. 



3 X 36* X 4 = 
3 X 36 X 4* = 

4' = 



15552 
1728^ add 
64 



1572544 subtrahend. 



0000000 remainder. 



Ex. 2. Extract the cube root of 571I482-19. 
Ex. 3. Extract the cube root of 1628*1582. 
Ex. 4. Extract the cube root of 1332.' 

II. To extract the Cube Root by a short U^ay*. 

1. By trials, or by the table of roots at p. 90, &c, take 
the nearest rational cube to the given number, whether it be 
greater or less ; and call it the assumed cube. 

2. Then 



■ 

* The method usually given for extracting the cube root, is so 
exeedingly tedious^ and difficult to be remembered, that various 
other approximating rules have been invetfted, viz. by Newton, 
Raphson> Halley^ De Lagny, Simpson, Emerson, and several other 
mathematicians } but ho one that I have yet seen, is so simple in 
its form, or seems so well adapted for general use, as that above 
given. This rule is the same in effect as Dr. Halley's rational 

formula. 
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% ^hfftAsif, by the Rule of Three, As the sam of the given 
n^ihb^ Sdid^oiable the assttmed cube, is to the sun of the 
aissumed cube and double the given number, so is the rctot of 
the assumed cube, to the root required, nearly. Or, As the 
£rst sum is to the difference of the given and assumed cube> 
so is the assumed root to the difference of the roots nearly. 

3. Again, by usitig, tn like mariner, the cube of the root 
last found as a new assumfed duhe, another root will be ob- 
tained still nearer. And so oA as far as we please ; using al* 
ways fee cah& 6f the last found root, for the assumed cube. 



EXAMPLE. 

To find the cube ro6« of 21035*«- 

Here we soon find that the root lies between 29 and 30, 
and then between 27 |u^ 28. Taking therefore 27, its cube 
is 196&3, which is the assumed cube. Then 

J968a . 21035-8 

2: 2 



« • . 



39366 4207l-6r 
2i 035-8 19683 - 



As 60401-8 : 61754-6 :: 27 t 27-6047* 

. $1 



4322822 
1235092 



60401*8 ) 1667374-2 ( 27*6047 the rodt nearly* 

459338 
3652i^ . 
284 
42 



>it^>B.^^M^M 



formula, but more commodiously expressed j arid the first iaresti- 
gation of it yrzs given in my Tracts, p. 49. The algebraic foim 
of It is this : ' '■ ' v ' 

As p + 2a :, A -f 2p : : r : R. Or^ . 
. • As p 4" 2a : p CO A : : r ; R QO r : 

where f is the given number, a the assumed nearagt culie^ r the 
cube root of a, and r the root of p sought. 



\ 
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Again, for a second operation, the cube of this. root k 
21035*318645155823, and the process by t&e latter BMthoA 
will be thus : 

21035-318645, &c. 



42070-637290 21035-8 

21035-IJ 2 1035-3 18645, &c. 



As 63106-43729 : diff, '481355 :: 27-6047 : 

the diff. '00021056a 



conseq. the root req. is 27*6049 10560. 

Ex. 2. To extract the cube root of '67* 
Ex. 3. To extract the cube root of 'OU 

TO EXTRACT ANY ROOT WHATETER*. 

. Let p be the given power or numbert n the index of the 
power, A the assumed power, r its root, R the required root 
of p. Then say. 

As the sum of /i + 1 times a and « — 1 times F, 
is to the sum of /i + 1 times P and i» — 1 times a; 
so is the assumed root r, to the required root R. 

Or, as half the said sum of /i +1 times a, and /i— 1 times 
p, is to the difference between the given and assumed powersf 
so 18 the assumed root r, to the difference between the true 
and assumed roots ; which difference, added or subtracted^ as 
the case requires, gives the true root nearly. 

That is, ;f -1-1 • A + »— !• p : «+ !• P* +/>—!. A :: r : R. 

Or, «+ I.4a+«— 1. 4p • P CO A :: r : Rcc r. 

And the operation mav be repeated as often as we please^ 
by using always the last foimd root for the assumed root, and 
its ntYi power for the assumed power a. 



* This is a very general approximating rule, of which that for 
the cube root is a particular case^ and is the best adapted for 
practice, and for memory^ of any that I have yet seen. It was first 
discovered in thhi form by myself, and the investigation and use of 
It were given at largs in my Tracts, p. 45> &c. 



EXAMPLE 



GENERAL ROOTS. 
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XXAMPLS. . 

To extract the 5th root of 21035'8. 

Here it appears that the 5th root is between 7*8 and ?*4« 
Taking 73, its 5th power is 20730-7 1 593. Hence we. have 
p = 21035-8, n s= 5, r = 7'S antf a = 20730-71593; then 

If + 1. -Ja + «"* I. T^ • P CO A : : r : R CO !•> that is, 
3 ;< 20730-71593 +2 X 21035-8 : 305084 :: 73 : 

3 S 7-y » 



62192-14779 
42071 e 

104263-74779 



42071-6 915252 
2135588 



2227-1132 (-0218605 = 11 cor 
7-3 =B r, add. 



1. What 

2, What 
i What 

4. What 

5. What 

6. What 

7. What 

8. What 

9. Wtat 
la What 

11. What 

12. What 
15. What 



OTHEK EXAMPLES. 

is the 3d root of 2 f 

is the 3d root pf 3214? 

is the 4th root of 2 ? 

is the 4th root of 97-41 ? 

is the 5th root of 2 ? 

is the 6th root of 21035-8 ? 

is the 6th root of 2? 

is the 7th root of 21035*8 ? 

is the 7th root of 2 ? 

is the 8th root of 21035-8 ? 

is the 8th root of 2? 

is the 9th root of 21035-8 ? 

is the 9th root of 2? 



7-321360 = R,tnie 
to the last figure. 



Ans, 1-259921. 

Ans, 14-75758; 

Ans. 1-189207. 

Ans. 3-1415999. 

Ans. 1-148699. 

Ans. 5-254037. 

Ans. 1-122462. 

Ans. 4-145392. 

Ans. 1-104089. 

Ans. 3-470323. 

Ans. 1-090508. 

Ans. 3-022239. 

Ans. 'V<>ZmS9, 



The following is a Table of squares and cubes, as also the 
square roots and cuberoots^ of all numbers from 1 to 1000, 
which will be found verjr useful on many occasions, in nu- 
pieral calculations^ when roots or powers are concerned. 



A TABLE* 



so A TABLE of SQUARES, CUBES, and ROOTS. 



Number. 


Square. 


1 


1 


2 


4 


3 


9 


4 


Id 


5 


25 


6 


36 


7 


49 


8 


64 


9 


81 


10 


100 


11 


121 


12 


144 


13 


169 


14 


196' 


15 


225 


IG 


256 


17 


289 


18 


324 


' 19 


361 


^ 20 


400 


21 


441 


22 


484 


23 


529 


24 


576 . 


25 


625 


26 


676 


V 


729 


23 


784 


2v) 


841 


30 


SOO 


31 


961 


32 


1024 


33 


IO89 


34 


1156 


35 


1225 


36 


1296 


37 


1369 


38 


1444 


39 


1521 


40 


1600 


41 


1681 


42 


1704 


43 


1849 


44 


1936 . 


45 


2025 


46 


2116 


47 


22O9 


48 


2304 


49 


2401 


^6 


2500 



Cube. 



1 

8 

27 

64 

125 

216 

' 343 

51Z 

729 
1000 
1331 
172s 

2197 

2744 

3375 

4096 

4913 

5832 

6859 

8000 

9261 

10648 

12167 

13824 

15625 

17576 

19683 

21952 

24389 

27000 

29791 
32768 

35937 
39304 
42875 
46656 
50653 
54872 
59319 
64000 
6892 1 
74088 

79507 

85184 

91125 

97336 

103823 

1 10592 

117649 

125000 



Square Root. 



1 '0000000 
1-4142136 
173 20508 
2*0000000 
2*2360680 

2-4494897 
2-6457513 
2-8284271 
3-0600000 

3-1622777 
3-3166248 

3-4641016 
3-6055513 
37416574 
3*8729833 
4-0d(XXXX) 
4-1231056 
4-2426407 
4-35SS989 
4-4721360 
4-5825757 
4-6(}04l58 
4-79.58315 

4-8989795 

5< 



•:i:ihj:i:i 



5 0(J90195 

5196152-1 

5-2915026 
5-3851648 
5-4772256 
5-5677644 
5-6568541 
5-7445626 
5-8309519 
5-9160798 
6-0000(XX) 
6-0827625 
6-1044.14O 
6-2449980 
6-3'245'553 
6-4031242 

6-4807407 

6'55743S5 
66332496 
6-7082039 
6-7823300 
6'8556546 
6-9282032 
70000000 

7-0710678 



Cube Root. 



lOCOOOO 
1-259921 
1-442250 
1 -587401 

I7099?fr 
1-817121 

1-912933 

2*C00000 
20600!^ 
2-154435 
JrZZDyfJu 

2-285428 
2-351335 
2*410142 
2*466213 
2-519842 
2-571282 
2*620741 
2-668402 
2714418 
2758923 
2-802039 
2-843867 
2-88449g 
2-92401 8 
296^6 
3-000000 
3-036589 

3 -07^3 17 
3 107232 
3*141^81 
3-174802 
3*467534 
3*239612 
3*271066 

3*301j927 
3*332222 
3-361975 
3391211 
3-419952 
3^48217 
3-476027 
3*503398 

3*53634i5 
3-556893 
3-583048 
3-608826 
3-C)J424l 
3-650306 
3-684031 



SQUARES, CUBES, and ROCTS. 



Number, 


Sqtiare. 


Cube. 


Square Root. 


Cube Root. 


51 


2601 


1326.5] 


7-1414284 


3-708430 


33 


2704 


14060B 


7-2111026 


3-7335 1] 


53 


2809 


148877 


7-2801099 


3-756286 


S4 


2916 


157464 


7-3484692 


3 ■779763 


55 


3025 


I6fi375 


7-4161985 


3-602953 


56 


3136 


175616 


7-4833148 


3-625862 


i? 


32*9 


185193 


7-5498344 


3'B43501 


58 


3364 


195112 


7-6157731 


3-870877 


59 


3461 


205379 


7-6811457 


3-892996 


GO 


3600 


216OQO 


7-7459667 


3-gi4Sp-7 


61 


3721 


226981 


7-8102497 


3-936497 


62 


3844 


238328 


7-8740079 


3-957892 


63 


3969 


250047 


7-9372539 


3-979057 


64 


4096 


252144 


6-0000000 


4-booooo 


65 


A225 


274625 


8'0G22.'>77 


4-020/26 


66 


4356 


237490 


8- 1240384 


4 -04 1240 


67 


44 Sg 


300763 


8-1653528 


4-061 548 


68 


4624 


314432 


^ 8-2462113 


4 081656 


.eg 


*76l 


328509 


8-3066339 


4-101 5 6d 


?o 


4goo 


343000 


8-3666003 


4-121285 


71 


5041 ' 


357011 


8-426l4tf8 


4-140313 


72 


5184 


373248 


8 -48528 14 


4-160163 


73 


5329 


389017 


8-5440037 


4-179339 


74 


5470 


405234 ■ 


8-6023253 


4-198336 


?s 


5625 


421875 


B-6602540 


4-21 7! 63 


76 


5776 


438976 


8-7177979 


4-235824 


77 


5929 


456533 


8-7749644 


4-254321 


7B 


6084 


474552 


8-3317609 


4-272659 


79 


6241 


493039 


8-8881944 


4-290841 


80 


6400 


512000 


8-9442719 


4 -303870 


81 


6561 


531441 


9-OQOOOOU 


4-326749 


62 


6724 


551368 


9-0553851 


4-344481 


83 


68sg 


571787 


9-1104336 


4-362071 


84 


7056 


592704 


9-1 6515 14 


4■.^795l9 


85 


7225 


614125 


9'2i 95445 


4-396830 


86 


7396 


636056 


9-2736135 


4-414005 


67 


7569 


658503 


9-3273791 


4-431047 


88 


7744 


681473 


9-38033I5 


4-447960 


89 


7921 


70i9S9 


9-433981 1 


4-404745 


90 


8100 


729000 


9*4868330 


4-481405 


91 


9281 


753571 


9-5393920 


4-497942 


92 


8464 


776688 


9-5916630 


4-514357 


93 


8649 


8043 57 


9-6^36508 


4-530655 


94 


8836 


830584 


9-6953597 


4-546836 


95 


S025 


857375 


9-7467943 


4-5O29O3 


90 


9216 


884736 


9-7979590. 


4-578857 


97 


9409 


912673 


9-84.88578 


4-594701 


98 


9(}04 


941192 


9-899-t9-I9 


4-610436 


99 


9601 


970299 


9-9498744 




loo 


10000 


lOOOOOO 


10-OOQOW© 



ARITHMETIC. 



Number. 


Square. 






101 


10201 


102 


10104 


103 


10609 


104 


IOS16 


105 


11025 


JOG 


1 I2iiti 


107 


11449 


IU8 


11(J0"4 


I0<| 


11831 


J 10 


I2II1O 


JU 


13321 


112 


12544 


113 


127t>9 


-114 


12996 


lis 


13225 


116 


13456 


117 


136«9 


lid 


13924 


119 


14101 


* 120 


14400 


121 


14641 


122 


■ 14884 


123 


15123 


124 


15376" 


125 


15625 


12(j 


15876 


127 


16129 


126 


16384 


12!) 


16641 


130 


16!.'00 


131 


17161 


133 


17424 


133 


17689 


13-1 


17956 


135 


18225 


136 


le^yO 


137 


1B769 


138 


19044 


139 


19321 


UO 


19O00 


141 


igS8i 


142 


20164 


143 


.i0J4p 


144 


20736 


145 


21025 


146 


21316 


147 


21GOQ ■ 


148 


21904 


149 


22-JOl 


150 


22500 



»quan; Root. Cube RaaC 



1030301 
IO612O& 
1092727 
1124864 

1 157625 
1191016 
1225043 
1259712 
1395029 
1331000 
130763 I 
1404fflb 
1442897 
14S1544 
1520875 
1560896 
I60ltfl3 
16J3032 
I0S3159 
I728OOO 
1771561 
1SI5S4S 
186(;867 
I9O662J 
1953125 
2000376 
2048383 
2097152 
2I460B9 
2197000 
2248091 
2299968 
2352637 
24061O4 
2460175 
■25 1 5436 
257ia5S 
262SO72 
2685619 
27440OO 
3S0322I 
2863286 
2924207 
29^5984 
3048(}25 
3112136 
3176523 
3241792 
3307949 
3375000 



lOa+98756 

100995049 

10- 14889 1 ri 

10- 1 950390 

10-2469503 

10-2956301 

lO'34JO601 

10*39231H8 ■ 

1 0-44O3O65 

10-4690885 

105356538 

10-5830X2 

10-6301458 

106770/83 

10723t053 

IO/7O3296 

10-8166538 

10-S627805 

io-go87i2t 

109544512 

110000000 

lrW536lO 
lr09O5365 
11-1355287 
1 1-18033;^ 
II 2249723 
112694277 
11-313/085 
11-3578167 
11-4017543 
11-4455231 
ll-48912.';3 
1 1-5325626 
11-5738369 
11-61 89500 
1 1 -6619038 
117046999 
1 1 7473444 
117S()B36l 

11-8321536 

11-6743421 

11-9163753 
11-9582607 
12-0000000 
12-0415946 
1 2'083a400 
12'12-)3fl57 
121 655231 
J2-2063556 
12-2474487 



4-557010 
4-U733SO 
4-6875*8 
■702689 
4717^94 
4-7326Z4 
4-747-"9 
4762203 
41776856 
' 4791420 
4'60S8g6 
4-8303S4 
4-83458B 
4'B48e08 
4-862944 
■*-876999 
4-890973 
4-904868 
4-gi868« 
4-932424 
4-946D8S 
4-gs<i67S 
4-973190 
4986631 
5-000000 
5-013298 
5-026336 
5-039684 
5-052774 
5-065797 
5-07b7J3 
3-091643 
5-1044^ 
5-I17230 
5-129928 
5-143563 
3135137 
3-167649 
5-180101 
5-192494 
3-204828 
5-317103 
3'22(J321 
5-24)483 
5'253588 
5-265637 
5-277632 
5-239572 
5-301459 
5-3133g3 



SQUARES, CUBES, isn ROOTS. 



f^mbet. 


Square. 


Cube. 


Square Rout. 


Cube Root. 




151 


2280i 


3442951 


13-2882057 


5-325074 




152 


231D4 


3511908 


13-3288280 


5-336a03 




153 


23409 


3581577 


12-3693169 


5-348*81 




154 


23716 


3652264 


12-4096736 


53601O8 




155 


W025 


3723875 


12-4498996 


3-371685 




150" 


24336 


37964 16 


12-4899960 


5-383213 




137 


24649 


3869893 


I2*329964l 


3-3946gO 




138 


24964 


3944312 


13-5698051 


5 4061 20 




• Isp 


25281 


40)079 


r2'60952O2 


5-417501 




idQ 


25600 


4096OOO 


12-6491106 


3 •428835 




Itil 


25921 


4173281 


1 2-6385773 


5-440122 




162 


26244 


4251528 


127279221 


5-45 1363 




163 


26569 


4330747 


12-7671453 


5 -.162556 




164 


20996 


4410944 


13-806';485 


5473703 




165 


27A-i5 


4492125 


1 2' 845 3326 


5-484806 




166 


27556 


4574296 


12-8840987 


5-405865 




16? 


27889 


4657463 


1 3-9323480 


5-506879 




168 


28224 


47*1632 


12-1)614814 


5-517848 




169 


28561 


4826809 


13-0000000 


5-52877J3 




i;o 


23900 


4913000 


J 3-0384043 


5-539658 ■ 




171 


29241 


5000311 


13-0766968 


5-550499 




17a 


29584 


5088448 


J 3-) 148770 


5-561298 




173 


29929 


5177717 


13-1539464 


5-572054 




174 


3U27&' 


5268(124 


13-lQOgoliO ■ 


5-582770 




175 


30625 


5339375 


13 ■2287506 


■ 5 193445 




17G 


30970" 


545)7/6 


13-3664992 


5-604079 




177 


31329 


5545233 


13-3041347 


5 614673 




178 


31684 


5639752 


I3-341604I 


5-625336 




179 


32()4l 


5735339 


13*3 79088a 


5-635741 




180 


32400 


5832(!00 


13 -41 64079 


S-646216 




IBI 


32761 


3939741 


13 4536240 


5-656652 




182 


33124 


6028568 


13-4907376 


s'tkiyosi 




1S3 


33489 


612S487 


]. ■3-5277493 


5-677411 




184 


33856 


6239504 


13-5646600 


5-6S7734 




185 


34225 


63316:25 


13-6014705 


3 -698019 




186 


34596 


6434856 


13-6381617 


5-70fi267 




187 


34969 


6539203 


13-6747943 


5-718479 




ISS 


35344 


6644672 


13-7113093 


5 723654 




189 


35721 


6751269 


13-7477271 


5-738794 




190 


36i(iO 


6859000 


13-7840468 


5-748897 




191 


364B1 


69678-1 


13-8202750 


5-738965 




192 


36864 


70778B9 


13-8564065 


5-768998 




193 


37249 


71 89057 


13-8924440 


5-77899^ 




194 


37636 


7301384 


13-93S3S33 


5-78sg60 




195 


■dSOiS 


7414875 


13-9642400 


5-798690 




19ti 


38416 


7329536 


13-0000000 


5'6087e6 




197 


38809 


7645373 


14-0356688 


5-818048 




198 


39204. 


7762393 


14-0712473 


5-8284/6 




199 


39601 


7880599 


14-1067360 


5-aa°,1.Tl, 


k 


200 


40000 


8000000 


14-14'11356 


\ &-feV.QiS \ 



NnnrfjCT. 


Square. 


Cube. 


Square Hoot. 


Cube Root. 




101 


10201 


I03030I 


10-0493736 


4-657010 




102 


10404 


IO6I2O& 


io«995i>49 


4-U723SO 




103 


lottjg 


1092727 


10-1488916 


4-687548 




104 


1OS16 


1124864 


10- 1 9603 go 


4-7026e9 




105 


11025 


1 137625 


10-246y50S 


4-717694 




106 


1123ti 


1191016 


102g5G30l 


4-73'2e24 




107 


11449 


1323043 


1 0-3440604 


4-747459 




lOS 


nOGi 


1259712 


I0-39231J48 ■ 


4762203 




109 


11 SSI 


1295029 


10-4403065 


4*776856 




110 


12100 


1331000 


10-4880885 


' 4-791420 




111 


12321 


1367631 


10 3356536 


4-eo5896 




112 


12544 


140492S 


10-5830052 


4-8202&* 




113 


12709 


1442697 


10-8301458 


4-834588 




■114 


mjg6 


1481344 


10-6770783 


4-848808 




115 


13223 


1520873 


107236O53 


4-862944 




lis 


13456 


I56089& 


10-7703296 


4-876999 




117 


13689 


1601613 


10-8166538 


4-890973 




118 


13924 


1643032 


10-6627805 


4-yo48t® 




llff 


14161 


1685151) 


lO'908712I 


4-918685 




• 120 


14400 


1 728000 


1095445 12 


4-932424 




121 


14041 


1771561 


irooooooo 


4-946083 




123 


14Ba4 


1815648 


iraj536io 


4-959675 




123 


15129 


18ec8i/7 


11-0905363 


4-973190 




124 


15376 


igC6624 


11-1355287 


4986631 




125 


15625 


1953125 


11 '1803399 


5000000 




12G 


15876 


2000376 


: 1 2349722 


5-013298 




127 


16129 


2048383 


11-2694277 


5-026326 




128 


16384 


2097152 


11-3137065 


5-039684 




12!) 


16641 


214668(J 


11-3578167 


5-052774 




130 


)e<j00 


2197000 


11-4017543 


5-06579? 




131 


17161 


2348091 


11-4455231 


■5-078753 




133 


17«4 


2299968 


11-48913.';3 


5-091643 




133 


17669 


2332637 


11-3325626 


51044^ 




134 


17956 


2406104 


11-5759369 


5-117230 




133 


1B225 


2460373 


1 1-6189300 


5-129928 




lae 


184y6 


2515456 


11-6619038 


5- J 42363 




137 


18769 


2571353 


11-7046999 


5-153137 




138 


19044 


2628072 


117473444 


5-167649 




139 


19321 


2685619 


,11-7898261 


5-160101 




IJO 


I9COO 


2744000 


11-8321596 


5-192494 




141 


11(881 


2803221 


11-8743421 


5-204828 




142 


20164 


2863286 


11-9163753 


5-2)7103 




143 


l;044l) 


2924207 


11-9582607 


5229321 




144 


20736 


29P5984 


12-0000000 


5-24 1 4 62 




145 


210LIS 


3048625 


12'04 15946 


5'253568 




146 


21316 


31 12 136 


12-08304D0 


5-265637 




147 


216O9- 


3176323 


12-12-13557 


5-277632 




148 


21904 


3241792 


12-1655251 


5-289372 




149 / 


22201 


3307949 


l*2'aQG5556 


\ b-30\'i5^ \ 


22SO0 


33/5000 


12-^47 44S7 


^ 5'iVi1J§pV 


\ 



SQUARES, CUBES, asiu ROOTS. 



NuMb. 


Square. 


Cube. 


Square Root. 


Cube Root 




251 


63C01 


15813251 


15-8429795 


6-307992 




U52 


63504 


16003008 


15'8745079 


6316359 




253 


64009 


16194277 


15 9039737 


6-324 70* ' 




254 


64516 


16387064 


15-937377JS 


6-333025 ■ 




255 


63025 


16381375 


15-9687194 


6-341325 , 




356 


65536 


1,6777216 


ifiooooooo 


6-349602 1 




257 


66049 


16974393 


16-0312195 


6-357.S59 




:i5S 


6oa64 


17173512 


160633784 


6-366C&'; 




250 


670s 1 


J "373979 


16-0934769 


6-374310 




260 


67600 


17576O00 


16-1245135 


6-332504 




261 


6iJ13l 


17779381 


16-1554944 


6-390O76 




262 


686-14 ■ 


17984728 


16-1864141 


6^398837 




363 


69169 


I8I91447 


16-2172747 


6-40695& 




2&1 


69G96 


18399744 


16-2480768 


6-415069 




265 


702'J5 


186096-25 


J6-278S206 


6 423157 




266 


70?56 


18921096 


16-30y5n64 


6-43 1 226 




267 


71289 


19034163 


16-3401346 


6-439275 




26S 


71834 


i9248832 


16-3707055 


6-447303 




269 


73361 


19465109 


16-4013195 


6-455314 




270 


72900 


19683000 


16-4316767 


6-463304 




271 


734-11 


iy9025ii 


16-46J0776 


6-471274 




272 


73984 


20123643 


16- 4934 225 


6-479324 




273 


7*529 


2034 &1. 17 


16-5227116 


6-4871.13 




274 , 


75076 


2057U82* 


16-5529434 


fr495064 




27s 


75635 


20796975 


16-5331240 


6-.W2956 




276 


76176 


21024576 


16-6132477 


6-510829 




277 


7li7-i9 ■ 


21233933 


16-6433 i;o 


fr.-i 18034 




278 


77^S4 


21484953 


16-6733320 


6-5265 19 




279 


77841 


21717639 


■16-7032931 


6-534335 




2B0 


7^403 


219^2000 


16-7332005 


6-542132 




231 


789fil 


2218:3011 


16-7630546 


6-54yyii 




2S2 


79524 


22425/63 


16-7938356 


6-557672 




283 


eoosg 


22665187 


ie-S2260JS 


6-5054 J 3 




2S4 


S0656 


22906304 


16- 3332995 


6-573 I3y 




285 


91225 


23149125 


16-3819430 


6-580844 




286 


81796 


33393656 


16-9115345 


6-58853 I 




267 


82369 


2363()Q03 


16-9410743 


6-596303 




2S8 


- 82944 


238S7B72 


1&9705637 


6-003854 




389 


93321 


24l:i7S69 


i7-oixx)ooo 


6-611488 




290 


84100 


2-i:ihr|O0O 


i7-03!i3ed4 


t;-6iyi06 




291 


84691 


24643171 


17-0537231 


6-52670.i 




292 


83264 


24397088 


17-0380075 


6-634287 




293 


Bsm 


25153757 


17-1172433 


6-641851 




294 


86-136 


25412184 


17-146438-; 


f^-Gi93f>9 




295 


87025 


2567237-5 


17-1755640 


6-636930 




2y6 


87616 


25y34a36 


17-2046505 


6-664+43 




297 


8B209 


2tJ19S073 


17-2336879 


6-671940 




aga 


b88m 


26463592 


17-2626765 


6-679419 




299 


89401 


26730899 


17-2916165 


O-QfiOaWi: 


V 


300 


90000 


37000000 


17-32O50a\ 


\ &-6ij*n.'a \ 



bfumb. 


Square. 


Cube. 


Sqnare Boot. 


Cube Root. 
6-701758 


30I 


90601 


27:470901 


17-3493516 


302 


. 91204 


2754300s 


1 7-3/8 1472 


6-70-J172 


303 


yi809 


2731 Si 27 


17-4068952 


6-716569 


304 


92416 


^^094464 


17-43.'i595S 


6-7*3950 


305 


93023 


2837^625 


17-4642492 


6-7313)6 


sot) 


(J3636 


28652016 


17-4928557 


6-738665 


307 


9-1249 


29934443 


175214155 


6-7+5997 


308 


9-1864 


2921 «1 12 


17-5499238 


6-753313 


309 


9548 1 


295036T9 


17*5783958 


6-760614 


310 


96100 


29791000 


17-6068169 


6-767899 . 


311 


96;2i 


30060231 


17-6351921 


6-775168 


313 


97344 


30J7J328 


17-6635217 


6-783423 


3l3 


979^ 


30664297 


17-6918060 


6-789661 


314 


96596 


30959144 


17-7300451 


6-796884 


315 


,9922s 


31255873 


17-7492393 


6-804091 


316 


9965f» 


31554496 


17-/ 763888 


6-81 1384 


317 


100489 


3185.^013 


17-8044938 


6-818461 


318 


101124 


32157432 


17-83355-15 


6-325624 


319 


101761 


32-161759 


1 7-60057 1! 


6-832771 


320 


102400 


32768000 


17-8685438 


6639903 


321 


10304 1 


330761 61 


i7-9i'^i7-^9 


6 647021 


322 


10368+ 


33386246 


17-9443584 


6-S54124 


323 


101329 


3369S267 


17-9732008 


6-861211 


334 


KWWO 


34012224 


18-0000000 




32S 


105625 


34.'i28125 


1 8-0277564 


6-87534S 


326 


106276 


3.1045976 


18-0554701 


6-862388 


327 


IO6929 


34t)e5783 


lB-0831413 


6-689419 


323 


107584 


3528/352 


18- 1 107703 


6-896435 


339 


108241 


35611289 


18-1383571 


6-S03436 


330 


loajjoo 


35()37(Olt 


18-1659021 


6-910433 


351 


109561 


36264691 


IS- 1934054 


6-917396 


332 


1 10224 


3659436S 


]S-2:;08672 


6-924355 


333 


IIOS89 


36926037 


ie-248287<J 


6931300 


334 


111536 


37259704 


18-2756669 


6-938233 


335 


1 12225 


37595375 


16-3030052 


6-945149 


330- 


1 1-2696 


379330.^6 


18-3303028 


6-953063 


337 


113509 


382727.13 


18-3375598 


6-958943 


336 


114244 


3301447^ 


ie-3a47763 


6-963B19 


339 


1149'^1 


389582 19 


I6-4119.-126 


6-972683 


340 


ll3fXX> 


39304000 


16-4390689 


6-979532 


311 


116281 


31)651831 


18-4601853 


e-9603(^ 


34J 


n6(jt)4 


400016s 8 


18-4g32420 


6-()93i91 


343 


II7«'49 


40353607 


IS- 5202592 


7-000000 


344 


nH336 


40707584 


lS-5472370 


70O6796 


345 


119025 


d 1063625 


lB-57n;56. 


7-013579 


340" 


119716 


41421736 


18-6010752 


7-020349 


347 


121)409 


4 178 1923 


18-6-^79300 


7-027106 


348 


121104 


42144192 


18-6547581 


7-03385O 


349 


121801 


42508549 


18-6815417 


7-040581 


350 


122500 


42875000 


ie-;09286q 


7-04720S 



SQUARES, CBBIS, Aim ROOTS. 



Nuirtb. 


Square. 


Cube. 


Square Root. 


Cube Root. 
7054003 




351 


123 201 


43243531 


137349940 




352 


]23g01 


43614203 


187ti 16630 


7060696 




3o3 


124909 


4398^(77 


16738^42 


, 7-067376 




354 


125316 


4411)1864 


18-3148377 


7'074m3 




355 


126025 


44738S73 


15-811443? 


7-Ofe06c«- 




■356 


126736 


45118016 


(8-3679923 


7-037»(i 




357 


127449 


45499293 


iS-3y4-l436 


7-09'97O 




358 


125164 


43832712 


18-9203979 


7-I0O583 




359 


126S8I 


462632/9 


l8-947:^^■i3 


7-107193 




360 


129600 


4065 SOOO 


19-9736660 


7-113796 




3Sl 


130321 


47045931 


I9OO0O3O1 


7120167 




362 


131044 


47437929 


19-0262J7J 


7-126933 




3fl3 


131769 


4/832147 


19-0525589 


7- 133492 




354 


I32k)6 


48228544 


190787340 


7-140037 




383 


133225 


466i7125 


19-1049;33 


7-146369 




366 


133936 


4902-896 


19' 13 H 263 


7' 153090 


' 


367 


134639 


4943OS63 


19-157^441 


7-139599 




338 


135424 


49330033 


1 9- 1833261 


r-itiooys 




3S9 


i;i6l6l 


50243 JO9 


19-2033727 


7-i7'^58J 




370 


136900 


30(i3 JO-JO 


l-9-3.i«3911 


7-l7!»54 




371 


137611 


51064911 


19-2613603 


7-185316 




372 


138334 


31478848 


ig2973013 


719I966 




373 


139129 


318:j5U7 


19-3132079 


7-198^03 




3?4 


139876 


52313624 


19-3390706 


7-20J832 




37a 


H0525 


52734375 


19-36491 67 


7-21 li47 




376 


141376 


33137376 


19-3907>94 


7-2176i2 




377 


142129 


53392^3 


19^4164378 


7224015 




378 


142994 


34010152 


19-4422221 


/-i^on? 




379 


143641 


54433939 


19-4679223 


7-236797 




330 


144400 


54372OOJ 


ig-4935887 


7-243156 




3S1 


145161 


55i06341 


19-5192213 


7-2493M 




332 


145924 


55742968 


1 9-5443203 


7-23584 1 




383 


141)069 


50181337 


19*5703858 


7-202167 




384 


147456 


56023 104 


19-5939179 


7'2^a432 




335 


HB225 


57066635 


19-6214169 


7-274766 




386 


148996 


57512-156 , 


19-64(iS-J27 


7-2B1079 




337 


I497S9 


579606 J3 


19-6723156 


7-2h7j62 




3S8 


150544 


5«4II07a 


19-6977156 


7-2j:i633 




389 


151321 


38863869 


19-7230329 


7-21.9893 




390 


132100 


59319000 


19-7434 177 


7-306143 




391 


1528U1 


5977S471 


i9-7737199 


7-312363 




3C)3 


153664 


60236233 


19-7989399 


7-318611 




393 


154449 


60698457 


19-8242^76 


7-324829 




394 


155236 


61 16296 1 


19-3494 :iJ2 


7-331057 




39.5 


156D23 


6i629a7.5 


i(fa74Q(Mg 


;-3372:>l 




396 


156816 


62099136 


19-8^97487 


7-343420 




3y7 


137609 


62570773 


I9'9 248588 


7-319^9« 




398 


158404 


03O44792 


19-9499373 


7-355702 


\ 


399 


139201 


63521199 


ig-yT^ssw 




400 


jikxxa 


ejoooooa 


20-COOOOOO 



.v.»k. 


Sqi-re. 


Cdbe. 


Square Root. 


Cube Boot. 


■101 


1(X>80i 


04481201 


2n-0349S44 


7374IM8 


402 


iSioo* 


64t(WS(« 


2<MH9y377 


738G3TJ 


403 


102-109 


M4.»927 


200746599 


7-386J37 


404 


l3J2)(j 


&U 19264 


2009^7512 


7-39-1542 


403 


ifijoas 


tfrl30135 


JO- 12461 IB 


7-398636 


4CX) 


|I>4S30 


lt6<rJ34l6 


2014tH4l7 


7-404720 


407 


165M9 


0;4I0I43 


'20- 17424 10 


7-+IO794 


40b 


l*>li4W 


67yii3i2 


20-1990099 


7-+l(«59 


4M) 


Hi728l 


U84I793J 


20-2237484 


7-4229 1* 


4IO 


KiSitX) 


est/iiooo 


20-L'4W567 


7-W8958 


411 


168921 


694^6531 


'i(l-2731349 


7-«4993 


4ji 


lfi!)744 


60934528 


2'>2y77a31 


7-Mioie 


413 


I705<^ 


/ 0444997 


2O3224014 


7-447033 


414 


iriayti 


7095.044 


.; 0-3 4698^9 


7-453039 


415 


172325 


71473375 


20-37 154b8 


7-459036 


41(j 


173056 


7i9gi29« 


20-3(l»X>76\ 


7-405O'22 


417 


173889 


72511713 


20-4i05779 


7-470l1» 


4l» 


1747*4 


7-j034ti32 


20-445O483 


7-476966 


4iy 


175561 


735(x.05g 


20-4694805 


7-4.62924 


430 


I7(>100 


7-.U8bCOO 


20-4!(J9015 


7-488872 


4:21 


177241 


74618461 


20-5182845 


7-494810 


422 


17SO64 


7Jiii-l4B 


20-5426386 


7500740 


4UJ 


178939 


75Ca(Jy07 


20-5669638 


7-506660 


4W 


I7977ti 


76223024 


20-5912603 


7-512571 


42,-. 


imins 


70765625 


20-6155261 


7-518473 


411} 


J N 1476 


7730377'3 


20-6397674 


7-524365 


4X7 


iai-^29 


77S5-J-lb3 


20-6639763 


7 -530248 


4-iH 


le3IH4 


7b4U-J752 


20-03tn60y 


7-536121 


laji 


IH-IOIl 


781)5 J.] B9 


207123153 


7-541986 


4;iO 


164fMlO 


7y5( 17000 


20-7364414 


7-547341 


431 


185,-61 


b;)Oijj;)yi 


20-?u€>53y5 


7553688 


•4.1 i 


18(;024 


b062l.5.Ja 


20-7646097 


755952* 


43:1 


I8"-I8i> 


81I8J-.V 


2U-S0S6i20 


7565353 


434 


leejsii 


6I741J5U4 


2O-8J26607 


757 1173 


4a.t 


lt<!1225 


HJ.112^75 


3O-S560J30 


7576984 


4.111 


IJ^Kiti 


Kjsrfiwii 


2O-8800J3O 


7-5B27a6 


43.' 


l;«X)(«| 


tk)45.l4^3 


2'.:-!»0454iO 


7586579 


43«* 


i<ite44 


84O-J707J 


209.84495 


75p436a 


4;<y 


iiurJi 


SJUHJlJJ 


:tO!(52320S 


7-6001 38 


410 


i-kit^t 


Ki[&-l(UJ 


JO-u7<'I770 


7-e05905 


441 


ii;4itii 


*;5rii»»121 


2I-0(XXXKO 


7-611663 


4-1 i 


li).U<i4 


(<(i-.«)S!ia 


■11-0237060 


7-617411 


•H.i 


lOtiiJU 


^^j!a^*o; 


2I(M;5d53 


7-623151 


444 


m;u'i> 


8.-5JSJS4 


2 1 -or: 307 j 


7-62«863 


1 4..1 


l.lfiOJJ 


bMill2i 


21-IV502J1 


7-C341J06 


1 44(f 


li^^^n^i 


8s;ii.jj6 


ji-;i?.'iji 


,--u*C32i 


41.- 


ltl!>ai<) 


6tUN(2~{ 


JlUiJ7-t5 


7-04 6027 


448 


■JUTO) 


!>$)«> I.' 30 J 


JlICklMOi 


7 051725 


44.. 


JtlllJDI 


.IHJIVS4}! 


31-1S*(U101 


,--657414 


4.H1 


J\W,-H.X> 


■'1S0l» 


'il-JIJJ024 


7-6Q3LV4 



SQUARES, CUBES, 11.6 ROOTS. 



Numb. 


203401 


Cube. 


Square Root. 


Cube Root 




451 


01733831 


21-3367006 


7-618766 




454 


204304 


92:145403 


21-2602916 


7-67H-W 




4.^3 


2O5209 


g29r'9677 


21-2837967 


7-680065 




454 


2061 Iti 


93576604 


21'30727I9 


7-685732 




455 


20/025 


9419637s 


21 -3307290' 


7-6t)i371 




456 


ao79J6 


94818316 


21-354 1565 


7-6y7oci2 




457 


2USS49 


95443993 


21 -3773583 


7-70i624 




4r>9 


209764 


9^071912 


21-4009346 


7-708238 




459 


210081 - 


96702579 


21-4242853 


7-713844 




4tio 


2ii6je 


9733SDOO 


21-4476103 


"■7191*2 




*(J1 


213531 


97i)721Sl 


21-4701)100 


7-72J032 




4S'i 


213444 


gti6iii38 


ai'494ie53 


7-730014 




Ada 


2N3e9 


99252847 


21-5 174348 


7-7361 b7 




404 


2I529(j 


9OH97344 


21-5406593 


7-741753 




465 


2 1 0225 


1O0544G2.5 


21-5638387 


7-747310 




46(i 


217156 


101194696 


2r58;033I 


7-/52860 




*e; 


2IB0B9 


101847563 


■?1-6101828 


7-753402 




4CiS 


2I9U31 


102503233 


21 -0333077 


77e3936 




469 


2i90i 


103161709 


21-656*078 


7709462 




470 


220;j00 


103823000 


21-6/9*634. 


7-774980 




4?l 


221841 


1044871 1 1 


21-7025344 


/-780490 




472 


■2'2J84 


105154048 


21-7255610 


7-7851)92 




*7.1 


223729 


J05S23917 


21'74&5632 


7-791487 




474 


224676 


I06t96424 


21-7715411 


'7-7!.>6(174 




>»?5 


235023 


107171875 


31-7944947 


7-602,453 




47fi 


226576 


ic7dioi;6 


31-S174242 


7-807935 




-(77 


227529 


108531333 


21-8403297 


7-3133B9 




47a 


22S4S4 


10^2153.52 


21-8632111 


7-S 18845 




479 


229441 


] 09902239 


21 -8660636 


7-824294 




480 


2H0400 


1105ja'KXJ 


21-9189023 


7-329735 




481 


'i3l36l 


1H2S4641 


-JX-i)3l7122 


7-835168 




483 


232324 


III98OI68 


21-9544984 


7-940594. 




4«3 


2332S9 


1126/8587 


21-9772610 


7-a*6oi3 




484 


2a42fld 


IJ3-V9^ 


2'.'-0Q00000 


7-851424 




4S5 


235325 


1140d4125 


22-023?! 55 


7-856828 




43^ 


23(J19(J 


114791256 


2-^-0454077 


7-862324 




4H? 


23; 169 


115501303 


:;2-ti6si076j 


7-867613 




4 88 


238144 


11S21+'J7'2 


2S-09J732O 


7-a72C^ 




481) 


239121 


1 16930169 


22- U 3344+ 


7-878i6a 




4yo 


240100 


11764tOMr 


22-1359436 


7-883734 




491 


241061 


1183;0771 


2J-lfi85l98 


7S99oy4 




41)2 


24J(J64 


1 19095488 


M- 18 10730 


7-8-J4446 




4tl3 


2. 30+9 


1198i3IS7 


22-2030033 


/■a.tf/'yi 




491 


244036 


120553784 


?2-220 1.103 


7-905129 




■ly5 


245025 


12128/375 


22-2.135955 


7-yi04bo 




4913 


311)016 


1230^3936 


22-2710575 


7-915734 




. 4(17 


247009 


I227C3473 


22-2y349es 


7-921160 




. 4£)B 


24^*004 


I2:ij0£y92 


22<3J59I36 


7-926403 




4()q 


249001 


124231499 


22-3383079 V"9"-'>^T^'^\ 


500 


isoroo 


- 1250OD00O 



iUiiTHiime. 



Nun,b. 


Si|Mre. 


Cbe. 


Square Root- 


794221)3 


SOI 


25IU01 


125;5130l 


2i'3h3:/i<M 


SOS' 


252004 


126500006 


22'40£3365 


7-947373 


503 


25300() 


127263527 


22-4276615 


7-95a64r 


504 


25401 (J 


1280^4064 


22-44 99443 


7-9581 14 


503 


235025 


128787625 


2J 4723051 


-7-963374 


5Q6 


25«)3a - 


129554216 


22-4944438 


7-908627 


507 


257049 


I3D323843 


22-5 166605 


7-S73873 


5oe 


2580&1 


131096512 


22'5388553 


7-9791 12 


51^9 


2-9081 


I3lt.'72229 


22-561 02S3 


7 984344 


510 


260100 


] 3265 1000 


22-583 1596 


7-9895t9 


511 


26II21 


1334328)1 


2J-6053091 


/■9947W 


512 


2()2144 


13421 77:! B 


23-6274170 


8-ocoooo 


513 


2li:i\G^ 


133005C97 


226^95033 


t>-0052a5 


514 


264iy(J 


i33;9e7-'-* 


22-67 1 5631 


B0JW03 


515 


205225 


136590875 


22-6936114 


8-01 5595 


516 


2(>(J2J6 


137386096 


22-71^6334 


8^020779 


517 


2672S9 


]381b8413 


32-7376340 


8-025yfi7 


518 


2C8a24 


138(i»l832 


22-7396134 


8031129 


51t) 


3093l>l 


139798339 


227815715 


8-036298 


5-JO 


27UH)0 


14U60S00e 


22-6035085 


8'04t431 


521 


271441 


14 1420761 


22-8254244 


e-046603 


W2 


arajsJ 


142236648 


22-3473193 


8-051748 


5'J3 


2;33a9 


143055667 


22-8&)1933 


8-036886 


5'J4 


27457.« 


143877824 


22S910463 


8-062018 


525 


275ei25- 


144703125 


22-9128785 


8-067143 


526 


27()f);S 


I4;,531576 


22-9346899 


8073263 


5U7 


277729 


I4(j;i'}3l83 


22-9564 6O6 


6«77374 


528 


3/8784 


147I979S2 


22-9782506 


8-082480 


529 


279*41 


Ms03588!) 


23OQO0O0O 


ti-08757g 


5JO 


2eo;;oo 


14(- 877000 


23 0217269 


8-0y-2673 


531 


28i(,ei 


149721291 


23 0J:M372 


8 0!f7738 


533 


283024 


150568768 


23 -065 1252 


8- 102838 


533 


2S40f^9 


151419437 


23-0067928 


e-iP7yi3 


:.M 


285 !.'.(* 


152117j31M 


23-IO84400 


6-ll-i(^ 


535 


2i^(J225 


1531J0J73 


2'J130i.670 


S-IlbOt] 


HM 


28;390 


15»(«!0<i58- 


23- 15 16738 


8-1230tie 


SH7 


288369 


154854153 


2i-173'e05 


8-128144 


5!S 


. 289444 


I5572O873 


23-19-18270 


8-133186 


539 


2tja'!21 


J56;90319 


33-3163735 


8-138223 


540 


2KI600 


157464000 


23-2379001 


8-143253 


541 


2^2681 


15834042I 


23-3594067 


B- 148276 


S-13 


293715* 


15()22C088 


23'2b08935 


8-l5329i 


543 


294349 


160103007 


23-3023604 


8-158304 


544 


■l^JCtMi 


16C9S9184 


23-3233076 


S-W)33Cg 


543 


2.7025 


16 1878615 


23-:i4423i 1 


8-l6S30t> 


546 


agaiio 


] 6^77 1 336 


23 -300 64 J9 


S- 1 73303 


547 


299209 


163667323 


23 38t03li 


(>-l7a289 


5-JS 


31)0301 


1 64.^66592 


23-40930f;B 


S-1S3269 


549 


TOUOI 


165469149 


33-4307490 


8-IbS244 


3;5r> 


30MP0 


I66373OQO 


23-45 207»8 


8-193212 





SQUARiS, CUBES. iW ROOTS 


101 




Numb. 


_Square_ 


Cube. 


Square Root. 


Cute aooi, 




351 


3O30O1 


IU729415I 


23-4733892 


a- i9di 75 




533 


304704 


168196608 


23-4y466a2 


8-2C313I 




553 


305S(»^ 


16()112377 


23 5 159520 


8-20BO82 




354 


30Jltl(> 


170031464 


23-3372CM6 


8-213027 




655 


306023 


170,;3(S75 


23-5S34380 


8-217965 




53a 


3CS130 


171879516 


23-57sfi522 


8-232883 




53; 


3lff249 


If'iSoaSgs 


23-6006474 


8-227S'i5 




538 


31l3ti4 


J737J1112 


33-6220J36 


8-232746 




y-Q 


312481 


174676879 


S3'643I808 


8-237661 




500 


313fiUO 


1756160CO 


23-6643191 


8-242570 




5(J1 


3 J 472-1 


176558481 


23-6854386 


8-247474 




562 


3I5B44 


177WJ3a9 


W70J5392 


8-252371 




a(J3 


3i6j(>9 


]7a-i5J547 


23-7276210 


6-M7-263 




5tJ4 


31309ti 


17y4'J6i44 


23-7486842 


8-262149 




565 


319223 


180362125 


-23-7697^80 


8-267029 




5m 


3ao35(i 


18132119(5 


23-7907543 


8-271903 




5t>7 


331489 


18228426:1 


';3*81176l8 


8-276772 




SiiS 


322)24 


183250432 


23-8327306 


8-281635 




5G9 


3237G1 


18422O009 


33-8537209 


8-286493 




570 


■i%t9O0 


i85i,g:JOW 


23-8746728 


8-291344 




571 


326041 


186169411 


■i3 -8956063 


B-2961^0 




573 


327164 


lB7l4q248 


33-i,ia3215 


8-301030 




573 


328329 


188133317 


23-9374 1 84 


8-303863 




S74 


32(t4;6 


I89I .9224 


£3-9532971 


8-310^94 




373 


330Ja5 


190109175 


2.1 -9791575 


8-3l55i7 




3-6 


3 J 1776 


19ii02()76 


24-OOCOOOO 


S-i20333 




577 


332q2() 


19-1100033 


34'02:)6243 


d'325l47 




576 


33-10*1 


193100532 


24-0416306 


8-3^g'i54 




579 


3^5241 


lf)4104539 


31-OS24i83 


8-334733 




5U0 


330400 


11)5112030 


24-1)53 r8y2 


8-330331 




SSI 


3:17561 


ly6l22941 


24-liJ3y4l6 


8-31^341 




582 


3JS724 


1971.47368 


2I-J24S762 


8-349125 




5a3 


339S89 


1 931, '55287 


24-]4.i3^29 


6-353t,Oi 




384 


34l05fl 


ItKJ 176704 


24-i6i»yi9 


6-35N678 




595 


342223 


200201625 


24-1867732 


8*363446 




566 


343396 


20 1 230056 


24-2074369 


8-368209 




587 


544569 


20'i2(if2003 


24-2280829 


8-372966 




589 


345744 


203207472 


24-2187113 


8-37771 8 




589 


3 lOyai 


201336469 


24-26y3222 


8-383465 




5&0 


348100 


205:i7y000 


24-2390 i3tJ 


8-387206 




ayi 


34y28I 


20612)0-1 


24-3104916 


8.i9l!J42 




5y2 


350464 


20/4746*8 


24-j3 10501 


8-ii9S673 




S93 


351649 


20-^527857 


24'33 15913 


8--J013;)3 




594 


332836 


2(Jy5»4584 


243-21I52 


8-40f^Jl8 




5y3 


35402i 


2IOJ44875 


24-3'|262I8 


8-410832 




5':l6 


355216 


2ii70!-7J6 


24-*l3Jll2 


8-413541 




597 


356400 


212776173 


24-4335834 


8-420243 




5QS 


357601 


ai3^J7i93 


24-4540385 


8-4-2-1944 




S99 


35S801 


214921799 


24-4744765 


^ li-AlO^'-- \ 


ea> 


3*»00 


216000000 


a4-4tl«q7^ \ b-AaAiT) \ 



ARITHMETIC. 



■Numt>. 


Square. 


Ci^be. 


Square Boot. 


CubeKoM 


tioi 


361201 


2170SI8OI 


245I530I3 


8-439009 


602 


30J4O4 


21Bl{j720a 
211)236227 


24-53^6883 


S-443687 


603 


3336<)q 


2 1-55605S3 


9448360 


604 


3043 Ui 


220346964 


24-57«l]3 


3-4.53027 


605 


360015 


22;4t5l35 


24-5(;tt/478 


S457689 


606 


3e;2J6 


222.'i430l6 


24 ■6170673 


8-462347 


637 


36844(1 


223648543 


24.6373700 


8-465999 


«)6 


36^At 


224755712 


24-65-65rio 


8-471617 


»xt 


370BSr ■ 


2M5;6')529 


2-16-79254 


8-476289 


6io 


37a JOT 


23.JyBlU)'J 


24lJ9Hl7ai 


6-4S0936 


6)1 


573.121 


228099131 


2471»iI42 


8-495537 


612 


374544 


229220928 


2473a(i338 


fc-49018* 


613 


37^709 


230346397 
2314755-14 


2475B8368 


8'494906 


61 + 


376it<l6 


24 77C(038t. 


8*499423 


612 


878^25 


232r)08373 


247991935 


6-304034 


61 e 


37945S 


23:i744B96 


24-8193473 


8-3086*1 


6i7 


3&06Hfl 


234SB5113 


24-8394847 


8-513243 


6lS 


3SIII34 


33D029032 


24 -6596058 


8-3.17840 


619 


383101 


237176659 


24-6797106 


8-322432 


620 


334400 


233328O.0 


2-ie99799i 


8-327018 


621 


3a.5641 


2394B306I 


24-9193716 


S-53I6Q0 


622 


386S84 


240641848 


24-p3(;927B 


8-J3fil77 


623 


338 1 3p 


241H043U7 


a4-y-5(^j679 


8-540749 


62-* 


3a<-;37(i 


2 (297063! i 


24-97Py^20 


8-343317 


cas 


390025 


24*140623 


■.^.i-COOllOOO 


8-549879 


626 


391876 


245314376 


2j-01 99920 


8-354437 


627 


."ft3I29 


21(JI9i883 


3 -o:. 9' 168 1 


H-55S990 


623 


394394 


247673152 


23-a-.9:.|2S2 


8563537 


629 


395641 


248.-5 d lag 


2.'i-()79S7-i4 


8-568080 


e;io 


39691)0 


250047000 


2ri'09')BU(>B 


6-572618 


631 


39S161 


251239591 


251197134 


8-577152 


632 


399424 


252-135969 


25' 1396 102 


8-581680 


633 


40Qaa9 


2'.30.'I6137 


2i-i594qi;j 


S-.I8620I' 


63 k 


4011)56 


3J4S40104 


25-17IJ3566 


b-590723 


035 


40'fi!i5 


2.^6047875 


2.'i- 1(92063 


S-595238 


636 


40-14 06 


25;S'69456 


25-219J40i 1 8599:47 1 


6J7 


40S769 


;a^S474853 


3i-33BS5t9 


b-604252 


eis 


4oro;4 


259694072 


25-25 aOO 1,4 


8 606732 


63q 


408331 


2-jnf)i7ii9 


25-27S44g3 


8-6 13248 


6)0 


4096(10 


262144000 


25-2')S22l3 


8-617-38 


d-ti 


4105yl 


263374/21 


25-3179778 


S-623224 


(i-12 


412164 


264609288 


25-337718t> 


8-626706 


643 


4]34.i9 


26.1S47707 


2S-357'1-W7 


M-63I1S3 


644 


414730 


2t(7039p84 


25-3771551 


H -63 5655 


645 


4l6C125 


268336135 


2539(>S503 


b'640I22 


646 


417310" 


269586136 


25-4165301 


S6J4585 


647 


4(s".«g 


2;0b 40023 


254361947 


8-:>l9043 


648 


4Kl(m 


2;2U97r9'^ 


35-4553441 


6-653-197 


6ig 


421301 


'^73359449 


25-4754764 


t)-0.i7g40 


650 


422500 


2/4625000 


25-4950076 


8-682301 



SQUARES, CUBES, 



Nomb. 


Square. 


Cube. 


Square Root, 
25-5147016 


Cube Uoot. 

e-saceai 




Ci'51 


423S01 


275804451 




652 


425104 


277167808 


25-5342t)07 


8-67*266 




663 


42fi4()4 


27a4^50'7 


25 ■5533047 


8-67S697 




ftS4 


427716 


27!)72e20i 


25-5734237 


8-6&oi:i3 




605- 


439025 


2tj 101 137s 


25-S92967S 


8-684545 




056 


430336 


2S23O04I6 


25-6124969 


8-689963 




657 


431 049 


2835g33^ 


2S-63iOI 13 


8-693376 




6SS 


4321:64 


284890312 


256515107 


8-697784 




t)59 


434281 


283191179 


25-6709953 


8-7021 83 




eso 


435(X)0 


237495000 


25-6904652 


8-706587 




tie* 


436921 


238804781 


257099203 


8-710933 




0m 


438244 


29 Jl 17528 


257203607 


8715373 




663 


439369 


2(J 14 31247 


257487864 


8-7 19753 




set 


440890" 


292754944 


25-7691975 


8-724I4I 




665 


442.25 


294079*25 


25-7375939 


B72S518 




666 


443550 


2954O8296 


25'S0S9753 


e-732891 




057 


444899 


296740963 


25-8263431 


8-737260 




668 


44622). 


298077632 


25-8450960 


8-7*1624 




eag 


447561 


29;|4 18309 


25-865ai43 


3-745984 




670 


44«i)00 


300/63000 


25-8843582 


B- 750340 




m 


450241 


30ii 11711 


25-9036677 


3-754691 




672 


451594 


30346J4-18 


25-9229628 


8-759038 




673 


452929 


304821217 


25-9422435 


8-763380 




6;^ 


454276 


306182024 


25-9615100 


8767719 




675 


455623 


307546875 


25-9307621 


3-772053 




t)76 


45^976 


3OB9 15776 


26-OOJOJOO 


8-776r!82 




6rr 


453329 


310288733 


20-0192237 


8-730708 




67s 


4511634, 


3llti65752' 


26-0334331 


876*029 




079 


^61041 


313046839 


26-0576284 


a-7&9346 




680 


462+00 


31-1432000 


26-O768O96 


8-793659 




6SI 


463761 


315S21241 


26-01)59767 


8-797967 




683 


*65( 24 


317214568 


26115I2'7 


3.SO2272 




6S3 


466J89 


3IH61I997 


25-1342697 


8-606572 




6S4 


467^53 


320013504 


26-1533937 


8-81GS'J8 




635 


469225 


321419125 


28-1725047 


8-815159 




686 


470596 


322828856 


26-1916017 


8-319447 




687 


471969 


324242703 


26-2106848 


8 8^3730 




688 


473344 


3^5ljt>o57a 


26-22H7JHI 


8-82SOOJ 




689 


474721 


327082769 


a:j-2488095 


3-832235 




69^ 


476100 


32850g003 


a6-2673511 


3-336556 




09 1 


477481 


32:1919371 


26-286B789 


8-8J0S22 






47SeS4 


33i37asSS 


26'3058929 


3-e4.';035 




(Xjit 


4t,Oi49 


332812557 


26'3 248932 


3-849344 




6fi4 


481636 


3W25538J. 


26-3438797 


8-353598 




635 


433025 


335702375 


26-3628 -.27 


8357849 




696 


484416 


337)53536 


26-3818119 


3-962095 




647 


4S5b09 


338J08373 


20-4007576 


8-866337 




698 


487204 


340068392 


26-41 9;J996 


8-870375 




699 


4S8601 


341532099 


26-43 BSoaV 


6-ST4Witj\ 


?03 


400000 


543000000 


26-4575\3\ \ fe-ftT:*^^0\ 



101 



ARITHMETIC, 



Numb. 


Square. 


Cube. 


Square Root. 


Cube Root 


701 


491401 


344172101 


26-4704O46 


8*883266 


76a 


492804 


34/:948008 


26*4952826 


b'887488 


703 


494209 


347428927 


26-5 141 472 


8-99i706 


704 


490616 


348)13664 


26-532998) 


8*b95920 


705 


497025 


35040262il 


26-5518361' 


8-900130 


706 


49S^36 


35169.9816 


25-5706605 


8-goi336 


707 


49)849 


353393243 


26-5894716 


8-908538 


708 


501-264 


354394912 


36-6082694 


8-912736 


709 


502651 


356400829 


266270539 


8-916931 


710 


504100 


357911000 


26-6458252 


8*92ll3l 


711 


505521 


359425431 


26-661.5833 


8-925307 


713 


5O6944 


360944128 


26-6833381 


8-929490 


713 


508360 


30'2467Q97 


26-7020598 


8-933668 


7U 


50979eii 


363994344 


'26-7207784 


8-937843 


yn 


511225 


3Q5525B75 


26-7394839 


8*942014 


716 


512056 


367061695 


25-7581763 


8-9 161 80 


717 


514089 


36^601813 


26'776S557 


8-950343 


71s 


51552 4 


3/0146232 


26'7CJ552'20 


8-954502 


71.9 


516961 


371^94959 


3618 141 754 


8-956658 


7^Q 


518400 


3/3248000 


26'8338157 


8*963809 


721 


5198-11 


374805361 


26-8514432 


6966957 


72a 


521284 


37d367048 


26-6700577 


8-971 100 


723 


522729 


377.<i33007 


26-8dS6593 


8-975340 


7^4 


5'^4l76v 


3/9503424 


269072481 


8-979376 


725 


525t;25 


381078125 


25-9256240 


8-983508 


726 


527070 


382657176 


35-.c,443873 


8*987637 


727 


528529 


384240583 


26-9629375 


8-991762 


728 


520984 


385828353 


26-98 1 4751 


8-995883 


729 


53H41 


387420489 


a7'0oooo::o 


9-000000 


730 


532^00 


3^9017000 


27-0185122 


9-0041 13 


7-^1 


5:J43(J1 


310017891 


270370117 


9-OOS232 


7^2 


535S24 


392223168 


270554985 


9-012328 


733 


5i,2b9 


393S32837 


'27-0739727 


9016430 


734 


5iS76(} 


3i)5446904 


27-09^43 1.* 


9020529 


73.5 


54i>2i5 


397C65375 


27-1108834 


. 9024623 


736 


5^11696 


398688256 


27- 1293 199 


9-028714 


737 


5'i'M()g 


400315553 


27- 1477439 


9-032802 


■ 7'^ a 


5Hiyii 


401917^2 


27-1061554 


9036585 


739 


540121 


403583419 


27-1845544 


9*040965 


740 


5476CX) 


405224000 


27-20.9410 


9-045041 


741 


5A{)0Sl 


4068J9O2I 


27-2213152 


9049114 


7r^ 


550.564 


40851848S 


272396769 


9-053 182( 


743 


5.5i049 


410172407 


27-258026i 


9-0572^8 


744, 


553536 


411830784 


27-2763634 


9-061309 


745 


555025 


413493625 


27-294688I 


9-065367 


7^() 


5565X6 


415I60936 


27-3130006 


9-069432 


7-^7 


55S009 


4 1 6832723 


27-3313007 


9-073472 


748 


559504 


418508992 


27-3495887 


9077519 


' 749 


501001 


4201 89749 


27-3678644 


9-081563 * 


I 750 


.5G35C0 


421875000 


27-3861279 


^-^^^60^ 1 



SQUARES, CUBES, ISD ROOTS. 



Numb. 


Square. 
5(J400l 


Cube. 


Square Root. 


Cube Hoot. 
L'-OS963:i 




751 


423564751 




753 


565504 


42335900a 


27'4326l84 


9-093672 




753 


567009 


42695-7*7 


37-4-IOfrl55 


9-a;77"i 




754 


5685 IJJ 


429661064 


37-4590604 


9-101726 




755 


570035 


430363875 


37"4772633 


9-105743 




756 


571536 


4 3203 131 6 


27'4934543 


9-109766 




737 


57:1049 


433798093 


27-5136330 


9-1 13781 




738 


57-1564 


435519512 


37-5317998 


y- 1 17793 




759 


576081 


437245479 


27-5499346 


9- 131801 




760 


577600 


43S976OOO 


, 37-3680975 


9.125805 




761 


579121 


44071 1081 


27-5a63334 


9-129806 




762 


5:)0(>44 


442-J50728 


37-60434-3 


9-133803 




763 


583169 


444194047 


27-6224540 


9137797 




7W 


583696 


445943744 


37-6105499 


9-141733 




765 


5S3325 


447697135 


27-6586334 


9-145774 




7m 


586756 


449455096 


2;-6767050 


9-i497-';7 




767 


589389 


451217663 


27-694764S 


9153737 




768 


589824 


43298J832 


277123129 


9-137713 




7S9 


591361 


45-1756609 


37'7308-l93 


0-161 6S6 




770 


592900 


45653300O 


27-7488739 


9'16563S 




771 


59-1441 


45S3 14011 


277668863 


9-169622 




77i 


5959B4 


460099643 


37-78-18880 


9-173385 




773 


597539 


461 8399 17 


27-ti039775 


9-177544 




774 


599076 


4'i368'i824 


37-82035S5 


y-181S00 




775 


600633 


463454375 


27'S3Slfl\S 


9183453 




77Q 


602176 


467288576 


27-8567766 


9-18t>40l 




777 


603739 


469097433 


27-8747197 


9-193347 




778 


605284 


4709109.'S2 


37-8926514 


9-107239 




779 


60684I 


472729139 


27-9105715 


9-301223 




780 


6G8400 


474552000 


37-(j2S4801 


9-205164 




781 


609961 


470379541 


27-9463772 


9-20<»096 




7S2 


61 1524 


4/S2 11768 


27-9642629 


9-313035 




763 


613089 


43004SS8; 


37-y331373 


9-216950 




784 


614656 


4S 1 890301 


28-0000000 


9-220372 




785 


616225 


483736025 


■23-0178513 


9-234791 




786 


617796 


48558/656 


23-OJ56915 


9-22M706 




;87 


61936!) 


487443403 


280535203 


9-233618 




788 


6^0944 


469303873 


28-0713377 


9-237527 




789 


622521 


491169069 


23-0891438 


9-24ai33 




790 


631100 


493039000 


23-1069386 


9-344335 




791 


625631 


494913671 


38-1247222 


9-248334 




7!>2 


627264 


496793088 


28-1424946 


9-233130 




793 


638849 


498677257 


28-1602537 


9-256323 




?!M 


630436 


500566 1S4 


3B-17S0056 


9-25991 1 




79a 


632025 


502459875 


28-|y57444 


g-253797 




796 


633616 


504358336 


28-21347'iO 


9-267679 




797 


635209 


506261573 


'28-231l8a-l 


9-271559 




798 


636804 


50816,^592 


33-34 8891*3 


9-275435 




799 


638401 


510032399 


2B-3*i58a\ 


g-ii^yw* \ 


600 


6-Kxno 


512000000 


28-184-1711 \ W15^^\n \ 



ARITHMETIC. 



Numb 


Scjuare. 


Cube. 


Square Hoot. 


Cnbe B<Mi. 


eui 


~64Tt.oP 


/IJy2'i4iJl 


^8-3019434 


9-287044 


fcOi 


(;49204 


515849109 


28-3190045 


9-290907 


b03 


t)44bOQ 


5l7r81t;a7 


S8-3373546 


9-2(^4707 


S(W 


1-4641 a 


519/18464 


SS-3548936 


9-2y80a3 


805 


04SO25 


52.6D0125 


2b-3725Zig 


9-3W177 


6U(J 


6ig636 


52J6066I6 


28-3(,OI391 


9-306327 


807 


051249 


S25357943 


284077434 


9-3 10175 


b»8 


0526^4 


527514112 


28-4253408 


9-314019 


bfg 


654481 


529475129 


38-44^g25J 


9-317659 


&1U 


QSOlOO 


531-141000 


^8-4(XWyH9 


ir^-tity&T 


811 


657721 


533411731 


26-4780017 


y325a33 


SJ2 


0Si)344 


5353s;3:;a 


284g30]37 


9-329303 


B13 


60C9f)fl 


5a73P()797 


28-5131549 


9'333191 


bU 


etj'j.ij.e 


5;; 9353144 


28-5300832 


9-337016 


, B15 


(M,4i25 


b\iM-i375 


S8-548204B 


9-340838 


»1(J 


tl)>5fj 


54'(3384y6 


2t.5es7i37 


9-34463? 


81? 


. 6 '7-)a9 


54^338513 


2b'5b^2ll9 


9-348473 


818 


01^9 1'i4 


5-l-.i4343a 


'ih-tOQbg\!i 


9-352285 


81!) 


671-701 


519^53251) 


2S6181700 


J>-3S(W95 


6-20 


07','-I00 


i5.J(JtOO0 


28().13W2( 


9-3a9fiOt 


■ aai 


bjM>4\ 


553:i;:'7ijOI 


'JS0.'-J0-j7ci 


9-363704 


822 


67B084 


555412348 


i'8-07O5.i34 


9-367505 


b23 


e;/;:2!i 


55/ -14 171;? 


■Jh'68797WJ 


9-37>3oa 


624 


1)7697 1> 


as;)4702:M 


2S-7054002 


9-375096 


825 


6s<x)ia 


5615I5D25 


28/228132 


9-376887 


826 


682270 ■ 


i();;55tj{)76 


28-7 ■102167 


y-J82C75 


b27 


6t-392.:} 


5tJ5.lOt,283 


:;6'/*7f077 


g-aetMSo 


828 


bfifSM 


5e7t63553 


£87?4g59i 


9-390241 


t2Q 


6fi;2-ii 


569722789 


38-79231:01 


9-394020 


8^0 


(JS8JOT 


5717b7CCX) 


5s>-b09720u 


ySQ77^ 


831 


tiyosei 


573850191 


e8-&27O706 


y--joi509 


632 


6t|2224 


675y3o3ea 


!:8-8444102 


9-405338 


ai3 


6<*3889 


fl7fcoo95a7 


28-8617394 


9-4(9105 


8J4 


eyiwe 


5oW)93704 


«8-87905t.3 


9-4 12869 


83J 


6(17225 


5821 8287 J 


28-8963666 


9-4 10030 


63ti 


6((Sfi96 


384277050 


28-913ttol6 


9-420387 


83? 


7oas69 


5S6370253 


38-910y523 


9-424141 


838 


702244 


58t4&0472 


28-948^297 


9-427893 


sap 


703ti2l 


690;8P7J9 


28-9D54t;67 


9-431642 


840 


7C5(iCO 


592704000 


28 '9827535 


9-433388 


841 


707281 


594823321 


29OOOCOCIO 


9-439130 


842 


70E96-1 


596(;4;688 


2y 01 7230*3 


(J-44-28?0 


e-13 


7iotM9 


599077107 


:.'9-o344623 


g-44tJ0l7 


8-14 


712336 


-001211584 


29-0516761 


y4;0J4l 


S4.'> 


71 402.? 


603351185 


29068883? 


9-454071 


£4fi 


715716 


6054(15736 


■i9-OBW)79» 


9-i^77m 


847 


717-t09 


607045433 


29-1032044 


g-4tiiJ-M 


848 


719104 


009(:00ig2 


29-I20439G 


y-4 65247 


849 


7^0801 


611960049 


291376040 


9-468966 


850 


7J2.1CO 


fil4 123000 


«9-154?«« 


n-472682 



SQUARES, CtJBES,' and ROOTS. 1 07 



Numb. 

851 

852 

853 

854 
a 855 

856 

857 
.858 

859 

86o 
86i 
862 
863 
StH 
865 
866 
867 

868 
86g 

870 
871 
872 
8/3 
874 

876 

8/7 
678 

880 
881 
882 
883 
884 
385 
886 
887 
888, 
889 
890 
891 
8CJ2 
893 
894 
895 
896 

897 

898 

89? 
900 



Square. 



724201 
725904 

7V*)9 
729316 

731025 

732736 

734449 

736164 

73788I 

739600 

741321 

743044 

744769 

746496 

748225 

749^56 

751089 
753424 
755I6I 
756900 
758641 
760384 
762129 
763876 
7d5G25 
7^7370 
769129 
770884 
772641 
774400 
776J61 
777924 
779669 

781456 
783225 

7S499^ 
786/69 
78S544 
790321 

792100 

793881 
795664 

797449 
799236 
601025 
8028 16 

604009 
806404 

808201 

810000 



Cube. 



6162950.31 
618470208 

620650477 
622835864 
625026375 
627222016 
629422793 
631628712 

63383P779 
63605eiOCO 

638277381 
640503028 
642735647 
644972544 
647214625 
64>9461896 
65*l7l43tJ3 
653972032 
650234909 
658503000 
6(^776311 
663054848 
665338617 
667627624 
66992 I 875 
672221376 
674526133 
676336152 
679151439 
68 1 472000 
68J797841 
686128968 

688465387 
69O807104 
693154125 
695506456 
697864 lOJ 
700227072 
702595369 
704969003 

70734/971 
709732288 

7121219-^7 
71451698 4 
716917375 
7i9323lc>6 
721734273 
724150792 

726572699 
729000000 



Square Root. 



29-1719043 
»291 890390 

29*2061637 
29-2232784 
29-2403830 

292574777 
2927451623 
29291^70 
29*3087018 
29*3257566 
29-3428015 
29'35p8365 
29'3768616. 

293938769 
29' 4 1 08823 

29-4'>78779 
29*4448637 
29*4618397 

29*4788059 
29-4957^4 
29-5127091 
29-5296461 
29-5465734 
295634910 
29-5803989 
29-5972972 
29*6141858 
29*6310648 
29-6479325 
29-66479^9 
29*6816442 
29*698-1848 
29*7153159 
2973213/5 
297439496 
297657521 
29*7825452 

297.^932S9 
29*8161030 

29*S328:>78 
29*84(^231 
29*8063690 
29-8831056 
29*8998328 
29-9165506 

299332591 
299499583 

29-9'o6o481 

29*9^332»7 
30-OQOQOIUO 



Cube Koot. 



9-^76395 
9*480106 
9'483813 
9*487518 
9-491219 
9*494918 
9-498614 
9*502307 
9*505998 
9"509b85 
9*513369 

9-517051 

9*520730 

9'524406' 

9'52S079 

9-531749 

9'W5417 
9-5^9081 
9-542743 
9*546402 
9*550058 
9-553712 
9-557363 
9-561010 
9-564655 
9-568297 

9-571937 
9'57&574 

9-579208 
9-582839 
9*586468 
9'5g0O93 

9'5():i7i6 

9-597337 

9-600954 
9-604569 
9-(i0SivSi 
9-611791 

9615397 
9-619 01 

9-6.>2J()3 

9-626201 

9-^iC7;:;7 

9633390 
9-63 6981 
9-610569 

9*64 415 1 

9'6'477'^6 






ARITHMETIC. 



iNimib. 


ibquare. 


Cube. 


Square Boot. 


C|^beRo« 




tjOl 


BllHOl 


731432701 


"aooioo&io 


9-659468 




yo-2 


6i3eCM 


733370808 


30-0333148 


9-002O40 




903 


bl5-iQ!> 


'730314327 


30 01()9S84 


9ti65<.09 




904 


8i;2l'ci 


738703204 


3O'060592S 


9-6(^9170 




gc5 


8J(,023 


741317623 


3O0S32I79 


9'6727'IO 




goo 


820d3e 


74307/410 


30099b33g 


9-076301 




J)07 


ei2tJ49 


740142643 


30II044O7 


9-O798O0 




yo3 


S'i4-i64 


748013312 


30' 1330393 


9-083410 




lAj 


830281 


75i08;j429 


30-1496269 


9-686970 




910 


828100 


753571000 


30-I032O03 


9-690521 




911 


62Q921 


750038031 


30-1 827/6 J 


9-694069 




JJ12 


831/44 


753551)528 


30-1993377 


9-697615 




913 


S33569 


76IO18I97 


30 2158899 


9701 138 




<|I4 


8353<»0 


7(i335K;44 


30-2^24329 


9-7U4698 




t)15 


t<372'A5 


7ti0oi.oe;3 


3o-24aji.6:j 


9-7O8330 




916 


83(J056 


7085752yfl 


30'2(,54919 


9711 772 




917 


&'«)aS(> 


771(^5213 


30-2820079 


9-71 S305 




9I8 


84272* 


7/3620032 


30-2985148 


y7lf»835 




919 


844501 


7:0151559 


30-3150128 


ff-733363 




piO 


84t>J00 


77868600) 


30-33 15018 


9-72fl8a8 




931 


8JS241 


781229^61 


•30-34798 1 8 


9-7294 >o 




922 


850084 


783777448 


30-3044329 


9*732930 




9^3 


85192fJ 


7tiej30l07 


30-3909151 


9-736448 




924 


83:f/7t> 


78tiHfit)OU 


30-3973683 


973t953 




925 


853625 


791453125 


30-4)38127 


9743474 




920 


857476 


794022776" 


30-4302^81 


9-7469M 




927 


85'^2g 


796597983 


30-44 f.^6;47 


9-730493 




928 


bOnW 


7(<g 178752 


30-4030(12^ 


9 753996 




im 


et>3041 


901763089 


30-4795013 


9-757300 




q:iO 


8641)00 


S04337000 


30-4959014 


9-761000 




931 


8ti67<*l 


B06y3449l 


305122926 


9-7644((7 




932 


808*24 


809557508 


3O-3280'75O 


9-707992 




933 


870489 


812166237 


30-5450487 


97/1484 




93* 


8r2'5!j 


814760504 


3O-3014I30 


9774974 




933 


87-1:^25 


817-100373 


30-57770}|7 


97/8461 




936 


87(Ji)9fi 


8200:^5956 


30'5y4ll71 


9-782946 




!}37 


b779^y 


S22056953 


30-01 OW57 


97^5-12* 




958 


87.,S44 


825293672 


3O'0267837 


9-79890S 




939 


8S1721 


B27y3C0ig 


30-64 3 1069 


9792386 




940 


893603 


83OJ640J0 


30-6594194 


Q-795861 




941 


eM5481 


933237621 


30-6737233 


9--g,)a33 




042 


83-3(J-l 


S3S89O888 


30&J20185 


9-801803 




943 


889249 


838561 8O7 


30/bs305 1 


9-800X71 




944 


S9II3ci 


841232384 


30-7i4J830 


9-S09736 




IJ45 


8ij3025 


843908625 


30-7408523 


9-813198 




;j4(J 


894910 


840590.^30 


307571130 


9-816059 




yi7 


8(1680!) 


849278T23 


30-?733e31 


9'S20I17 




94a 


&96701 


851971392 


307B9OO86 


9-823572 




9^9 


900601 


854670349 


30-8O58436 


9-827025 




.050 


cn>2Soa 


B5737500J 


30-B3'iO700 


()-830475 









SQUARES, CtJBES,' amd ROOTS 


107 




Numb. 


Sqiiare, 


Cube. 


S quit re Bool. 


Cube Wool. 




851 


724201 


6 162930.-. I 


391719013 


9'476395 




852 


725()a4 


618470308 


■39-1890390 


9-1 801 06 




653 


737*9 


6i063M77 


2<V2O0i637 


9'4838I3 




854 


729316 


633835864 


29-2233734 


9-4S7518 




.855 


7/1015 


635036375 


39-2403830 


9-+913I9 




656 


- 732736 


637222016 


29-2574777 


9-45491 a 




857 


734449 


62(1422793 


29-2743633 


9-49a6i4 




85d 


736164 


631628712 


29-2916370 


9-502307 




859 


7^7381 


63383.0779 


29-3087018 


9- 505(198 




86o 


73a60O 


636056000 


39-3257566 


9-5096b5 




661 


7-11321 


63837736 I 


29-3423013 


9-513369 




8tJ2 


7430 H 


640503 P38 


29-3508365 


9-517031 




863 


74-<769 


6^2735647 


29-3768616. 


9*52073O 




804 


746496 


644972544 


29-3936769 


9-524406 




865 


748223 


647214635 


29- + 108S23 


9-528079 




866 


749956 


6*q46l896 


2y-+'7a779 


9-331749 




867 


751 1^89 


651714363 


29-4148637 


9'S35417 




8tia 


753424 


65J972032 


29-4618397 


9-5X9081 




969 


755I6I . 


65623-1909 


39-4788039 


9-342743 




870 


736900 


653503000 


29-49.57621 


Q-mSioi 




871 


758641 


6007763 u 


29-5127091 


9-55U»8 




672 


760384 


663054848 


29-5296161 


9-553713 




873 


76il39 


6di33S6i7 


39-3465734 


9-557363 




874 


763S76 


667627624 


29-5634910 


9-561 010 




875 


765ftJS 


609921875 


29-5803981) 


9'504e55 




87fl 


r'>7376 


67'.i23i376 


29-5972972 


9-568297 




877 


769129 


674536133 


29-6141853 


9-5-1937 




678 


770884 


676^36132 


296310648 


9-575374 




8/9 


77-itJ4I 


679151439 


29-6479325 


9-579308 




880 


774400 


631472000 


29e6479a9 


9-592839 




881 


776161 


OS.I7P7841 


29-6816443 


9-58:J46a 




8S2 


777924 


686128968 


2a-698J848 


9-590'^ 




883 


77i*e89 


6651465387 


29-71 '3159 


9-593716 




88^ 


7^1456 


69OBO7104 


29-7^21375 


y-o!'7337 




335 


7B3225 


^154123 


2y-7489496 


9-0001)54 




886 


784996 


(*>550645fl 


297657331 


9-604369 




8B7 


786769 


61)7864 lOJ 


39'7B33452 


9-6081 Bl 




88* 


78d544 


7002270/3 


29-7^9^289 


9-61179! 




HS9 


790321 


703595369 


39-81 (J I03O 


q-6i53f!7 




890 


792100 


704969003 


29S328L»78 


y-619-.oi 




891 


7(088 J 


707347971 


39-8496231 


9-6j3MtJ 




6^3 


7.)5664 


709733288 


2y8Ai309'J 


9-626201 




893 


797449 


7121219.-7 


29-8831050 


9-'J2t,7i-;; 




894 


7EW236 


71451698! 


-i-7-8!)98328 


9-oJ3d90 




895 


faOI025 


716917375 


39-91^15506 


9-6369SI 




898 


8028 16 


719333I06 


29-9332591 


9-610,569 




897 


£0100!) 


731734273 


29-94995&^ 


9'64115i 




SUS 


eyMoi 


724150792 


2y9'Jou4,i*\ \ y-OATTitt \ 


I guo 1 


806201 


726572699 


, iQ-g^sS'iai \y^5''^\*i 


SiOOOO 


729000000 


\ 30-00«MUO \ y-f>^*«V 



Sunib. 


itiqoare. 


1vi~ 


Biiaoi 


yo-i 


S13ti04 


y03 


t.l5-10<> 


904 


81721b 


905 


eujoas 


000 


820336 


y»7 


81ii>i9 


903 


S'2-l-:6i 


iAJd 


820^81 


gio 


828100 


911 


629921 


()12 


H31744 


213 


833,589 


014 


BSSSiiO 


i)I5 


837225 


916 


8^9050 


tJ!? 


iHMStJ 


9I8 


8J2724. 


yi9 


8J43ai 


piO 


84WOO 


921 


8I&24I 


922 


850084 


923 


6519-Jf) 


9.J4 


83:j77<> 


925 


S55ti25 


0-26 


657478 


937 


e5yJ29 


929 


BdllW 


9.i9 


663041 


ffiO 


BGAyoo 


9J1 


806/61 


932 


»68624 


933 


870IB9 


934 


872.V51J 


y35 


87-1223 




s;eo9e 


937 


b77JW'9 


938 


87}iB44 


939 


891721 


<)^0 


893t03 


941 


SS54B1 


042 


8S;3{i4 


943 


88924!f 


944 


egiisij 


945 


8y3025 


yid 


894918 


yi7 


8(16809 


943 


8yS70l 


9-19 


90060 t 


(130 


902500 



Cabc. 
73N32701 
7338/0808 
' 73 rJ3 14327 
738763284 
741217W3 
743077416 
740142843 
748013312 
751089429 
753571000 
758059031 
733550528 
761018197 
7(i355 1944 

76i>olo'b;5 
7S8575296 
771093213 

7/3620632 

7;8i5i559 

77e6e80U> 

781229^61 

7a'i77744a 
7S6J30167 
78as8(;a24 
79H5312S 
794022776 
796597983 
7(i9 1 7W52 
801765089 
604357000 
8061)54491 
8O9557588 
812166237 
814780504 
8 17400375 
820025856 
S22656933 
825293672 
fi27!)3COI9 
8;-(O3840J0 
833237621 
633896888 
838561807 
841232384 
84.9yoe625 
84051)0336 
84927SI33 
831971392 
854670349 
8.5737500- ) 



Square Root. 

300166620 
30-03331-18 
30 01^9584 
30-0685928 
300832179 
30099b339 
301 104407 
30' 1 33U383 
3014962f^ 
30-1632003 
30-1827765 
301993377 
30 2158899 
3U'AJ243'i9 
30'248Lti-e9 
30'2(;54919 
30-2820079 
30-2985148 
30-3130128 
30-3315018 
■30-34798)8 
30-36^4529 
30-3809131 
30-3()73683 
304138127 
30'4302481 
30-44^6747 
30-4630;f24 
30-4 79501 3 
30-'19'590l4 
30'3I22926 
30-5286750 
30-5450487 
30'36l4136 
30-57776!l7 
30'3941171 
30-6101557 
30-6267857 
3U-&431069 
30-6.594194 
30*757233 
30-6l)201 83 

30-7ba3M I 

307J43830 

30-74CXS,'i23 
30-75711^0 
30-7733651 
3O-7ey0oy6 
30-8058436 
30-8220700 



Cube Boot 
9*653468 
9-662040 
966^SC09 
9-669170 
9-672740 
1-676301 
J-07^«J 
9683416 
9-686970 
9-690521 
9-694059 
9-697615 
9-701 ISS 
9-704696 
9-/08236 
9711772 
9-7153«5 
97 1 8835 
9-722363 
97-25888 
9729410 
9-73^30 
9-736448 
973^953 
974847S 
97469M 
9-730493 
9 758998 
9-757300 
9761000 
97"*44t7 
9767992 
9771484 
9774974 
9778461 
9-782910 
U7d342J 
9-788903 
9792386 
9705861 
9--9,)a33 
9-803803 
9-SO627I 
9-809736 
9-813198 
9-816659 
9'82QI17 
9-823572 
g-8i7023 
()'b30475 



SQUAftES, CUBES, i»o ROOTS. 



Numb. 


Square. 


Cube. 


S(|aaie Boot 


Cube itoot 




ysi 


904401 


86COii535 1 


"30^^82879^ 


9-83392-1 




953 


ijoeaw 


862901403 


30'8.'(44972 


9- 837^09 




953 


008-209 


85552317:? 


3O-9706(jai 


i]-s403I'i 




t)5i 


910116 


868250604 


M-38089O4 


9-844253 




955 


913023 


870983875 


3d-9030743 


9'S47692 




gss 


913933 


8737328 I 6 


30-9] 93497 


9-851138 




957 


y\S84g 


87&4 07493 


30-9354166 


9-85436] 




pas 


9177M 


879:2 1;*^ 12 


309515751 


9-857992 




959 


giysei 


881974079 


30-96?723t 


9-951421 




c,6o 


921O00 


86473G00O 


30-9638068 


ye6l84B 




9^1 


933531 


887503681 


31'OCO3CO0 


9-bd8i72 




962 


935444 


890277123 


31-016124 tl 


9-87169* 




yo'3 


927309 


6930.^0347 


3P0332-113 


99751 13 




964 


92929t> 


6y584l344 


3'r04 93494 


(.■878530 




yfe 


931233 


8J86J2I2.5 


31 ■0644401 


9-bB1945 




9m 


y3315C» 


901428696 


31 -0805405 


9'S85357 




967 


935039 


9O423l0tJ3, 


31 -096*136 


9-888707 




96a 


937024 


907039232 


31-11261184 


yQ32174 




yc^ 


038061 


9098.53209 


311287643 


y-tiqssso 




9/0 


g'loyoo 


912673000 


31-1443330 


9-393983 




Wl 


942S41 


91 549361 I 


31-1638729 


9902383 




972 


944784 


918330048 


31-1709145 


9-905781 




973 


94a72g 


921107317 


31-1929479 


9-939177 




y74 


946070" 


921010424 


31 308973 1 


9-912571 




9/5 


950&I5 


926SS9375 


31 -3244)900 


9-915962 




97s 


9.5257s 


93971417s 


31 •3409987 


y-9193.il 




977 


954329 


932374833 


3 r 2569392 


9-922733 




m 


q564S-i 


93-544 1353 


3I-2729JIJ 


9-920122 




979 


95S441 


93S313739 


31-2389737 


[)-92'.,30(. 




t)bu 


960400 


9-11 192001 


31-3019517 


9-932883 




sai 


962361 


944076141 


3 1 -3 209105 


9-936201 




Pb* 


y6l324 


946966168 


31-3308792 


9-,43..)036 




9?3 


966289 


y'iyS620S7 


31-3528J0B 


Ir9l30a9 




yst 


yesisO 


yj37j3t;o4 


31-3697743 


9y<H379 




()85 


970325 


9,^51)71625 


3f-38-!7097 


y-949747 




(jati 


972196 


938585256 


31--I00ti369 


9-953113 




y&7 


974169 


931504S03 


31-4165561 


9-956477 




yas 


976144 


904430273 


31 •132-1073 


9-959a=g 




9S9 


978131 


967361669 


31-4483701 


9-963193 




990 


98010J 


9702y9CGO 


3-1 -4042634 


(1-060534 




9Pt 


962081 


973243271 


31 -4901 325 


9-969909 




!>;)'i 


9B40G4 


976191488 


31-49<i;)315 


9-i)732fl2 




y<?3 


tjBOoig 


<)79 140657 


31-5119025 


9-976612 




09* 


98303« 


y»2 10.-784 


31-5377655 


9'9799i9 




9J5 


990025 


99507467.5 


31-54302Oti 


9-gS3304 




996 


992016 ■ 


Q55ai7930 


31-559-1077 


Q-Q^GiiiS 




997 


994009 


99ioa«fl73 


31'5753CHjB 


9-999990 




99s 


996004 


99401 1992 


31'5gll380 


9-993328 




9y9 


gyaooi 


997002399 


31-GO-J91)13 


9-996065 


\ 
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Oi RATIOS, iPROPORTIONS, and PR0GR£SSi6K& 

• 

. Numbers are compared to eftch other in two dificrent 
Ways: the one comparison considers the difference of the twd 
numbers, and is named Arithmetical Relation; and the dif*' 
ference sometimes the Arithmetical Ratio : the other consi- 
ders their quotient, which is called Geometrical Relation ^ 
and the quotient is the Geometrical Ratio. So, of these two 
numbers 6 and 3, the difference, or arithmetical ratto^ is 
6 — 3 or 3, but the geometrical ratio is y or 2,' 

There must be two numbers to form a comparison : the 
number which is compared, being placed first, ii called the 
Antecedent ; and that to which it is compared, the Cciise-' 
quent. So, in the tWo numbers above, 6 is the antecedents 
and 3 the consequent. 

If two or more couplets of numbers have equal ratiosj or 
equal differences, the equality is named Proportion, and the 
terms of the ratios Propoi^ionals. So, the two couplets, 4, 2 
and 8, 6, are arithmetical proportionals, because 4 — 2 == S( 
*- 6 = 2 J and the two couplets 4, 2 and 6, 3, are geometri-' ' 
tal proportionals, because 4 xc ^ = 2, the same ratio. 

To denote numbers as being geometrically proportional, a 
colon is set between the terms ot each couplet, to denote theif 
i'atio; and a double colon, or else a mark of equality, between 
the couplets or ratios. So, the four proportionals, 4, 2, 6, 3 
sre set thus, 4 : 2 : : 6 : 3, which m^ans, that 4 is to 2 as 6 
is to 3 i or thus, 4 : 2 zz 6 : 3, or thus, J = -f* both 
which mean, that the ratio of 4 to i^, is equal to the rario 
of 6 to 3. 

Proportion ' is distinguished into Continued and Disconti- 
nued. When the difference or ratio of the consequent of 
one couplet, and the antecedent of the next couplet, is not the 
same as the common difference or ratio of the couplets, the 
proportion is discontinued. So, 4^ 2, 8, 6 are in discontinued 
arithmetical proportion, because 4 — 2 = 8 — 6 =2, whef e- 
is 8 — 2 = 6: and 4, 2, 6, 3 are in discontinued geometrical 
proportion, because $ = | = 2, but |. =z 3, which is not 
the same. 

But when the difference or ratio of every two succeeding 
terms is the same quantit)', the proportion is said to be Conti- 
nued^ and the numbers themselves make a series of Continued 

Proportionals^ 



ARITHMETICAL PROPORTlbN. lU 

}?reportionaIs, or a progression. So 2, 4, 6, 8 form an arith- 
metical progression, because 4 — 2 = 6—4^8 — 6 ==2, all 
the same common difference ; and 2, 4, 8, 1 G a geometrical 
progression, because $ = -J = ^ «= 2, all the same ratib. 

When the following terms of a progression increase, or 
exceed ^ach Other, it is (Called an Ascending Progression, or^ 
Seiri^s ; but when the terms decrease, it is a descending one. 

{>o, 0, 1, 2, 3, 4, &c. is an ascending arithmetical prbgression^ 
but 9, 7, 5, 3, 1 , &c. is a descending arithmetical progression, 
^ko 1 , 2', 4, 8, 16, &c. h an ascending gefometrical progression,^ 
and 1 6, 8, 4^ 2, 1, &c< is a descending geometrical progression. 



'II I I » '^ B B 



ARItHlVffiTiCAL PROPORTION^^w^/PROGRESSION. 

In Arithmetical Progression, the numbers or terms have all 
the same common difference. Also, the first and last terms 
of a Progression, are called the Extremes ; and the other 
terms, lying between them, the Means. The mose useful 
part of arithmetical proportions, iis Contained in the fpllow- 
ing theorems: 

Theorem 1. When four tjuanthies are in arithmetical 
proportion, the sum of the two extremes is equal to the 9uru 
of the two means. 'I'hus, of the four 2, 4, 6, 8^ here 2 +- 
8 = 4 + 6 = 10. , 

Theorem 2. In any fcontmued arithmetical progression, 
the sum of the two extremes is equal to the sum of any two 
means that are equally distant from them, or equal to double 
the middle term when there is an uneven number of Jterms. 

Thps, in the terms I, 3, 5, it is 1 + 5 = 3 + 3 = 6. 

And in the series 2, 4, 6, 8, 10, 12, 14, it is 2 + 14 = 4 
+ 12 = 6 + 10 = 3 + 8 = 16. 

Theorem 3. - The difference betweeh the extreme terms 
of an arithmetical progression, is equal to the commoh dif- 
ference of the series multiplied by one less than the number 
of the terms. So, of the teri terms, 2, 4, 6, 8, 10, 12, 14, 
16, 18, 20, the dommon difference is 2, and one less than 
the number of terms 9 ; then the difi*erence of the extremes- 
is^ 20-2 = IS, and 3 X 9 = 18 also. 
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Consequently the greatest temi isf equal to the l^ast tifnt 
ftdded to the product of the tommon difference tnultiplied by 
1 less than the number of terths. 

Theorem 4?. The sum of all the terms, of any arithm€<' 
tical progression, is equal to the sum of the two eittremes mul^ 
tiplied by the number of terms^ and dilrided by 9; or the sum 
of the two extremes multiplied by the numbef of the terms^ 
gives double the siitti of all th^ terms in the seri^. 

This is made evident by setthig the terms of the seiries in 
an inverted order, under the same series iti a dirett order, and 
iUiding the corresponding terms together in that otdert Thus, 
in the series 1, 8, 5, 7^ 9,- 11, 13, 15; 
ditto inverted 15, 13,' 11^ 9, ^, 5, 8, 1; 

tH^ sums are 16+ 16 + 16 + 16+ 16+ 16 + 16 +16, 
tvhich must be double the sum of the single series, and is 
equal to the stim of the extremes repeated as often as are the 
number of the terms. 

From these theorems may readily be found any one o^ 
these five parts ; the two extremes, the number of terms, the 
common difference, and the siim of all the terms^ when any 
three of them are given ; as in the following problems : 

■ 

I'ROBLEM U 

Ghen the Extranes^ and the Number of Terms / t9 find the Sum 

of all the Terms, 

Add the extremes together, multiply the sum by the num- 
\^t of t^rmsi and divide by 2. 

Examples. 

1. ^be extremes being 3 and IS^, and the number of 
terms 9 ; requited the sum of the terms ? 
19 



3 





22 




9 


2) 


193 


Ans. 


99 



\ 



^ 1^ + 3 22 

Or, — ^ — X 9 = -- X 9 =:lix9 — 99i 

the same answer^ 



2. It is required to find the number of all the strokes a 
iK)mmoi9 clock strikes in one whole revolution of the index, 
or in 12 hours ? - Ans. 78* 

Ex/ 
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^ Jbi. Si How many strokes dd the clocks of Venice strike 
m the compass of the day^ which go contianally on from 1 
to i4 o'clock ? Ana. 300. 

4. What debt ban be discharged in a year^ by weekly 
payments in arithmetical brdgression, the first payment 
bemg Is, and the last or 52d payment 51 SiP Ans; 135/ 4/. 

PROBtEBI Hi V 



I 



Given the ExtremeSf and the Number of Termi i it find the 

^CwnpwnJyifference. 

SaBTR ACT the less extreme^ from the greatier, sUid divide 
the remainder by 1 less than the number of terms, for the 
'common difference. • 

EXAMPLES. 

1. The extremes b^g 3 and 19, and the number of terms 
9^ required t&e coxttokon difference ? 

' 9-1 % 



^ • . 



i 



8) 16 



• ; 



Ans. 



fS. If the extremes be 10 and 70, and thd Attmber of tenni 
91 ; what, is the common diffierence, and tl|e sum of the 
series ? Ans. the com. difi.* is S^ and the Sum is 840. 

3. A certain debt can b^ discharged in onei year, by weekly 
I^ymentS'tn arithmetical progression, the first payment being 
1 5, aSd the last 51 3/ ; wnat is the common dinerence of the 
terms ? Ans. 2. 

• * . - 

PROBLEM lii. 

Given one of the Extremes, the Common D^erence, and the 
^^ Number if Termi : U fitid the other Exirenii, and the ium <f 
the Series. 

MuLTiPLT the common difference by 1 less than the num^ 
ber of terms, and the product will be the difference of the 
extremes : Therefore add the product to ^»« Uha extreme, to 
give the greater ; or subtract it froia > the 

less extreme. „ 1; 
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' IXAMPLES* t 

1. Given the least term 3, the common difierettce9» of an 
arithmetical series of 9 terms ; to find the greatest term> and 
Ae sum of the series* 

2 

8 . ' 



16 
3 

19 the greatest term 
S the least 



22 sum 
9 number of terms. 



2 ) 198 



99 the sum of the serieSf 



2. If the greatest term be 7P| the common difference 3t 
and the number of terms i2l9 what is the least term, and the 
sum of the series } 

Ans. The least term is \0, and the sum is 840, 

S. A debt can be discharged in a year^ by paying 1 shilling 
t)ie first'week, 8 shillings the second, and so on, always 2 
shillings more every week ; what is the debt, and what will 
the last payment be ? 
Ans. The last payment will be 51 3/, and th« debt is 135A4i. 

PROBLEM tV. 

Tpjind an Arithmetical Mean Proportional between Jtw GtrvMtt 

' . ^ Terms. 

Add the two given extremes or terms together, and take 
half their sum for the arithmetical mean required. 

EXAMPLE. 

^ To find an arithmetical mean between the two numbers 4 

and 14. „ 

Here 

14 

- • 4 



2) 18 
Ans. 9 the mean require'd. 



fm»BL£BC 



AWTHMEIfCAL PROGRESSION. UP 



•, ,, P.R0Bl4tMV. . .^ ........... .,./ 

To find Two Ariihmeticid Means between Two Given Extremes. 

• SUBTRACT th^i^^flxtrerae itom th^ greater, and divide^ 
Aj^ differ^n^e by 3* «>Ji^l the quotient be $b<^ cpmmon dif- 
ference.; which being continually added to theless e^Uromel 
or taken from t^ gt^ater^ gives the means. 

■'' '' EXAMPLE. * ' ' 

To £nd two arithmetical mean^ between 2 and 8. 

Here 8 
2 



3)6 Then 2 + 2 = 4 the dnemean. 
and 4' + 2 ::s: 6 the other mean. 



com. dif. 2 



PROBLEM VX. 

To find any Number ef Arithmetical Meatis between Two Giveft 

TnrrHs or Extremes. ' ' 

Subtract the less extreme from the greatef, and divide* 
the difference by 1 more than the number of means required 
to be found, which will give the common difference j then 
this being added continually to the least term, or subtracffied 
from the gneatest^ will give the mean terms required* 



EXAMPLE. 

To find five arithitxetical means between 2 and 14. 
Here 14 



2 



t! 



6 ) 12 Then by adding this com. dif. continually^ 

the means ar6 foimd 4^ 6^ 8, 10, 12. 



com. dif. 2 



See more of Arithmetical progression in the Algebra. 
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GEOMETRICAL PROPORTION mnd PROGRESSION 

In Geometrical Progression tHe numbers or terms htve 
all the same multiplief or divisor. The most usdbl part of 
6eoi]M:ricaI Proportion! is continned in the folkmiiip 
theorems. 

Theorem 1. When four quantities tre m geometrical 
proportion, the product of the two extremes is equal to thf: 
product of the two means. 

Thus, in the four 2, 4, S, 6, it is 2 X 6 s S x 4 as 12. 

And hence, if the product of the two means be divided hf^ 
one of the extremes, the quotient will give the other extreme. 
So, of the above numbers, the product of the means 12 -r 2 
= 6 the one extreme, and 12 -f- 6 =2 the other extreme; 
and this is the foundation and reason of the pt^ctice in the 

Rule of Three. 

•\ 

Theorem 2. In any continued geometrical progression, 
the product of the two extrem^ is equal to the product of 
any two means that are equally distant from them, or equal 
to the square of the middle term when there is an uneven 
number of terms. 



Thus, in the terms 2, 4, 8, it is 2 x 8 ac 4 x 4 = 16. 

And in the series 2, 4, 8, 16, 32, 64, 128, 

it is 2 X 128 = 4 X 64 = 8 X 32 = 16 X 16 = 256. 

Theorem 3. The quotient of the extreme terms of a 
geometrical progression, is equal to the common ratio of the 
series raised to the power denoted by 1 less than the number 
of the terms. Consequently the greatest term is equal to 
the lj|ast term multiplied by the said quotient. 

So, of the ten terms 2, 4, 8, 16, 32, 64, 128, 256, 512, 
1024, the common ratio is 2, and one less than the number 
of terms is 9 j then the quotient of the extremes is 1024 -r 
2 = 512, and 2^ = 512 also. 



Theorem 



GEOMETRICAL PROGRESSION. tm 

Theorem 4,' Ther sum of all the terms, of any geome- 
trical progression, is found by adding the greatest term to the 
^difference of the extremes divided t^ 1 less than the ratio. 

So, the simn of 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 

. 1024 — 2 
(whoseratio is2),isl024+ = 1024 + 1022 = 2046, 

' The foregoing, and several other properties of geometrical 
proportion, are demonstrated more at Isffge in the Algebraic 
part of this work. A few examples may here *be added of 
the theorems, just deliveredy with some problems concerning 
jnean proportionals. 



SXAMPLES. 

V 

1. The least of ten terms, in geometrical progression, 
being 1, and the ratio 2 } what is the greatest term, and the 
sum of all the terms ? 

Ans. The greatest term is 512, and the sum 1023, 

2. What debt may be discharged in a year, or 12 months, 
by paying 1/ the first month, 2/ dhe second, 4/ the third, and 
so on, each succeeding payment being double the last i and 
what will the lastpayment be? 

Atis. lie de^ 4095/, and the last payment 2048/. 



PHOB^EM I. 

To find One Geometrical Mean Proportional between any Two 

Numbers, 

Multiply the two numbers together, and extract the 
square root of the product, wbicb will give the mean propor- 
tional sought* 



EXAMPLE. 

To find a geometrical mean between the two pumbers 
3 and 12. 

12 



# 
/ 



8^ (6 the mean. 



tW ARTTHMETia 



P&OBLXM II. 

Tit find Tvn Geometrical Mean Proportionals hetween any Jkuo 

Numbers, i 

Divide the greater number by the less, and extract the 
€ube root of the quotrent, which will give the comiDoii ratio 
tS the terms. Then multiply the least given temi by thit 
iratio for the first mean, and this mean again by the ratia for 
the second mean : or, divide the greater of the two given 
terms by the ratio for the greater mean, and di^de this ngmt 
by t^e ratio for the less mean. 

EXAMPLE* 

To find two geometrical means between S and 24. 

Pere 3 ) 24- (8; its cube root 2 is the ratio. 
Then 3x2 = 6, artd 6 x 2 =3 12, the two means. 
Or 24 -r 2 =5 12^ and 12 -^ 2 .= 6, the same. 
That is, the two means between 3 and 24| are 6 and 12. 



PROBLEM III. 

To find any Number of Geometrical Means between Tvjo Numbers. 

Divide the greater number by the less, and extract suck, 
root of the quotient whose index is 1 more than the number 
of means required j that is, the 2d root for one mean, the 3d> 
root for two means, the 4th root for three means, and $o on; 
and that root will be the common ratio of all the terms. 
Then, with the ratio, multiply continually from the first tenB^ 
or divide continually from the last or greatest term. 

EXAMPLE. 

« 

To find four geometrical means between 3 and 96. 

Here 3 ) 96 (32; the 5th root of which is 2, the ratio. 

Then 3 X 2 = 6 , & 6 X 2 = 1 2, & 1 2 X 2 =s 2 4, & 2 4 X 2 = 48 . 

Or96~2 = 48,&48-i-2=24, &24-T•« = 12,&12-T-2=x6• 
That is^ 6, 12^ 24, 48^ are thd fow means between 3 and 9^. 

^ ^. Op 



/ 



MUSICAL PWJPORTION. l»f 



Dr MUSIC^VL PROPORTIdN. 

1f*H£R£ i^ also a tliird kind of proportion, gsUed Mtislcalf 
which being but of little^or no ounmoQ; nse^ ^ verjr sbort ac« 
count of.it may here sijUBKice. .'. . , -s, .. , 

Musical Proportion is .ifv^lop^ ..of three. ^njU|x^);>erS| the first 
has the same proportion to JtbQ^thirdi> as tbe,d^rjence between 
the first and second^ has to tl^e ^i^^^rence between the second 
and third* * . ' . 



V 



As in these three, 6, 8, 12 ; 
where 6 : 12 :: S -^e : 12 - 3, 
that is 6 : 12 : : 2 : 4. i 

When four numbers afe In mudcil jpirbptortion ; then the 
first has the same ratio to the fourth, as the difference be- 
tween the first and second has to the difference between the 
third and fourth. 

As in th^se, 6, 8, 12, 18 5 
where 6 : 18 :: 8 — 6 : 18 - 12> '- 
that is 6 : IS :: 2 : 6. 

When numbers are in musical progreisic^, their recipro- 
<cals are in arithmetical progression i and the converse, tlu^ 
isi when numbers are in arithmetical progression, their reci* 
procals are in musical progression. , . 

So in thesef musicals 6, 8, 12, their reciprotals ^, 4, j^^ 
arfe in arithmetical progression ; fwr + A^A-^T* 
and f + I r: I =: j^ ; that is, the sum of th^ extre^ej h 
equal to double the mean, which is the gropertf of arit&tnek 
ticals. 

The method of finding out numbers in musical propor- 
tion is best expressed by letters in Algebra. 



^ . . . 



I 



PARTNEKSiBP. 

(J. 



Fellowship is a rufe, by whrcK any sum' of quantity 
tnay be divided into any .nutpher ^of fV^f which shsdl be in 
any given proportion to 6n^ another. 
^ -By this rote are adjusted t£e gains or loss ox dk^x^<&^ ^V 




<« 
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partnerj in cotnpaoy ; or the effects of bankrupts, or 
legacies in case of a deficiency of assets or effects } or the 
shares of prizes 5 or the numbers of men to form certain de- 
tachments j or the division of waste lands among a number 
of proprietors, 

PelloTi'ship is either Single or Double. It is Single, when 
the shares or portions are Co be proportional each to one sin- 
gle given number only ; as when the stocks of partners are 
M employed for the same time : And Double, when each ^ 
portion is to be proportional to two or more numbers ; ai ; 
when the stocks of partners arc employed for different times, j 



SINGLE FELLOWSHIP. 



GENEBAI, RUL!. 




Sdt. 

Add together the numbers that denote the proj 
the shares. Then say. 

As the sum of the said proportional numbers, 
Is to the whole sum to be parted or divided, 
So is each several proportional number, 
To the corresponding share or part. 

Or, as the whole stock, is to the whole gain or loss, 
So is each man's particular stock, 
To his particular share of the gain or loss. 

To PROVE THE WoKK. Add all the shares or parts 

tether, and the sum will be equal to the whole nupiber ts 
e shared, when the work is right. 



1. To divide (he number 240 into three snch parts, ai 
shall be in proportion to each other as the three numbers If 
2 and 3. 

Herp 1 4- 2 + 3 =: 6, the sum of the npmbers, 

Then, as 6 ^ .240 : : 1 : 40 the 1st part, 
and as fi : 240 ": : 2 : 80 the 2d part, 

, jflso as 6 : 240 : : 3 : 120 tl^e 3d part. 




Sura of all 240, the proof. 



E*.ar 




SINGLE FEIXOWSHIP. 

■ Ex. 2. Three persons, a, b, c, freighted a ship with 340 tunt 
1 of which, A loaded 1 10 tuns, B 97, and c the n 
I the seamen were obliged to throw overboard 8 
; how much must each person sustain of the loss ? 



Jlere 110+ 97 
theref. 340 — 207 
, Hence, as 340 



I 



: 201 tuns, loaded hy a and £ j 
133 tuns, loaded by c. 
110 
110 : 27^ tuns = a's loss; 

97 : 2+i. tuns =: b's loss; 
133 ; 33:|- tuns = c's loss ; 

Sum Si tuns, the proef. 



S. Two merchants, c and d, made a stock of 120/; of 
which c contributed 75/, and D the rest : by trading thej 
gained 30/; what must each have of it? 

Ans. c 18/ 15/, and D 11/5/. 
4. Three merchants, e, r, g, make a stock of 700/, of 
which E contributed 123/, f 358/, and c the rest : by trading 
they gain 125/ 10/ ; what must each have of it ? 

Ans. E must have 22/ Is Od 2^jq. 
F _ _ _ 64 3 8 Oi\. 
C - - - 39 .5 » IVj. 
,5. A General imposing a contribution * of 700/ on four 
Tillages, to be paid in proportion to the number of inhabitants 
contained in each ; the 1st containing 250, the 2d 350, the 
3d 400, and the *th 500 persons; what part must each vil- 
lage pay? Ans. tlie 1st to pay 116/ 13i 4i/. 
the 2d - - 163 6 8 
the 3d - - 186 13 4 
the 4th . - 233 6 8 
A piece of ground, consisting of 37 ac 2 ro 14 ps, ii 
(o be divided among three persons, l, m, and n, in profwr- 
<ion to their estates : now if l's estate be worth 500/ a year, 
jif's 320/, and n's 75/ ; what quantity of land must each one 
Ans. L must have 20 ac 3 ro 3944^ ps. 



I 



13 



30-A 
23fi 



7. A person is indebted to o 57/ I5,(, to p lOSlSifiil, 
Ito ii 22/ lOd, and to R 73/; but at his decease, his effect! 



► Contribution is a tax paid by provinces, towns, villagM, 
Btc. to excuse ihem from being plundered. It is paid ia provi- 
sions or in money, and somitimes in both. 
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are (ooikI to be worth tio more tlian 170/ lis; horn most it 

be dinded among his creditors ? 

AnSf o must have 97/ 15/ 5^ g,Vjy, y« 
P - . -. 70 15 2 2^^^^^ 

Q. 14 « 4 0^«^ 

E - . . 47 14 11 2i^^^ 

Ex. 8. A ship, worth 900/, being entirely lost, of which -J-be* 
longed to s, ^ to t, and the rest to t ; what loss will each 
sustain^ supposing 540/ of her were insured ? 

Ans. s will lose 451, t 90/« and ▼ 225/. 

9. Four persons, w, x, t, and z, spent among them 25/, 
and agree that w shall pay i of it, x -f , t ^ and z {• ; that 
is, their shares are to be in proportion as i, -j^ ^ uid {i 
what are their shares ? Ans. w must pay 9/ &/ 3||f • 

X . . 6 5 3ff* 
T - . 4 10 l^f 
z - - 3 10 »^ 

10. A detachment, consisting of 5 companies, being sent 
into a garrison, in which the duty required. 76 men a day; 
what number of men must be furnished by each company, in 
proportion to their strength ; the 1st consisting of 54 men, 
the 2d of 51 men, the Sd of 48 men, the 4th of S9, and the 
5th of 36 men ? 

Ans. The 1st must furnish 18, the 2d 17, the 3d 16, the 
4th 13, and the 5th 12 men*. 



POUBLE FELLOWSHIP. 



Double Fellowship, as has been said, is concerned in 
cases in which the stocks of partners are employed or conti* 
nued for different times. 



* Questions of this nature frequently occurring in militarf 
service. General Haviland, an officer of great merit, contrived ao^ 
i^enious instrument, for more expeditiously resolving tbejmi 
wSicb is distinguished by tbe name of the inventor, being call^ a 
HKtibM. 

RuLr. 
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DOUBLE FELLOWSHIP. Hi 

Rule*.— Multiply each person's stock by the time of it« 
continirahce ; then divice the quantity, as in Single Fellow^, 
ship, into shares, in proportion to these products^ by sayings 

As the total sum of all the said products, 

Is to the whole gain or loss, or quantity to be paitf4» 

So is each particubr product, 

To the correspoiident share of the gain or loss. 



EXAMPLES. 

1. A had in company 50/ for 4 months, and B had 60/ for 
5 months ; at the end of which time they find 24/ gained': 
how mubt it Jje divided between them ? 

Here 50 60 
.45 



200 + 300 = 500 



Then, as 5C0 : 24 : : 200 : ' 9| z= 9/ 12j = A*s share, 
and as 500 : 24 :: 300 : 141 = 14 8 = b's share. 

2. c and D hold a piece of ground in common, for whicli 
the 7 are to pay 54/. c put in 23 horses for 27 days, and D 
21 hor-^s for 39 days ^ how much ought each man to pay oif* 
the rent ? Ans. c must pay 23/ Ss 9^« 

D must pay 30 14 3 

2 Three persons, E, F, G, hold a pasture in common^ 
ftr .7 aich they are to pay 30/ per annum ; into which e pur 
'V : en for 3 months, f put 9 oxen for 5 months, and G put 
ir 4 oxen for J 2 months 5 how much must each person pay 
of the rent i ' Ans. e must pay 5/ \0s 6d l-i^- 

F - - 11 16 10 OtV 
f G • . 12 12 7 2^ 

-4. A ship's company take a prize of 1 000/, which they 
agree to divide among them according to their pay and th^ 
time they have been on board : now the officers and midship- 
men have been on board 6 nxonths, and the sailors 3 months i 

* The proof of this rule is as follows : When ti^e times are 
equal, the shares of the gain or loss are evidently as the stocks, as 
in jingle Fellowship ; and when the stocks are equal, the shares 
areas the times ; therefore,, when neither are equals the shares must 
be as their products. \ 

>2c^ 
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tlie officers have 405 a month, the midshipmen SOs, and tlie 
sailors 22/ a month ; moreover there are 4 officers, l2 mid* 
afaipmen, and 110 sailors : what will each man's share be ? 

Ans. each officer must have 25/ 2s 5d Or^Tf * 

each midshipman - 17 6 9 S^^. 

each seaman - - 6 7 2 Orfr 

Ex. 5. K. with a capital of 1000/, began trade the first of 
January, ana, meeting with success in business, took in i as a 
partner, with a capital of 1500/, on the first of March fol- 
lowing. l*hree months after that they admit. K as a third 
partner, who brought into stock 2800/. After trading toge- 
ther till the end of the year, they fipd there has been gained 
1776/ 10/ ^ how must this be divided among the partners ? 

Ans. H must have 457/ 9/ 4|i 
1 - - - 571 16 8f- 
K - - - 747 S 11^ 

6. X, T, and z made a joint-stock for 12 months; z at 
first put in 20/, and 4 months after 20/ more ; t put ill at 
first 30/, at the end of 3 months he put in 20/ more, and 2 
nymths after he put in 40/ more ; z put in at fixist 60/, and 
5 months after he ppt in 10/ more, 1 month after which he 
took out 30/ J during the 12 months they gained 501 1 how 
xinch of it must each have ? 

Ans. X must have 10/18/ 6d S^. 
T - - 22 8 1 OJ^ 
% • . 16 13 4 0. 



SIMPLE INTEREST. 

Interest is the premium or sum allowed for the loan, or 
forbearance of money. The money lent, or forborn, is caUed 
the Principal. And the sum of the principal and its interest, 
added together, is called the Amount. Interest is allowed 
tt so much per cent, per annum ; which premium per cent, 
per annum, or interest of 100/ for a year, is called the rate of 
mterest : — So^ 

i When 



SIMPLE INTEREST. iU 

When interest is at 3 per cent. theVate is.S; 

- 4 per cent. - - 4; 

- 5 per cent. - - 5; 
- - • - 6 per cent. - - 6; 

Butj by law, interest ought not to be taken higher than at 
the rate of 5 per cent. , 

Interest is of two sorts ; Simple and Compound. 

Simple Interest is that which is allowed for the principal 
lent or fcM'bom only, for thb whole time of forbearance. 
As the interest of any sum^ for any time, is directly propor^ 
tional to the principal sum, and also to the time of continu- 
ance; hence arises the following general rule of calcula- 
tion. 

As 100/ is to the rate of interest, so is any ^Iven principal 
to its interest for one year. And again, 

As 1 year is to any given time, so is the interest for a year^ 
just found, to the interest of the given sum for that tiine. 

Otherwise. Take the interest of i pound for a year« 
which multiply by the given principal, and this product agam 
by the time of loan or forbearance, in years and parts, for the. 
interest of the proposed sum for that time. 

Note, When there are certain parts of years in the time, 
as quarters, or months, or days : they may be worked for^ 
either by taking the aliquot or like parts of the interest of z 
year, or by the Rule of Three, in the usual way. Also, to 
divide by 100,* is done by only pointing off two figures for 
decimals. . 

EXAMPLES. 

1. To find the interest of 230/ 10/, for 1 year» at the ntt 
of 4 per cent, per annum. 

Here, As 100 : 4 :: 230/ lOi : 9/ 4s Aid. ' 

4 



100) 9,22 
20 



4-40 
12 



4-80 Ans. 9/ 4x 4iJ. 

4 

3-20 



ILx**, 
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Ex. 2. To find the interest of 547/ 1 5s, for S years, at 5 per 
cent, per annum. 

As 100 : 5 :: 547-75 : 

Or 20 : 1 : : 547*75 : 27*3875 interest for 1 year. 

3 



/ 82-1625 d 
20 

s S-2500 
12 


itto for 
Ans. 


3 years. 


d 


8 00 


82/ Si 3/. 



S. To find the interest of 200 guineas, for 4 years 7 mooAl 
and 25 days, at 4^ per cent, per annum. 

ds / ds 

210/ As 365 : 9'45 :: 25 : / 

or 73 : 9-45 :: 5 ; •647* 

5 



41 
T 



840 
105 



9*45 interest for 1 yr. 

4 



73 ) 47-25 ( -6472 
345 
530 
19 



37-80 ditto 4 years. 
6 mo =: T 4-725 ditto 6 month. 
1 mo 3= 4 -7875 ditto 1 month. 
•6472 ditto 25 d^y». 

/ 43-9597 
20 



s 19-1940' 
12 

d 2^280 



J 1-3120 



Ans. 43/ 191 2J^ 



4. To find the interest of 450/, for a year, at 3 per cent# 
per annum. Ans. 22/ 10/* 

5. To find the interest of 715/ 12/ 6d, for a year, at 4^ 
per cent, per slnnum. Ans. 32/ 4/ 0^» 

6. To find the interest of 720/, for 3 years, at 5 per cent, 
per annum. Ajqs. l08iL 

7. To find the interest of SS5l I5s for 4 years, at 4 per 
cent, per annum. Ans. 56/ I8i 4|^. "^ 

Ex. 8, 
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CbWPOtJND INt!EREST. lOT 

Ex. 8. To£n<lthe interest of 32/ 5s 8/?; for 7 years, at 4|. 
per cent* per annum. Ans. 9l i 2s id. 

9: To find the interest of 170/, for I4 year, at 5 per" cent, 
per annum. Ans. 1 2/ 1 5s, 

10. To find the insurance pn 2Q5f 15 s, for |^ of a year, at 
4 per cent, per annum. Ans. 2/ Ix 1 J^/* 

11. To find the interest of 819/ 6dj for 5^ years,' at 3| per 
cent, per anniim. 'Ans. 681 IBs '9{d. 

12. To find the insurance' on 107/, for 1 17 days, at 4|. per 
^ent. per annum. Ans. 1/ J 2i Idk 

13. To find the interest of 17/ 5j, for 117 days, at 4^} per 
cen(. per annum. Ans. 5s Sd, 

14. To find the insurance on 712/65, for 8 months, at 
74 per c^nt. per anniim. Ans. 35/ \2s 3id. 

Note. The Rules for Simple Interest, serve also to calcu- 
late Insurances, or the Purchase of Stocks, or any thing else 
that is rated at so much per cent. 

• See also feiore on tlie subject of Interest, lyith the algebraical 
expression and investigation of the rules, at the end of th^ 
Algebra, next followipg. 
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COMPOUND INTEREST. 

Compound Interest, called also Interest upon Interest^ 
is that which arises from the principal and interest, taken 
together, as it becomes due, it the end of each stated time 
of^payment. Though it be ndt lawful to lend money at 
Compound Interest, yet in purchasing annuities, pensions, 
or leases in reversion, it is usual to allow Compound Interest 
to the purchaser for his ready money. 

RyiLEs. — 1. Find the amount of the given principal, for the 
time of the first payment, by Simple Interest. Then con- 
sider this amount as a new principal for the second payment, 
whose amount calculate as before. And so on through all 
the paymei^ts to the last, always accounting tlie last amount 
at a new principal for the next payment. The reason of 
which 3s. evident from the definition of Compound Interest. 
Orelsff/ 

2. Find the amount of 1 pound for, the time of the first 
payment, and wse or involve it to the power whose index 
it dwoted by the number of payments. Then that power 
multiplied by the giv.en principal^ will produce the >Kbvc^\^ 
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amotinf. From which the said principal bemg stibtf;ictetf# 
leaves the Compound Interest or the same. As is eirident 
from t)^ first Role. 

EXAMPLES* 

1 4 To find the amount of 7201, for 4 years^ at 5 per cent* 
per annum* 

Here 5 is the 20th part of 100, and the interest of 1/for x 
year is -^ or '05, and its amount 1'05. Therefore, 

1 . By the ist Ru/e. 2. By ihf 2J Rule. 

I ,% d r05 ampuntof U 

20)720 O 1st yr's princip. 1'05 

S6 O 1st yr's interest. — 

. 1-1025 2dpowerof it. 

20)736 O 2d yr's princip. 1-1025 

37 16 2d yr's interest. 

— 1-21550625 4th pow. of itr 

20) 793 16 3dyr*sprincip* 720 

39 13 94^ 3d yr's interest. '- 

— ^ -^ / 875-1645 •/ 

20) 833 9 9i 4th yr's princip. 20 

41 13 5:1- 4th yr's interest — 

/ 3-2900 

jjT 875 ' 3 3^ the whole amo*. 12 

— — — r- or ans, required. 

J 3-4800 



2. To find the ampunt of 50/, in 5 y^ars, at 5 per cent, 
per annum, compound interest. Ans. 63/ 16^ dj^ 

3. To find the amount of 50/ in 5 years, or 10^ half^. 
years, at 5 per cent, per annum, compound, interest, the in- 
terest payable half-yearly. Ans. 64/ Ox 1^. 

4. To find the amount of 30/, in 3 years, or 20 quarters, 
at 5 per cent, per annum, compound interest, the ii^terest 
payable quarterly. . Ans, 64/ 2s 6\d. 

5. To find the compound interest of 370/ forborn for 6' 
years, at 4 per cent, per annum. Ans. 98/ 3x 4^. 

6. To find the compound interest of 410/ forborn for 2i 
years, at 4i per cent, per annum, the interest payable halt- 
yearly. Ans. 48/ 4j 1 1^. 

7. To find the amount, at compound interest, of 217/, 
forborn for 2^ years, at S per cent, per annum, the interest 
payable quarterly. Ans. 242/ 18/ 4|rf^ 

Nfi/e, See the Rules for Compound Interest algebraically 
iiiresfig-aterf, at the :end of the Algebfa. 
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ALLIGATION. 



ALLiGAfioN teaches how to ^compound or mix together 
Iseverai simples of different; qualities, so that the composition 
may be of so^ie iritermediatcf quality, or rate. It is com- 
monly distinguished into two cases, Alligation Medial^ and 
Alligation Alternate. 



ALLIGATION MEDIAL. 



Alligation Medial is the method of finding the rate 
or quality of the. composition, from having tllfc quantities 
and rates or qualities of the several simples given. And it 
is thus performed : 

^ Multiply the quantity of each ihgredieht by if s rate or 
quality V then add all the produtts together, dnd idd also all 



' * Demonstration. The Rule is thus proved oy Algebra. 

Let a,b,cbe the quantities o.f the ingredients^ 

and m, n, p their rates, or qualities, or prices } 

then am, bn^ cp are their several values, \ 

and am -\- bn -\- cp the sum of their values, 

also a 4- ^ + c is the sum of the quantities, 

^nd if r denote th^ rate of the whole coinpositibd, 

then tf + ^ + c X r will be the value of ^he whole^ 

conseq. a + 6 -f c X r = am -f ^'i + cp, 

and rzzam + ^/i + cp-^a-^ ^ +c, which is the Rule. 

Not^, If an ounce or any other quantity of pure gold be reduced 
into 24 equal parts, these parts are called Caracts ; but gold is often 
mixed with some base mefal, which is eallcd tho' Alloy, and tho 
mixture is said to be of so many caracts fine, according to the 
proportion of pure gold contained in it ; thus, if 22 caracts of 
pure gold, and 2 of alloy be mixed together, it is said to be 22 
caracts fine. 

If any one of the simples be of litde or no valine with respect to 
the rest, its rate is supposed to be nothing ; as water mixed with 
wine, and alloy with gold and silver. 

VolL K \5cift 
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the quantities together mta another sum ; then divide tfi^ 
former sum by the latter, that is, the sum of the products 
by .'the sum of the quantities ^ and the quotient wiU be the 
rate or quality of the compositicai required* 



EXAMPLESr 

Ir If three sorts of gunpowder be mixed together, vir- 
50lb at \2d a pound, 441b at 9^, and 26lb at 8i a pound;, 
haw much a pound is the composition worth ? 

H^re 50, 44, 26 are the quantities, 
and 12, 9, 8 the rates or qualities ;, 
then 50 x 1? = 600 

u X 9 ^ agg 

26 X. 8 = 203 

120) 1204 (10t$^ =r IX)^. ' 

Ans. The rate or price is 10^^ the pound. 

2- A composition being, made of 51b of tea at 7s per lb, 
9lb at 8/ 6d per lb, and 1441b at 5s lOd per lb ; what is & 
lb of it worth ? Ans. 6s 1 Oii^ 

3. Mixed 4 gallons of wine at 4s lOd per gall, with 7 gal- 
lons at 5s 3d per gall, and 9|: gallons at 5s^ Sd per gall'r 
what is a gallon of this composition worth? Ans. 5^* 4|J^ 

4. A mealman would mix 3 bushels of Sour {at 3j> 5d 
per bushel, 4 bushels at 5s 6d per bushel, and 5 bushels at 
4x Sd per bushel 5 what is the worth of a bushel of this" 
mixture?/ Ans. 4fS 7^^ 

6, A farmer mixes 10 bushels of wheat it 5s^ the bushel, 
with 18 bushels of rye at Ss the bushel, and 20 bushels of 
barley at 2/ p^ bushel: how much is a bushel af the mixture 
worth ? Ans* 3>(. 

6. Having melted together 7oz of gold of 22 caracts fiue^ 
12^02 of 21 caracts fine, and 17 oz of 19 caracts flhe : t 
inroM know the fineness of the composition ? 

. Ans. 20|| caracts. fine* 

7. ©f what fineness is that composition, which is made by 
mixing 31b of silver of 9 bz fii^e, widi*5lb 8 oz pf IO025 
fine, and lib 10 oz of alloy. An$. Y|^ ^^ ^^^ 
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ALLIGATIOM ALTERNATE. 

Alligation Alternate is the method of finding what 
quantity of any number of simples, whose rates are given, 
will compose a mixture of a given rate. So that it is the re^* 
Verse of Alligation Medial, and may be proved by it. 

kULE I*. 

1. Set the rat^ of the simples in i column under each 
bther.-r^2. Connect, or link with a continued line, the rate 
of each simple^ which is less than that of the compound, with 
one> or any numbei^, of those that are greater than the com- 
pound ; and each greater rate with one or any number of the 
less.— r-3t Write the difference between the onHxture rate, and 
that of each of ther simples, opposite the rate with which they 
are linked. — 4. Then if only one differ^nc^ statnd against 
any rate, it will be the quantity belonging to that rate ; but 
if there be several, their sum will be the quantity. 

The examples niay be provi^d by the rule £E>r Alligation 
Medial^ 



a^Mite 



* Demonst. By connecting th^ less ratet to the greater, and 
placing the difference between them and the rate alternately, th^ 
Quantities resulting are such, th^t there is precisely, as nauch 
gained by one quantity as is lost by the other, and therefore th6 
-gain and loss upon the whole is equal, and is exactly the proposed 
rate : and the same will be true of any other two simples managed 
according to the Rule. 

In li^ manner, whatever the numt^ pf sHnp^es tnay b<^, and 
with how many soever every one is linked, since it is always a 
less with a greater than the mean price, there will be an equal 
balance of loss and gain between erery two, and consequently an 
equal balance on the whole, q. e. b. * 

It is obvious, from this Rul€$> that questtons of this sort admit of 
a great variety of answers ; for, h^vingfound one answer, wei;Day 
tiid as many more as w^ please, by only multiplying or divid^g 
each Qf the quantities found, by 2, or 3; or 4, iSpc : the reason of 
\yhich is evident : for, if two quantities, of two simples, ipaV^9 ^ 
balance of loss and gain, with respect to the mean price, so must 
also the double or treble, the i or ^ part, or any other ratio of these 
quantities, and so on ad infinitum. 

These kinds of questions are called by algebraists indeterminate 
or unlimited problems ; and by an analytical process, theorems may 
be raised that wiU give ail the possible ansvfeFs. 

K 2 '£3Lk1JLlfV3LV 
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EXAMPLES. 

1. A merchant would mix wines at 16/, at IBs, and af 
22/ per gallon, so as that the mixture* may be worth 20/ tht 
gallon : what quantity of each must be taken ? 

p6"^ 2 at 16/ 

Here 20- ISx J2 at 18/ 

(.22 J/ 4 + 2 = 6 at 22/. 
Ans. 2 gallons at 16/, 2 gallons at 18/, and S at 22/. 

2. How much wine at 6s per gallon, and at 4/ per gallon, 
must be mixed together, that the composition may be worth 
5/ per gallon ? Ans. I qt, or 1 gall^ &c. 

3: How much sugar at 4(/, at 6J, and at 1 }d per lb, must 
be mixed together, so that the composition formed hj them 
may be worth 7</ per lb ? 

Ans. i lb, or 1 stone, or 1 cwt, or any other equal quantity 
of each sort. 

4. How much corn at 2/ 6d, Sf %dy 4/, and 4/ 84/ per 
bushel, must be mixed together, that the compound may be 
worth 3/ 1 Od per bushel ? 

Ans. 2 at 2/ 6^, 2 at 3/ 8^, 3 at 4/, and 3 at 4/ Bd. 

5. A goldsmith has gold of 16, of 18, of "23, and of 24 
caracts nnc : how much must he take of each, to make it 21 
caracts fine ? Ans, 3 of 1 6 , 2 of 1 8, 3 of 23, and 5 of 24. 

6. It is required to mix brandy at 12/, wine at 10/, cyder 
at 1/, and water at per gallon together, so that the mixture 
may be worth 8/ per gallon ? 

Ans. S gals of brandy, 7 of wine, 2 of cyder, and 4 of water* 

RULE \U 

When the whole composition is limited to a certain 

Srtntity : Find an answer as before by linking ; then say, as 
e sum of the quantities, or differences thus determined, fs 
to the given quantity \ so is each ingredient, found by link* 
ing, to the required quantity of each. 

EXAMPLES. 

]• How much gold of 15, 17, 18, and 22 caracts fine, must 
be mixed together^ to form a composition of 40 oz of 20 ed- 
icts fine? 

Here 
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- - 2 

^ - . 2 

Bere20< lS-\\ )- . ^ . 2 

5 + 3 + 2 = 10 

Then, as- . IG : 40 :: 2 : 5 
and 16 : 40 :: 10 : 25 
Ans. 5 oz of 15, of 17, and of 18 caracts fine, and 25 oz of 
22 caracts fine*. 

Ex. 2. A vintner has wine at 4/, at 5/, at 5j 6rf, and at 6/ 
a gallon ; and he would make a mixture of 1 8 gallons, so 
tl^t it might be afforded at 5^ 4^ per galloi\-, how much of 
each sort must he take ? 



^ 



• 



Ans. 3 gal. at 4s, 3 at 5s, 6 at 5s 6^, and 6 at 6s. 



♦ A great number of questions might be here given relating to 
the specific gravities of metals^ &:c. but one of the most curious 
may here suffice. 

Hiero, king 'of Syracuse, gave orders for a crovn to be made 
>entirely of pure gold ; but suspecting the workman had debased 
it by mixing it with silver or copper, he recommended the dis- 
covery of the fraud to the famous Archimedes, and desired to know 
the exact quantity of alloy in the crown. 

Archimedes, m order to detect the imposition, procured two 
other masses, the one of pure gold, the other of silver or copper^ 
and each of the same weight with theform/er ; and by putting each 
separately into a vessel full of water, the quantity of water expelled 
hy them determined their specific gravities j from which, andtbei^ 
given weights, the exact quantities of gold and alloy in the crown 
may be determined. 

Suppose the weight of each crown to be lOlb, and that the 
water expelled by the copper or silver was 92lb, by the gold 52lb, 
and by the compound crown 041b; what will be the quantities pf 
gold apd alloy in the crown ? ... 

The rates of the simples are 92 and 52, and pf the compound 
€4} therefore 
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92-^ 12 of copper 
52 -J 28 of gojd 
And the sum of these is 1^ + 28 =40, which should have been 
but 10 ; therefore by the Rule, 

40 : 10 : 2 12 : 3lb- of copper^ , 

40 : 10 ^: 28 : Jlbofgold /^^^a^swer. 
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RULE III*. 

When one of the ingredients is limited to a certain quails 
tity ; Take the diflfctence between each price, iind the mean 
rate as before ; then say, As the difference of that simple, 
whose quantity is given, is to the rest of the differences se- 
verally ; so is the quantity given, to the several quantities 
required. 



EXAMPLES. 

1. How much. wine at 5/, at 5s Qd, and 64 the gsllloii^ 
must be mixed with 3 gallons at 4x per gallon, so thst th^ 
mixture may be worth 5s 4d per gallon ? 
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48-^ 


8 + 2 = 


10 


60 v./] 


\ 8 + 2 ;= 


10 


eel^ 


Jl6 + 4 = 


20 


72> 


16 + 4 = 


20 


: 10 


:: 3 : 3 




: 20 


:: 3 : 6 




: 20 


:: 3 : 6 





10 
10 
Ans. 3 gallons at 5|, 6 at 5t 6i, and 6 at 6i(» 

2. A grocer would mix teas at 12j, lOx, and 6/ per H>^ 
with 20lb at 4x per lb . how much of each sort must »e take 
^o m^kethe composition worth Ss per lb ? 

Ans. 201b at 4/, IQlb at 6j, lOlb at IOj, and 20lb at 12/. 

3. How much gold of 15, of l7, and of 22 caracts fine^ 
must be mixed with 5 oz of 18 caracts fine, so that the com- 
position may be 20 caracts fine ? 

Ans. 5 oz. of 15 caracts fine, 5 oz of 17, and 25 of 22. 



♦ In the very same manner questions may be wrought when se- 
veral of the ingredients are limited to certain quantities, by finding 
first for one limits and then for aodther. The two last Rules can 
need no demonstration, as they evidently result frbm the firsts the 
fmon of which has be^sn already explained. 
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POSmON. 



• PosTTiow Ts a method of perfonoing certwn qn^stipnsj 
which cannot be resolved by the common direct Tules. k is 
sometimes called False Position, or False Supposition, because 
it makes a supposition of false numbers, to work with the 
same as if they were the true ones, and by their means dis- 
covers the true numbers sought. It is sometimes also called 
Tfial-and-Error, because it proceeds by trials o£ false num- 
1)ere, and thence finds out the true ones by a comparison rf 
the errors. — Position is either Single or ©^ble« 



SINGLE POSITION, 



Single Position is that hy which a question is resolved 
by mea&s of one supposition only. Questions which have 
their result proportional to their suppositions, belong to 
^Single Position : such as those which require the multipHca- 
tion or division of the number sought by any proposecl num-, 
ber ; or when it is to be increased or diminished by itself, 
©r any parts of itself, a certain propoised number of times. 
'Hie Tute iis as follows : 

Ta-IC£ or assume any number fcr tha* which is required, 
' and perform the "Same operations with it, as are described or 
perfonjied in the question. Tlien ,say. As the result of die 
said opera^on, is to the position, or number as3um^d ;' so is 
the result in the question, to a fourth term, whidn will ]^ 
the number sought *. 



^ The reason of this Rule is evident, because it is supposed that 
the results are proportional to the suppositions. 

Thus, na : a : : nz I z, 

a z 

or — -: a : : — : z, 
n n 

a a z z 

or — ± — Sec : a :i — ± — See : z, 
n m n m 
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I. A person after spending y and j- of his money, has J9k 
remaining 60/; what had he at first ? 

Suppose he had at first 120/. * 'Proof. 

Now ^ of 120 is 40 4 of 144 is 48 

^ of it is SO j. of 144 is 36 

' their sum is 70 their sum 84^ 

which taken from 120 taken from 144 



leaves 50 leaves 60 as 

Then, 50 : 120 : : 60 : 144) the Answer. per question. 

& What number is that, which being multipied hj 1, and 
the product divided by 6, the quotient may be 21 ? Ans. 18. 

3. What number is that, which being increased by 4» -f* 
and } of itself, the sum shall be 75 ? Ans. "36, 

4. A general 9 after sending out a foraging •}■ and 4 of his 
men, had yet remaining 1000 : what number had he in com- 
mand ? Ans. 6000. 

5. A gentleman distributed 52 pence among a numbeci of 
poor people, consisting of men, women, and childreii; to 
each man he gave 6</, to each woman 4i/, and to each cbikl 
^: moreover there were twice as many women as men, and 
thrice as many children as women. How many were there 
of each? Axis. 2 men, 4 women, and 12 cbildreii. 

6. One being asked his age, said, if ^ of the years I have 
lived, be multiplied by 7, and -f of them be added to the 
product9 the som will be 219. What was his age ? 

Ans. 45 years. 
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DOUBLE POSITION. 

Double Position is the method of resolving certala 
questions by means of two suppositions of false numbers. 

To the Double Rule of Position belong such questions as 
have their results, not proportional to their positions : such are 
those, in which the numbers sought, or their parts, or their 
multiples, are increased or diminished by some given absolute 
number, which 15 nq known part of the number sought, 

RULE !*• 

Take or assume any two convenient numbers, and proceed 
with each of them separately, according to th^-conditions of 
the question, as in Single Position ; and find how much each 
result is different from the result mentioned in the question, 
calling these differences the errors^ noting also whether" the 
result^ are too great of too little. 
■ ■■ . ■ ■ ■ . ■■ ■,,■. . ,.■■- . . , .,.. I , . .k 

* Demonstr, The Rule is founded on this supposition, namely, 
that the first error is to the second, as the difference between the 
true and first supposed number^ is to the difference between the true 
and second supposed number ; when that is not the case^ the exact 
answer to the question cannot be found by this Rule. — That the 
Rule is true, according to that supposition^ may be thus proved. 

Let a and b'he the two suppositions^ and a and b their results, 
produced by similar operation ; also r and s their errors, or the 
differences betweien the results a ^d b from the true result n ; 
and let x denote the number sought, answering to the true rej»ult 
K of the question. 

Then is n — a = r, and n — b z= ^. And, according to tlie 
supposition on which the Rule is founded, r : s :: x—a : jr-^^; 
hence, by multiplying extremes and means, rx—rb z^sx— «i; 
^cHj, by transpositfon, rx — *x n rb — *aj and, by divisioii, 

jP 2= — '. — zz the number sought, which is the rule when the 
r — s 

results are both too little. ^ 

If the results be both too great, so that a and b are both greater 
than N ; then n — a =z — r, and n — b zz — *, or r and s are both 
negative ; hence — r : — s : : x — a z x — b, but — r : —s : : -f r 
: -f *, therefore r : s : : x-^a : x -^ b; and the rest will be ex- 
actly as in the former case. 

But if one result a only be teo little, and the other b too great, 

or one error r positive^ ^d the other s negative, then the thedrem 

rb -\- id 

becomes x = , which is the Rule in this case, or whea 

r '\- 8 

|he errors gre unlike. 
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Then multiply each of the said errors by the contrary sup. 
position, namely, the first position by the second error, and" 
the second position by the first error. Then, 

If the errors are alike, divide the difference of the products 
by the difference of the errors, and the quotient will be the 
answer. 

But if the errors are unlike, divide the sum of the products 
by the sum of the errors, for the answer. 

Note^ The errors are said to be alike, when they are either 
both too great or both too little; and unlike, when oiiei$ too 
great and the other too little. 

EXAMPLES. 

1. What number is that, which being multiplied byS, 
Ae product increased by 18, and the sum divided by 9, the 
quotient shall be 20 ? 

Suppose the two numbers 18 and 30. Then, 

First Position. Second Position. Broof. 

18 Suppose 30 -27 

6 mult. 6 ((' 





108 




180 




162 




J8 


add 


18 




18 


9) 


126 


div. 


9) 198 




9) 180 




14 


results 


22 




20 




20 


true res. 


20 








+ 6 


errors unlike 


-2 






9d pos. 


30 


mult* 


18 


1st 


pos. 


Er- (2 
rors 1 6 


ISO 




36 






36 










sum. 8 ) 


216 

27 


sum of products 
Answer sought. 









RULE II. 

Find, by trial, two numbers, as near the true number a$ 
f:onvenient, and work with them as in the question ; mark- 
ing the errors which arise from each of them. 

Multiply the difference of the two numbers assumed, or 
iound by trial, by one of the errors, and divide the product by 
the difference or tiie errors, when they arp alike, but bf their 
sum when they are unlike. 

Add the quotient, last found, to the number belonging to 
th^ said error^ when that number is too ^ttle^ bat subtratt 
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it wjicn too great, and the result will give the true quantity 
sought** 

I 

EXAMPLES, 

1. So, the foregoing example, wotked by thia 24 riile, 
will be as follows : • 

30 positions 18; their dlf. 12 

r-2 erroirs -f- 6i least error 2 

Slim of errors 8 ) 24? ( 3 subtr. 
from the position 30 

leaves the answer 27 

r— 

Ex. 2. A son asking his father how old he was, received 
this answer : Your age is now one-third of mine ; but 5 
years ago, your ^e was only one-fourth of mine. What then 
are their two ages ? Ans. 15 and 45, 

3. A workman was hired fpt 20 days, at Sj.per day, for 
every day he worked; but with this condition, that for 
every day he played, he should forfeit \s. Now it so hap- 
pened, that upon the whole he had 2/ 4fS to. receive. How 
many of the days did he work ? Ans. 16. 

Af. A and B began to play together with equal sums of 
money : a first won 20 guineas, but afterwards lost back |- 
of whait he then had; after which, b had 4 times as much as 
4. What sum did ^ch begin with ?' Ans. 100 guineas* 

5. Two persons, A and b, have both the same income, 
A saves -5- of his ; but b, by spending 50/ per annum more 
than A, at the end of 4 years finds himself 100/ in debt. 
What does each receive and spend per annum ? 

Ans. They receive ^125/ per annum; also A spends 100/„ 
and B spends 150/ per annum. 



* For since^ by the supposition, r : s : : x ■— a : « — ft, there* 
ff^r^ by diyisipD, r*-« ; s : : b-^a ; x^h which is the '2d Rule* 
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PRACTICAL QUESTIONS in ARITHMETIC. 

Quest. I. The swiftest velocity of a cannoo-ballj is 
about 2000 feet in a second of time. Then in what time, 
at that rate, would such a ball be in moving from the earth 
to the sun, admitting the distance to be 100 millions of 
miles^ and the year to contain 365 days 6 hours ? 

Ans. 8 r VrV y Y^ars- 
Quest. 2. What is the ratio of the velocity of light to 
that of a cannon-ball, which issues from the gun with a ve- 
locity of 1500 feet per second; light passing from the sun to 
the earth in 71 minutes ? Ans. the ratio of 782222 J to I. 

Quest. 3. TJie slow or parade-step being 70 paces per 
tninute, at 28 inches each pace, it is required to determine 
sit what rate per hour that movement is ? Ans. Irri ^^^» 

Quest. 4. The quick-time or step, in marching, being 
2 paces per second^ or 120 per minute, at 28 inches each ; 
then at what rate per hour does a troop march on a route^ 
and how long will they be in arriving at a garrison 20 miles 
distant, allowing a halt of one hour by the way to refresh? 



A f the rate is S^r miles an hour. 
^^^' X and the time 7| hr, or 7 h 17f 



min. 



Quest. 5. A wall was to be built 700 yards long in 29 
days. Now, after 12 men had been employed on it for 11 
days, it was found that they had completed only 220 yards of 
the wall. It IS required then to determine how many mqn 
must be added to the former^ that the whole number otthem 
may just finish the wa}! in the time proposed, at the same 
rate of working. ^ns. 4 men to be added. 

Quest. §. To determine how far 500 millions of gui- 
neas will reach, when laid down in a straight line touching 
one another 5 supposing each guinea to be an inch in diameter, 
as it is very nearly, Ans. 7891 miles, 728 yds, % ft, 8;n. 

Quest. 7. Two persons, a and B, being on opposite 
sides of a wood, which is 536 yards about, they begin to go 
round it, both the same way, at the same instant or time ; a 
goes at the rate of 1 1 yards per minute, and B 34 yards in 
3 minutes \ the question is, how many times will the wood, 
^ gone round before the quicker overtake the slower ? 

Ans. 1 7 times. 
Quest* 
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" Quest. 8- a can do a piece of work alone in 12 days, 
and B alone in 14 ; in what time will they both together per^ 
form a like quantity of work ? Ans. 6-,^ days. 

Quest. 9. A person who was possessed of a 4 share of z 
copper mine, sold ^ of his interest in it for 1 800/ j what was 
the reputed value of the whple at the same rate? Ans. 4000A 

Quest. 10. A person after spending 20/ more than ^ of 
his yearly income, had then remaining 30/ more than thef 
half of it ; what was his income ? Ans. 200/. 

Quest. 11. The hour and minute hand of a clock are 
exactly together at 12 o'clock; when arc they next together? 

Ans. at 1-iV hr, or 1 hr, 5-^ min. 

Quest. 1 2. If a gentleman whose annual income is 1 500^ 
spend 20 guineas a week ; whether will he save or run ia 
debt, and how much in the year ? Ans. save 40S/« 

Quest. 13. A person bought 1 80 oranges at 2 a penny, 
and 180 more at 3 a penny; after which, selling them out 
again at 5 for 2 pence, whether did he gain or lose by the 
bargain ? * Ans. he lost 6 pence^ 

Quest. 14, If a quantity of provisidns serves 1500 mea 
1 2 weeks, at the rate of 20 ounces a day for each man ; how- 
many men will the same provisions maintain for 20 weeks> at 
the rate of 8 ounces a day for each man .^ Ans. 2250 metu 

Quest. 15. In the latitude of London, the distance round 
the earth, measured on the parallel of latitude, is about 15550 
miles ; now as the earth turns round in 23 hours 56 minutes, 
at what rate per hour is the city of London carried by this 
motion from west to east ? Ans. 649j|f miles an hour. ' 

Quest. 16. A father left his son a fortune, ^ of which he 
ran through in 8 months : j- of the remainder lasted him 12 
months longer ; after which he had bare 820/ left. W^iat 
sum did the father bequeath his son? Ans. 1913/6/8//. 

Quest. 1 7. If ^000 men, besieged in a town, with pro- 
visions for 5 weeks, allowing each man 16 ounces a day, be 
reinforced with 5O0 men more ; and supposing that they can* 
not be relieved till the end of 8 weeks, how many ounces a ^ 
day must each man have, that the provision may last that 
time ? Ans. 6^ ounces. 

Quest. 18. A younger brother received 8400/, which 
was just ^ of his elder brother's fortune : What was the 
father worth at his death ? Ans.. 1 9200/, 
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Quest. 19. A person, looking on his watch, was askea 
what was the time of the day, who answered, It is between 
5 aifid 6 ; but a more particular answer being required, he 
said that the hour and minute hands were then exactly toge- 
ther : What was the time ? Ans. 27Vt n^"^* P^st 5i 

Quest. 20. If 20 men can perform a piece of work iii 
\2 days, how many men will accomplish another thrice as 
large in one-fifth of the time? Ans. 300« 

Quest. 21 . A father devised /^ of his estate to one of hi^ 
sons, and -^ of the residue to another, and the surplus to his . 
relict for life. The children*s legacies were found to be 
614:1 6s 8d different : Then what money did he leave thcj 
widow the use of f Ans. 1 270/ Is 9i{di 

Quest. 22. A person, making his will, gave to one child 
ii of his estate, and the rest to another. When these legacies, 
came to be paid the one turned out 1200/ more than the 
other : What did the testator die worth ? Ans. 4000/* 

Quest. 23* Two persons, A and b, travel between 
London and Lincoln, distant 100 miles, A from London^ 
and B from Lincoln, at the same instant. After 7 hours they 
meet on the road, when it appeared that A had rode l-J- miles 
an hour more than b. At what rate per hour then did 
each of the travellers ride? Ans. a 7^, and b 64-J. miles* 

Quest. 24. Two persons, a and b, travel between Lon-* 
don and Exeter, a leaves Exeter at 8 o'clock in the morn* 
Jnff, and walks at the rate of 3 miles an hour, without inter- 
mission ; and b sets out from London at 4 o'clock the same 
evening, and walks for Exeter at the rate of 4 miles an hour 
constantly. Now, supposing the distance between the two 
cities to be 1^0 miles, whereabouts on the road will they 
meet ? Ans. 69f miles from Exeter* 

Quest. 25. One hundred eggs being placed on the 
ground, in a straight line, at the distance of a yard from each 
other : How far will a person travel who shalj bring them 
one by one to a basket, which is placed at one yard from the 
first egg ? Ans. 10100 yards, or 5 miles and ISOOydsw 

Quest. 26. The clocks of Italy go on to 24 hours: 
Then how many strokes do they strike in one complete re-» 
volution of the index ? Ans. 300. 

Quest. 27. One Sessa^ an Indian, having invented the 
f^ax^Q of chess, shewed it to his prince^ who was so delighte4 

with 
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With It, that he promised him any reward he should ask ; on 
which Sessa requested that he might be allowed one grain of 
wheat for the first square on the chess board, 2 for the second, 
4 for the third, and so on, doubling continually, to 64, the 
whole number of sijuares. Now, supposing a pint to contain 
7680 of these grains, and one quarter or 8 bushels to be worth 
27j' 6dy it is required to compute the value of all the corn ? 

Ans. 6450468216285/ lis 3d 3j4f^y* 

Quest. 28. A person increased his estate annually by 
100/ more than the '^ part of it y and at the end of 4 years, 
found that his estate amounted to 10S42/ 3i 9d. What had 
he at £rst ? Ans. 4000/. 

Quest. 29. Paid 1012/105 for a principal of 750/, takew 
ia 7 years before : at what rate per cent, per annum did I . 
pay interest ? Ans. 5 per cent- 

Quest.' SO. Divide 1 000/ among a, b, c ^ so as Co give 
A 120 more, and b 95 less than c« 

Ans. A 445, b 230, c 325. 

QtJEST. 31. A person being asked the hour of the day, 
said, the time past noon is equal to |ths oT the time till 
midnight. What was the time ? Ans. 20 min* past 5* 

Quest. 32. Suppose that I have t^ of a ship worth 
1200/; what part of her have I left after selling ^ of -^ o( 
my share, and what is it worth? Ans. -j^, worth 185/.r 

Quest. 33.^ Part 1200 acres of laijd among a, b, c; sa 
that B may have 100 more than A, and c 64 more. than. B. 

. Ans. A 312, B 412, c 476^ 

Quest. 34. What number is that, from which if ther^ 
be taken ^ of -l-, and to the ren^ainder be added t\ of -r^^^ 
the sum will be 10? Ans. 9||< 

Qu;est. is. There is a number which, if multiplied by J 
of I of i i, will produce 1 : what is the square of tnat 
nuniber? ^ Ans. 1-^ 

Quest. 36. What length must be cut off a board, 8-J 
inches broad, to contain a square foot, or as nauch as 12 
inches in length and 12 in breadth ? Ans. 16^4 inches* 

Quest. 37. What sum of money will amount to 138/ 2x 
Cd, in 15 months, at 5 per cent, per annum simple interest f 

Ans. 130/. 

Quest. 38. A father divided his fortune among his three 
sons. A, B, c, giving a 4 as often as B 3> and c 5 as often as 
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B 6 ; what was the whole legacy, supposing A*$ sliare wstt 
4000/. ' Ans. 9500A 

Quest. 39. A young hare starts 40 yards before a grey- 
hound, and is not perceived by him till she has been up 40 
seconds ; she scuds away af^the rate of 1 miles an hour, and 
tte dog, on view, makes after her at the rate of 18 : how 
long will the course hold, and what ground will be run over, 
counting from the outsettirig of the dog ? 

iSis. 60^^^ sec. arid 530 yards run. 

Quest. 40* Two young gentlemen, without private for- 
tune, obtain commissions at the same time, and at the age of 
18. One thoughtlessly spends 10/ a year more than his pay ; 
but> shocked at the idea of not paying liis debts, gives his. 
creditor a bond for the money, at the end. of evei*f year, sind 
also insures his life for the amount ; each bond costs him 30 
shillings, besides the lawful interest of 5 per cent, and to in* 
sure his life costs him 6 per cent. 

The other, having a proper pride, is determined never to 
run in debt ; and, that he may assist a friend in need, perse* 
Veres in saving 10/ every year^ for which he obtains m 
interest of 5 per cent, which interest is every y.ear added to 
Lis savings, and laid out, so as to answer the efiect of com* 
pound interest. 

Suppose these two officers to meet at the age of 50, when 
6iith receives from Government 400/ per annum ; that the 
one, seeing his j)ast errors, is resolved in future to spend no 
more thill he actually has, after paying the interest foif what 
he owes, and the insurance on his life. 

The other, having now something before hand, means in 
'fbture, to spend his full income, without increasing his stock. 

It is desirable to know how much each has to spend per 
:^num, and what money the latter has By him to assist the 
distressed, or leave to those who deserve it ? 

Ans. The reformed officer has to spend 661 19/ l^'SSBBd 
per annum. 
The prudent officer has to spend 437/ I2s 11^'4S79^/ 

per annum. , 

And the latter has saved, to dispose of,752/ 19/ 9'lS96(l. 
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OG ARITHMS are made tb facilitate troublesome calcu- 
lations in numbers. This they do, because they perform 
multiplication by only addition, and division by only subtrac- 
tion, and raising of powers by multiplying the logarithm by 
the mdex of the power, and extracting of roots by dividing 
the logarithm of the number by the indet of tKe root. lP^r, 
lagarithms are numbers so contrired^ and adapted to other 
numbers, that th^ sums and differences of the former shall 
correspond to^ and shour, the products ahd <{uotientsof -db^ 
latter, &c. * 

Or, more generally, logarithins ^are the humericiil expc^ 
\lients of ratios •, -or they^are a series of nuitibers in arith^ 

meticai 



mm«Um 



* The invention of Logarithms is du^ to ix)rd Napiiet, Earon of 
MerchistoD, in Scodand, and is properly considered as oqe of tfa6 
most usefvd inventions of modern times . A table of these nunabers 
was first published by the inventor at Edinbur^h^ in ti^e veajr 
]6l4, in a treatise entided Canon MirificumLoganthmurum; .wnich 
was eageriy received by all the learned tliroughout Europe. Mr. 
Henry Briggs, then professor of geometry dt Gresham CoHegef, 
soon after the discovery, went to visit the noble inventot ; after 
which, they jointly undertook the arduous task of computing hew^ 
tables on tnis subject, and reducing them to a more cpnyeqient 
form than that which was at first thought of. But Lord Napiex 
dying soon after, the whole burden fell upon Mr; BViggs^ who, 
with prodigious labour and great skill, made an entire Canon, ac- 
cording , to the new form, for all oiumbers from 1 to 20000, an4 
irom 9OOOG to' 10 100, to 14 places of figures, arid published it at 
London in the year l624, in a treatise entitled Arithmfetica Loga- 
rithmica, with directions for supplying the \tileircv^^\aX.^^«t\a. 
/VoL.L L "^"^^^ 
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metical progression, answering to another series of numbers 
in geometrical progression. 

TK /^* ^* ^' '^' "*' ^' ^' Indices, or logarithms. 
C 1> 



Or 

Or 



2, 4, 8, 16, 32j 64, Geometric progression. 

{0, 1, 2, Sf\ 4, 5, 6, Inilices, or logarithms. 
1, 3, 9, 27, 81, 243, 729, Geometric pirogression. 

{0, 1, 2, 3, 4, 5, Indices, or logs. 

1, 10, 100, 1000, 10000, 100000, Geom. progres. 



Where it is- evident, tl^at the same indices serve equally 
for any geometric series j and consequently there may be an 



This Capon was again published in Holland by Adrian Vlacq, 
in the ydar 1628, together with the Logarithms of all the numberli 
which Mr. Briggs had omitted ; but he contracted them down to 
10 places of decimals. Mr. Briggs^lso computed the Logarithms 
of the sines, tangents, and secants, to every degree, and centesm, 
or 100th part of a degree, of the whole quadrant ; afid annexed 
theni to the natural sines^ tangents, and secants, which he had 
before computed, to fifteen places of figures. These TaUes, 
with their construction and use, were first published in the year 
1633, after Mr. Bdggs's death, -by Mr. Henry Gellibrand; undef 
the title of TrigonometriaBritannica., . -^ 

Benjamin Ursinus also gave a Table of Napier's Logs, and of 
sines, to ivery 10 seconds. And Chr. Wolf, in his Mathematical 
Lexicon, says that one Van Loser had computed them to every 
sin^e . second, but his untimely death prevented their publica- 
tion. Many other authors have ti*eated on this subject ; but as 
^lieir numbers are frequently inaccurate and incommodiously dis- 
posed, they are now generally neglected. The Tables in mqst 
repute at present, are those of Gardiner in 4 to, first published in 
the year 1742; and my own Tables in 8vo, first printed* in the 
year 17S5, where tlie Logarithms of all numbers naay be easily 
found from 1 to i 0000000 ; and those of the si nes^ tangents, and 
secants, to any degree of accuracy required. 
. Also, Mr. Michael Taylor's Tables in large 4to, containing the 
CQmmon logarithms, and the logarithmic sines and tangents to 
every second of the quadrant. And, in France, the npw book of 
logarithms by Calletj the 2d edition of which, in 1795, has^the 
tables still farther extended, and are printed with what are called 
stereotypes, the types in each page being soldered together into a 
solid mass or block. 

. Dod>on's Antilogarithmic Canon ri-' likewise a ve-y elaborate 
work, aiid used for finding' the numbers aniveriug to ar.y ^;iven 
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ciidless variety of systems of logarithms, to the same com- 
mon numbers, by only changing the 'isecond term, 2,, 3, or 
IC^ &c. of the . geometrical series of whole numbers; anil 
by Interpolation the whole system of numbers may be made 
to .enter the geometric series, and receive their proportional 
logarithms, whether integers or decimals. 

It is also apparent, from the nature, of these series,. that if x 
any two indices be added together, their sum wiU be the 
• index of that numbeir which is equal to ^he product of the 
two terms, in the geometric progression, to which those in- 
dices belong. Thus, the indices 2 and 3, being addejdk to- 
gether, make 5 ; and the numbers 4; and 8,|or the tern^ 
corresponding to those indices, being multiplied teget&er, 
make 3Slj which is the number answering to the index 5. 

In like manner, If any one index be subtracted' from 
another, the difference will be the index of that number 
which is 6qual to the quotient of tlie two terms to which 
those indices belong. Thus, the index 6, minus the index 
4, is =^ 2 ;. and the terms corresponding to those indices are 
64s and 16, whose quotient is = 4, which is the number 
answering to the index 2. 



'1 



For the same reason, if the logarithm of any number 
be multiplied by the index of its power, the product will 
be equal to . the logarithm^ of that power. Thus, the 
index or Ic^arithih pf 4, in the above series, is 2 ; and 
if this number be multiplied by 3, the product will be 
= 6 ; which is the logarithm of 64, or the third power 
of 4. 

And^ if the logarithm of any number be divicled by the 

, ind^ of its root, the quotient will be eqiigl tp the logarithni 

of that root. Thus, the index or logarithiQ of ^4 is 6.; 

and if this number be divided by 2, the quotient will be 

== 3 ; which is ^the logarithm of 8, or tHe sqiiare root 

of64. " ;- ;. 

The logarithms most convenient for practice, are aptch as 
are adapted to a geometric series increasing in a tenfdld pro- 
portion, as in the last of the above forms; and" are thbs^ 
which are to be found, at present, in most of the common 
tables on this subject.' The distinguishing mark of this 
system of logarithms is, that the index or logiirithm of 10 
is 1 J that of 100 is 2 ; that of lOOQ is 3 ; &c. And, in 

L 2 ^^wvraAs^ 
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decimals, ihe logarttlim of '1 is — 1; that of '01 is— 2 } th»f 
of 00 1 is - 8 ; &c. The log. of 1 being in every system. 
"Whence it follows, that the logarithm of any number be- 
tween I and 10, must be and some fractional parts ; and 
that of a number between 10 and 100, will be 1 and some 
fractional parts ; and so on, for any other number whfltevei. 
And since the integral part of a logarithm, usually called the 
Index, or Characteristic, is always thus readily found, it is 
commonly omitted in the tables ; being left to be supplied 
by the operator himself, as occasion requires. 

Anorher Definition of Logarithms is, that the logarithm of 
any number i* the index of that power of some Other num- 
ber, which is eqtial to the gjren number. So, if there be 
N = i', then n is the log. of N ; where n may be either po- 
sitive or negative, or nothing, and the root t- any number 
whatever, according to the different systems of logarithms. 
""When nh — 0, then N is = 1 , whatever the value of r is ; 
which shows, that the log. of i is always 0, in every system 
of logarithms. When n is = 1. then N is ^ f; so that the 
radix r is always that number whose log. is i, in every 
system. When the radix j- is = 2-7 1 S28 1828*59 &c, the 
indices n are the hyperbolic or Napbr's log. of the numbers 
N } so that » is always the hyp. log. of the niunber N or 
(2*71fi Sec.)". 

But when the radix r is = 10, then the index n becomes 
the common or Briggs's fog. of the number N: so that the 
common log. of any number 10° or N, is n the index of 
that power of iO whidi is equal to the said number. Thus 
100, being the second power of 10, will have 2 for its loga- 
rithm ; and 1000, being the third power of 10, will have 3 
for its logarithm: hence also^ if 50 be = 10''*»"% then 
is 1 'CBSST the common log. of 50. And, in general, the 
fc^owing decuple snies of terms, 

vh. 10^ 10^, 10% 10", JO', 10-", 10-% 10^', 10-*, 
or 10000, 1000, 100, 10, I, •!, -01, -OOl, "0001, 
have 4, 3, 2, 1, O, -1, -a, ~$, — *, 
for their logarithms, respectively. And from this scale of 
numbers and logarithms, the same properties easily follow, 
as abov« mentioned. 
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I eompuU the Logarithm 
1, 2, 



atf} bJ the Niiluyal Nutnhtn 
> 5, hfc. 



E the geometric series, 1, 10, lOO, IGQO, 10000, &c, 
apply to it the arithmetic series, Q, 1,2, 3, 4, &c.as 
logarithms— Find a geometric mean between J and 10, or 
between 10 and 100, or any other two adjacent terms of the 
series, between which the number proposed lies. — In like 
manneri between the mean, thus found, and the nearast ex- 
treme, find another geometrical mean; and so on, till you 
arrive within the proposed limit of the number wboae loga- 
rithm is sought. — Find also as many arithmetical means, in 
the same order as you found the geometrievd ones, and these 
will be the logarithms answering to the said ge.pmetncal 
means. 

EXAMPLE. 

Let it be required to find the logarithm of 9. 

Here the proposed number lies between I and 10. 
"^st, then, the log. of 10 is 1, and the log. of 1 is O; 

theref. 1 + H- 2 = ^ = '5 is the arithmetical mean, 
and ^10 X 1 = v'lO = S-IGSZT'TT the geom. mean i 
hence the log. of 3-1G2277T is -5. 

econdly, the log. of lOis 1, and the log.of 3n6227l7 is '5; 
theref. I + vS -t- 2 = '75 is the arithmetical mean, 
and v' 10 X 3- 1 6:22777 = 5-62341 32 is the geom. mean ; 
hence the log. of 5-6234132 is -75. 

tiirdly, the log, of IQis 1, and the log. of 5-62341 32 is -'5; 
theref. i + "75 ^ 2 = -875 is the arithmetical roean, 
and v' lu X .'J-(J235132 = T-4!»&9422 the geom. mew ; 
hence the log. of 7'J-989422 is -875. 
rthly, the_log^_ono is I , and the log. of 7-4939422 is -875 ; 
theref. I -{- -675 ~- '> = -9375 is the arithmetical mean, 
and v'lOx 7'4y89422 = 8-6S96431 the geom. ahean; 
hence the log. of a-i}59543i is 'SaTS. 

♦ The reader who wiihea to inform himself more partieulariy 
ning the history, nature, and construction of Logarithms, 
«iay consult the IntroiltKtion to my Mathematical Tables, lately 
published, where be will 6nd his curiosity amply {ratified. 
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Fifthly, the l og, of 10 i s 1 , and the log. of S-659648 1 is -9375; 

theref. 1 +9375 -7-2 = '96875 is the arithmetical mean, 

and v^lOx 8'65964S1 = 9*3057204 the geom. mean ; 
hence the log. of 9-3057204 is '96875. 

Sixthly, the log. of 8-6596431 is '9375, and the log. of 
' 9-80 57204 is '96875 ; 

theref. '9375 + '96875 - +2 = '^5 3125 is the arith^meanj^^r 

and v" 9*6596431 x 9*3057204 = 8*97687 i 3 the geo- 
metric mean \ 
hence the4og. of 8 '97687 1 3 is *953 1 25. 

And' proceeding in this manner, after 25 extractions, it 
will be found that the logarithm of 8-999999S is '9542425 ; 
which may be 'taken for the logarithm of 9, as it differs so 
little from it, that it is sufficiently exact for all practical pur- 
poses. And in this manner were the logarithms of alinost all 
the prittie numbers' at first computed. 



RULE II*. 

Let h be the number whose logarithm is required to b^ 
found 5 and rfthe number next' less than ^, so that i— ij^ 1, 
the^ logarithm of a being known ; and let s denote the sum 
of the two numbers a -\- h. Then 

1. Divide the constant decimal '8685889638 &c, by s^ 
and reserve the quotient : divide the reserved quotient by 
the square of /, and reserve this quotient : divide this last 
quotient also by the square of /, and again reserve the 
quotient : and ' thus proceed, continually dividing the last 
quotient by the square of /, as long as division can b^ 
made! - ^ 

iJ.'Then write these quotients orderly under one another, 
the first. uppermost, and divide them respectively by the odd 
numbers, J, 3, 5, 7, 9, '&c, as long as division can be made ; 
that is, divide the first reserved quotient by l,.the seomd by 
3, the third by 5, the fourth by 7, and so on. 

d.* Add all these last quotients together, and th^ sum will 
be the logarithm 6/f + a: therefore to this logarithm add 
also the given logarithm of the said next less number ar, so 
will the last sum be the logarithm of the numl^r h proposed. 



.; 



f /For the demonstration of this rule, s«e my MaihemaMcalt 
Tables, p..).09/&9; -..v 

That 
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Tiutis, . ,- ,.., . , 

Log. of t IS log, « + ^ X ( I + ^ + -^ '+ -^ +>c:) 

where n denotes the constant given decimal *|}6j^89638 &c. 



EXAMPLES. 






Ex. ] . Let it be required to find the log.;'bf the number 2, 
Here the ^ven number ^ is 2, and the ti^xt \ek% numl)er a 
is 1, whose log. is 0; also the sum 2 + 1 = S =: j, and its 
square i* = 9. . Then the operation will be as follows : 



3 
9 
9 
9 
9 
9 
9 
9 
$ 



) 



'868588964 

•289529654. 

32169962 

3574440 

397160 

44129 

4903 

545 

61* 



1 ) 
3 ) 
) 



•28952965;^. ( r289529654.,; 
3216996^, ( 10723321 



5 

7 
9 

11 ) 
13 ) 

15) 



3574440 ( 

397160 ( 

441^9 ( 

4903 ( 

545 ( 

61 i- 



714888 

5G737 

4903 

446 

42 

4^ 



; ■/ 



log. of ij: - 
add log, 1 - 



•301029995 
000000000 



log. of 2 , . •30102999^ 

Ex. 2. To compute the logarithm of the number 3. 
Here ^ = 3, th^ next less number « == 2, and the sum 
' ^ + i =r 5 = ^, whose square s^ is 25^ to divide by which, 
always .multiply by •04. Then the operation is as follows: 



5 
25 
25 
25 
25 
95 



•868588964 

.173717793 

6948712. 

277948 

11118 

445 

18 



1 ) 
3 ) 

7.) 

9 ) 

11 ) 



•173717793 ( 
6948712 ( 



2719*8. 

11118 

445 

18 



( 
( 

{ 
( 



log. of 4 - 
log. of 2 ^dd 



•173717793 
2316237- 

55590 

1588 

50 

' 2 

•176091260 
•301029995 



log. of. 3 sought ^477 121255 

Then, because the sum of the logarithms o£ numbers, ^ 
gives the 4ogarithm of their product $ and thq diflerence of 
the logarithms, gives the logarithm of the quotient of the 
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numbers ; from the above two logarithms^ and the lonrIthfl| 
of 10, which 1^ 1, we may raise a great many logariuuiiSy ai 
•in the following examples : 

Because S* = 9, therdfbre 
log. S .. •47712lS5Vr 
mult, by 2 2 



^XAMPtB 3. 

Because 2 x 2 == 4, therefore 
to log. S - *5010299954 
add log. ?w •5010299951 

l^un 16 l9g. 4 -6020599911 



EXAMPLES. 

Because 2 X S s^ 0^ therefore 
to log. S ^ •861029995 
add fog. 3. -477121255 

sum is Jog. 6. '778151250 



XXAMPLB & 

Because 2^ =■ 8, therefore 
log. 2 - -3010^99954 
mult, by 3 3 

f^^f^ log. 8 '903089987 



gives fog. 9 -954242509 



EXAMPLE 7* 

Because V = 5^ therefore 
from log. 10 1-000000000 
take log. 2 *30i029f95|. 

leaves log. 5 •698970004} 



EXAMPLE 8« 

Because 3x4 = 12, therefore 
to log. 3 - -477121255 
add log, 4 -602059991 

gives log. 12 1-079181246 



^d thusj computiBgft by this general rulei the logarithms 
tatke other prime numbers, 7, 1 1, 13^ 17, 19, ^, &c, and 
jthen using composition and division, we may easily find as 
many logarithms as we please, or may speedily examine any 
logarithcn in the table ** 
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^' There are, besides these, many other ingenious methods* 
which later writers have discovered for finding the logarithms of 
pumbcfSy in a much easier way than by the ojriginal inventor ; but, 
as they cannot be understood without a knowledge of some of the 
higher branches of the mathematics, it is thought proper to omit 
themj ^nd to refer the reader to those worlds which are- written 
ei^ressly on the subject. It would likewise much exceed the 
limits of this compendium, to point out all the peculiar artifices 
that are made use of for constructing an entire table of these num- 
bers 5 but any infisrmation of this kind, which the learner may 
wish to obtain, may he found in my Tables, before mentioned. 



Description 
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Dexriftien and Ute of the Table ^Logarithms. 

Having explained the manner of forming a table of the 
Jogarithms of numbers, greater than unity; the next thing to 
be done is, to show how the logarithnis of fractional quan- 
tities may be found. In order to this, it may be observed, 
that as in the former case a geometric series is supposed to 
increase towards the left, from unity, so in the latter case 
it is supposed to decrease toirards the right hand, still be- 
ginning with -unit; as exhibited in the general description, 
page I *8, where the indices being made negative, still show 
the logarithms to which they belong. Whence it appears, 
that as + 1 is the log. of 10, so - 1 is the log. of Vb or "1 ; 
and as + 2 is the log. of 100, so — 2 is the log. of ^4vr or 
•01 : and so on. 

Hence it appears in general, that all numbers which con- 
sist of the same figures, whether they be integral, or frac- 
tional, OP mixed, will have the decimal parts of their loga- 
rithms the same, but differing only in the index, which will 
be more or less, and positive or negative, according to the 
place of the first figure of the number. 

Thus, the logarithm of 2651 being 3-4J3410, the log. of 
vi 11 be as follows : 



"■ 7r». or TWTiT. &c, part of it 
Numbers. 
2 6 5 1 
2 6 5-1 
2 6-51 
2-651 
■2651 
•02651 
•00265 1 



Logarithms. 
3-423410 
2-423410 
1 ■♦ 2 3 + 1 
0-423410 
- 1 ■* 2 3 1- 1 
-2 -4 2 3 4 I 
-3-423410 



K. Hence it also appears, that the index of any logaridim, is 
always less by 1 than the number of integer figures which 
the natural number consists of; or it is equal to the distance 
of the first figure from the place of units, or fio-st place of iij- 
ttgers, whether on the left, or on the right; of it : and this 
Cj ^ex is constantly to be placed on the left-band side of the 
B^ecimal part of the logarithm. 

r When there are integers in the given niunber, the index 
Is always affirmative ; but when there are no integers, tb» 
index is negative, and is to be inacted by a short line drawn 
before it, or else above it. Thus, 

A number having 1,2, 3, 4, 5,&c, integer places, 
■ tl«indpx of its log. isO, 1,2,3, 4,&c. ar 1 Ins ehan those 
places. 
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A^d a decimal fraction having Its first figure In tlie 

1st, 2d, 3d, 4th, &.c, place of ihe decimals, has always 
— 1, —2, — 3, —4, &c, for the index of its logarithm. 
Jt may also be observed, that though the indices of frac- 
tional quantities are negative,, yet the decimal parts of their 
logarithms are always affirmative. And the negative mark (^—) 
may be set either before the index or over it. 

-. • • • ■ ■ 

4 

1. TO FIND, I'ii THE TABLE, THE LOGARITHM TO ANY 

NUMBER*. 

1. If the given Nun^ber be less than 100, or consist of 
only two ^figures ) its log. is immediately found by inspection 
in the first page of the table, which . contains all ' numbers 
from 1 to 100, with their logs* and the index innnediately 
annexed in the next column. 

So the log.of 5 is 0*608970. The log. of 23 is VZSl'nS. 
The log. of 50 is 1 '698970. And so^n. 

2. Jy" the Number be more than 100 but less than lOOOO; 
that is^ consisting of either • three or four figures; the 
decimal part of the logarithm is found by inspection* in the 
other pages of the table/ standing against the given number, in 
this manner; viz. the first three figures of the given n;umber in 
the first column of the page, and the fourth figure oiie of those 
along the top line of it ; then in the angle of meeting are the 
last four figures of the logarithm, and the first two figures of the 
same at the beginning of the Same line Jn the second column 
of the page : to which is to be prefixed the proper videx> 
which is always I less than the number of integer figures* 

So the logarithm of 25i is 2'399674, that is, the decimal 
•399674 found in the table, with the index 2 prefixed, be- 
cause the given number contains three integers. And the 
log. of 34-09 is 1-532627, that is, the decimal -532621 
found in the table, with the inidex 1 prefixed, because the 
given number contains two integers. 

3. But if the given Number rontain more than four figures ^ 
take out the logarithm of the fir§t four figures by inspection 
in the table, as before, as als^ the next greater logarithm^ 
subtracting the one logarithm from the other, as also their 
corresponding numbers the one from the other. Then say^ 

As the difference between the two numbers. 
Is to the differencif of their logarithms, 
' So is the remaining pxtt of the given number^ 
To the proportional part of the logarithm. 



-w^im 



* See the table of Logarithms, 4|fter th« Geometry, at the end 
of this volume. 
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Which part being ^ded to the less logarithm, before taken 
outy gives the whole logarithm sought very nearly. 



EXAMPLE. 



To find the logarithm of the number 3'^'0926. 
The log. of 340900, as before, is 532627* 
And log. of 34.1000 - is 532754.. 

Thediffs. are 100 and 127 



Then, as 100 : 127 : : 26 : 33, the proportional part. 
This added to - - - 532627, the first log. ' ' ■ -^ 
Gives, with the index, 1 '532660 for the log. of S4?'0926. 

4. If the number consist both of integers and fi*actions, or 
is entirely fractional ; find the decimal part of the logarithiu 
the same as if all its figures were integral ; then, this, having 
prefixed to it the proper index, will give the logarithm re- 
quired. 

5. And if the given number be a proper vulgar fraction : 
subtract the logarithm of the denominator from the loga- 
rithm of the numerator, and the rerhainder will be the loga- 
rithm sought ; which, being that of a decimal fraction, must 
always have a negative index. - ^ 

6. But if it be a mixed number ; reduce it to an improper " 
fraction, and find the difference of the logariflims of the 
numerator and denominator, in the same manner as before. 

EXAMPLES. 



1. To find the log. of ^. 
Log. of 37 - .l-56«202 
Log. of 94 - i -973 128. 

bif. log. of |4 - 1-595074 

Where th^ index 1 isnegative. 



2. To find the log. of 11^^. 

First, 1741= Vt'- Then, 
Log. of 405 
Log. of 23 

Dif. log. of 174^ 



^•607455 
l-r561728 

1-24.3727 

-X— 



lU TO FIND THE NATURAL NUMBER TO ANY GIVEN 

LOGARITHM. 

This is to be found in the tables by the reverse method 
to the former, namely, by searching for the proposed loga- 
-ritlim among those in the table, and taking out the corre- 
sponding number by inspection, in which the proper number 
pf integers are to be pointed off, viz. 1 more thati che 
index. For, in finding the number answering to any givea 
io^arithm^ the inden always shows- Viow i-^x xiv^ i\xs»x. ^^vwt^ 
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logarithms; 



maat he remeved from the place of unitSy w, to tb^ left 
hand, or integers, when the index is affirmative; but to th* 
right hand, or decimals, v^hen it is negative. 



EXAMPX^BS. 

80, the number to the l6g. 1-532883 is 34*1U 
Andthe number of the log. 1«532882 is '341 1. 

But if the logarithm cannot be exactly found in t)i0 taiUle ; 
tal^ out the next greater apd the next- 1^$?, sulytractiog the 
one of these logarithms from the other, as alsg their n^turaf 
numbers the one from the other, and the less Ipgaritlim &ojxi 
the lo^pffitlim proposed. Then say, , 

As the difference of the first or tabular logarith^nsj^- 
Is to the difference of their natural numbers. 
So is the difier.^of the given leg. and the lea3t tal^ular log* 
To their corresjponding numeral difference. 
Which being annexed to the least natural number above 
taken, gives the natural number sought^ corresponding to 
t^ proposed logarithm. 



EXAMPLE.. 

So, to find the natural number answering to the giveh 

logarithm 1-532708. 
Here the next greater and next less tabular logarithmS| 
with their corresponding numbers, are as below : 

Next greater 5S2754 its num. 341000; given log. 53270$ 
Next less 532627 its num. 340900; next less 532627 



Differences 



127 — 



100 



81 



Then, as 127 : 100 :: 81 : 64 nearly^ the numeral differ. 

Therefore 34*0964 is the number sought, marking off';twe 
integers, because the index of the givepi logartthoi is i« 

Had the index been negative, thus l'5S210Sy its^ corre* 
sponding number would l^ve been *3409649 wholly ^ 
eimal. 



M^VT\^t^, 
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Take out the lagaridims of the £ictors from the tMeg 
then add the^n together, and their sum will be the logarithm 
of the product required. Th^ by means of the taUe» 
take out the.natural numberj answering to the sum, for the 
product sought^ 

Observing to add what is to be carried from the decimal 
p^t of the logs^thm to the affirmative inde:^ or indices, or 
else subtract it from the negative. 

Also, adding the indices together when they are of the 
same kindt both affirmative or both negative ; but subtracts 
Sng the less from the greater, when Sxe one is affirmative 
and the other negative^ and prefixing the sign of the greater 
to the remainder^ 



EXAMPLSS4 



I4 To multiply 2S' 14 by 
5*062. 
Numbers. Logs. 
23.14 - 1-364363 
5-062 - 0-704322 



Product 117' 1347 2-068685 



2. To multiply 2-5S1926 
by 3-457291. 
Numbers. Logs* 
2^581926 - 0-411944 
3*457291 - 0-538Y36 






Prod. 8-92648 • O-95068O 



S. To mult. 3'902 and 597*16 

and '0314728 all togedxer. 

Numbers. Logs. 

3-902 - 0-591287 

597-16 - 2'776091 

•0314728 -?-497935 



■bSH. 



Prod. 73'3333 - 1'865313 



H^re the — 2 cancels the 2, 
and the 1 to carry from the 
decimals is set down. 



4.T0 mult. 3'586> and 2' 1 046, 
and 0*8372> and 0294aU 
toffether. 

^^Numbers. logs.. 
3-586 - 0-55461© 
2-1046 . 0'323170 
0-8372 -1-922829 
0-0294 -«2'468347 



Prod. 0-1857618-1 -268950 



Here the 2 to carry cancels 
the -^2y andrthere remains the 
-^l to set down. 



• t 
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DIVISION BY LOGARITHMS, 



RXTLE. 

From the logarithm of the dividend subtract the loga- 
rithm of the divisor, and the nnmber answering to the re^ 
mainder will be the quotient required. • 

Observing to change the sign of the index of the divisor^ 
from affirmative to negative, or from negative to affirmative; 
then take the sum of the indices if they be of the same ntoie, 
or their differerice when of different signs, with the sign of 
the greater, for the index to the logarithm of the quotient. 

Arid also, when 1 is borrowed, in the left-hand j^ace of 
the decimal part of the logarithm, add it to the.index of 
the divisor when that index is affirmative, but subtract It 
when negative ; then let the sign of the index arising froin 
hence be changed, and worked with as before. ^ 



EXAMPLES. 



1. To divide 24163 by 4567. 

Numbers. Logs. 
Dividend 24163 - 4-383151 
Divisor 4567 - 3-659631 



Quot. 5'29078 0-723520 



2.Todivide37-149by523-7«. 

Numbers. Logs. 
Dividend 37- 1 49 - 1'569947 
Divisor 523-76 -2-719132 



Quot. -0709275 -2-850815 



3. Divide -06314 by '007241. | 4. To divide -7438 byl2-9476* 



Numbers. Logs. 
Divid. -063 1 4 - 2-«00305 
Divisor -007241 -3-859799 



Quot. 8-71979 0-940506 



Here 1 carried from the 
decimals to the —3, makciit 
become —2, whichtaken from 
the cfther -2i leaves re- 
maining. 



Numbers. Logs. 
Divid. -7438 -1-871456 
Divisor 12-9476 1-112189 



Quot. -057447 -2'759267 



Here^he 1 taken from the 
— 1, makes it become — 2,;to 
set down. 



; Note. As to the Rule-pf-Three, or Rule of Proportion, 

•t IS performed by. adding the logarithms of the 2d and Sd 

nas, and subtracting tkit of the first term from their sum, 



INVOLUTION 
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B 

INVOLUTIOH BY LOGARPTHMSi 

RULE. 

Take out the logarithm of the given fiumber from the 
table. Multiply the log. thus found, by the index of the 
power proposed. Find the number answering to the -pro- 
duct, and it will be- the power required. 

Note. In multiplying a logarithm with a negative index, 
by an a£5rmative number, the product will be negative. 
But what is to be carried from the decimal part of th€ loga- 
rithm, will always be affirmative. And therefore their dif- 
ference will be the index of the product, and is always to be 
made of the same kiijd with the greater, ^ 



EXAMPLES. 



1. To square the number 
2-5791. 
Numb. Log' 

Root 2-5791 - - 0-41 U68 
The index - r 2 



Power 6-65174. 0*822936 



2. To find the cube of 
S-07146. 
Numb: Log. ^ 

Root 3-07146 .. - 0-487345 
The index - - 3 ' 



Power 28-9758 l-46i2035 



S- To raise -09169 to the 4th 
power. 
Numb. Log. 

Root -09163 —2-962038 
The index - - 4 



Pow. •000070494 - 5-848 1 5^ 



Here 4 times the negative 
index being — 8,and 3 to carry, 
the difference — 5 is the index 
of the product. 



4. To raise 1 -0045 to the 
365th^power. 
Numb. Log. 

Root 1-0045 - - 0-001950 
The index - - Z65 



9750 
11700 
5850 



Power 5-14932. ,0-711750 



'tNCi^^'^^'^'^ 
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If AKE the log; of the given number out of the table. 
Divide the log. thus found by the index of the root. Tfietf 
file nottiber answering to the (|uotient, will b« the t-oot. 

ifoU, When the index of the logarithm^ to be ditided, is 
negative, and does not exactly contain die .divisor, -Without 
some remainder, increase the index by such a number as will 
make it exaetiy divisible by the index, eaitying thetmitsbor- 
rd'wed, as so many tend, to the left-huid place of the deoimal^ 
and then divide a6 ill trtiole numbers. 



£x. 1 .To find the square root 
of 365. 
Numb. Log. 

Power 365 2)2-562293 
Root 19-10496 1-281146^ 



Ex. 2. To find the 8d root et 
12S45. 
Numb. Log* 

Power 12345 »)4'091491 
Root 23-1116 l*36383af 



Ex. 3. To find the 10th root 

of 2. 

Numb. Log. 

Power 2, - lO ) 0-301030 

Root 1-071713 0-030103 



Ex. 4. To find the 3,65tIvr6ot 
of 1-045. 
Numb* jLog. 

Power 1 045 365)0-()19il6 
Root 1 -000 1 2 1 0-00005 2^ 



n I i 



Ex. 5. To find v'-093. 
Numb. Log. 

Powe^•093 2 ) - 2-96S4d3 
Root -304959 - 1-484241 j- 

Here the divisor 2 is con- 
tained exactly once in the ne 
gative index —2, and there- 
fore the index of the quotient 
is^I. 



Ex. 6. To find the ^'00048. 

Numb. Log. 

Power -00048 3)-4-68]^41 
Root -0782973 - 2-89^3747 

Here the divisor 3, not being exact- 
ly coDtained in ~4, it is augmented 
by 2, to make up 6, in tdiich the di- 
visor is contained just 2 times; then 
the 2, thus borrowed, being carried t* 
the decimal figure 6, makes 26, which 
divided by 3, gives 8, &c. 



Ex.7. To find 3-14^6 x 82 x ^. 
Ex- 8. To find -02916 x 151-3 x ^. 
Ex. 9. As 7241 : 'S'SS :: 20-46 : ? 
Ex. 10, A9 v^724 : v'tt - • ^'^27 ; ? 
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ALGEBRA. 



DEFINITIONS AND NOTATION. 



1. A: 



LGEBRA is 'the science of computing by symbols. 
It is sometimes also called Analysis ; and is a general kind 
of arithmetic^ or' universal way of computation. 

2. In thb science! quantities of all kinds are represented by 
the letters of the alphabet. . And the operations to b^ per** 
formed with them, as addition or subtraction, &c, are de- 
noted by certain simple characters, instead of being expressed 
by words at length. 

3. In algebraical questions, some quantities are known or 
given, viz. those whose values are known : and others un- 
known, or arfi. to be found out, viz. those whose values are 
not known. The former of .these are -represented by the 
leading letters of the alphabiet, a, b^ c^ d^ &c ; ^nd the latter^^ 
or unknown quantities, by the final letters, z, y^ x, u, See. 

4. The characters used to denotev the operations, are 
chiefly the following :, ' 

-f- signifies addition, and is nzmed plus, 

— signifies subtraction, and is named minus. 

X or . signifies multiplication, and is named into. 

"ir signifies division, and is named ty* 

V^ signifies the square root j ^ the cubo root ; ^ tht 
4th root, &c ; and y« the nth root. 

: : : : signifies proportion. 

= signifies equality, and is named ejual to. 

And so on for other operations. 

Thus tf + ^ denotes that the number represented by t is 
to be added to that represented by a. 

a—b denotes, that the number represented by b is to be 
subtracted from that represented by a. 

a^ b denotes the difierence of a and b^ when it is not 
known which is the greater. 
• Vol. I. M ab^Qt 
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abf or a X i, or a.i^ expresses the product, by mnltipli- 
cation, of the numbers represented by a and ^. 

a -7- ^i ^^ "T' ^^^^^^> ^''^^ ^^* number represented by # 

is to be divided by that which is expressed by h, 

a : h :: c : di signifies that tf is in the same proportion to ^» 

as c is to d, 

A? = fl — ^ + risan equation, expressing that x b equal 

to the difference of a and h, -added to the quantity r. 

^a, or a^y denotes the square root of j; ^a, or4f^,the 

z 

cube root of ^r ; and ^d^ or a^ the cube root of the square of*; 
also ^Of or fl*", is the »ith root of ^ ; and y/^" or tu is the 
nth poWer of the mth root of a, or it is a to the ^ power* 

a^ denotes the square of a; c? the cube of tf ; a* the fourth 
power of a ; and a^ the «th power of a, 

a-\-bxCi or {a-\-b) tf, denotes the product of the compotmd 
quantity a-\-b multiplied by the simple quantity c. iJring; 

the bar , or the parenthesis ( ) as a vinculum, to connect 

several simple quantities into one compound* 

a-\-b 

« + ^-rtf — ^, or-— :, expressed like a fraction, means 

the quotient of <i + i divided by a — i. 
— I 

\^ab + cd, or {ab + rrf)^, is the square root of the com-^ 

pound quantity ^i^ + cd. And c^/ab + cdy or c {ah -Y cdy, 

denotes the product of c into the square root of the compound 

quantity ab -\- cd* 

^ 

a -{- b — c f or (a + b ^ cy, denotes the cube, or third 

power, of the compound quantity a + b -- c. 
. ' 3a denotes that the quantity a is to be taken S times, and 
4 [a + b) is 4- times a -{- b. And these numbers, 3 or 4> 
showing how often the quantities are to be taken, or multi- 
plied, are called Co-efEcients. 

Also ^x denotes that x is multipled by ^ ; thus ^ x * or 

5. Like Quantities, are those which consist of the same 
letters, and powers. As a and 3^; or 2ab and 4abi or^ 
9dbc and — So' be, 

6, Unlike Quantities, are those which consist of different 
letters, or different powers. As a and 3 ; or 2a and a^ \ or 
Sic^ and 3abc. 

% Simple 
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7. Simple Quantities, are those which consist of one term 
Only. As Sdf or Sdh^ or 6alfc\ 

8. Compound Quaiitities are those which consist of two or 
more terms. As ^ -f- ^, or 2a — 3r, or « + 2^ — 3c. 

9. And when the compound quantity consists of two 
terms, it is called a Binomial, as a + ^; when of three terms, 
it is a Trinomial, as a + 2b — 3^ ; when of four terms, a 
Quadrinomial, as 2a — 3^ + <• — 4rf ; ^nd so on. Also, a 
Multinomial or Polynomial, consists of many terms.* 

10. A' Residual Quantity, is a binomial having one of th^ 
terms negative. As ^^ — 2^. 

1 1 . Positive or Affirmative Quantitiies, are those which are 
to be added, or have the sign + ; As a or '•{- dy or ah : for 
i^hen a quantity is found without a sign, it is understood to 
be positive^ or have thfe sign + prefixed. 

12. Negative Quantities, are those which aref to be sub- 
tracted. As — /J, or — 2aiy or — Sai^. 

13. Like Signs, are either all positive ( + ), or all nega- 
tive (—). 

14. Unlike Signs, are when some are positive ( + ), and 
others negative ( — ). 

15. The Co-efficient of anv quantity, as shown above, is 
the number prefixed to it. As 3, in the quantity ^ab. 

16. The Power of a quantity (a), is its square {e^)^ or 
cube (^1^), or biquadrate (^i'^), Sec ; called also, the 2d powfer, 
or 3d pqwer^ or 4th power, &c. 

17. The Index or Exponent, is the number which dertptes 
the power or root of a quantity.' So 2 is the exponent of 
the square or second power a^ ; and 3 is the index of the 

cube or 3d power ; and i is the index of the square root, a^ 

or y/a i and y is the index of tlie cube root, d^y or ^a. 

18. A Rational Quantity, is that which has no radical 
sign (\/) or index annexed to it. As a, or Sab. 

19. An Irrational Quantity, or Surd, is that which has 

iiot an exact root, or is expressed by meaiis of the radical 

I 
sign v^. As -v^2, or ^o, or^^*, or ab^. 

20. The Reciprocal of any quantity, is that quantity in- 
verted^ or unity divided by it* So, the reciprocal of a, or 

---,is — , and the reciprocal of -7- is — . 

' M2 ^\<T>afe 
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21. The letters by Which any simple quantity is expressed, 
may be ranged according to any order at pleasure. So the 
product of a and b^ may be either expressed by ab^ or ba ; 
and the product of a^ b^ and c^ by either abc^ or acb^ or bac^ 
or bca^ or caby or cba ; as it matters not which quantities are 
placed or multiplied first. But it will be sbmetimes found 
convenient in long operations, to place the several letters 
according to their order in the alphabet, as abcy which order 
also occurs -most easily or naturally to the mind. 

22. Likewise, the several members, or terms, of which a 
compound quantity is composed, may be disposed in any 
order at pleasure, without altering the value of the signifi* 
catiofi of the whole. Thus, Sa — 2ab -f ^abc may also be 
written ^a + ^abc — 2aby or ^abc -f 3a — 2aby or — 2ai + Stf 
+ 4a^r,'&c; for all these represent the same thing, namely> 
the quantity whfch remains, when the quantity or term 2ai 
is subtracted from the sum of the terms or quantitiies Stf and 
Aabc. But it is most usual and natural, to begin with a po- 
sitive term, and with the first letters of the alphabet. 

SOME EXAMPLES FOR PRACTICE, 

In finding th^ numeral values of various expressions^- or 

combinations, of quantities. 

' Supposing a = 6^ and b =^ Sy and r = 4, and d= l^ an4 
/ = 0. Then 

1. Willii* + 3tf* — ^ = 86 + 90-16= 110. 

2. And 2tf'- 3a^b + ^ = 432—540 + 64 = —44. 



3. And a* X « + b-^abc = 36 x 11-240 = 156. 
4: And— --r- + ^ = -rr + 16 = 12 + 16 = 28. . 



'5, And ^2ac+^ or 2ac+7]'^ zz v'64 = 8. 

ibc AT. 

6. And ^/c + y =2 +_ = 7. 

V^ac + r* 8 

« A- J ^' - x/b^-ac _ 36 - 1 35 _ -' 

7. And ' /■ = = — =2 7. 

2a''x/^^^ac 12 — 7 5 



8. And ^ b'' -acM'V2ac + ^ =1 + 8 = 9. 

9. And ^/b'-ac + v^2flr + tf*=v'25-24 + 8 = 3. 

10. And fl** + r - rf = 183. 

il. And 9a* - 104* + ^ = 24. 

12. And 
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12. And — X d = 45. 

c 

aA-^ b 

•IS, And— ^ x.-T= 134. 
c a * 

. ' .a-^b a^b 

14. And— ^- 7- = 1|. 

c a 

, an 

15. And + ^=45. 

c 

4^b 

16. And X ^ =0. 

c 



17. And*— ^Xfl? — ^ = 1. 



18. Andfl + 3— r— fl^= 8. 

19. Andfl-I:* — c ^d = €• 

20. AndtfV X £P= 144. 

21. And^lri- J = 23, 

22. Anda'e + b'^e-\'d= 1. 

* — <? a+b 

23. And r; — X - — J — 1«: 
— e c — a 



24. And-v/a*+3"— v/«* - ** = 4-4936249. 

25. And 3^z(^ + l^a^ - *' :tr 292-497942. 

26. And 4a*-. Sai v^fl^-|^ = 72. 



addition- 



Addition, in Algebra, is the connecting th,e quantities 
together by their proper signs, and incorporating" or uniting 
, into one term or sum, such as are similar, and c^m be united. 
As 3a + 2* — 2dr = /J + 2*, the sum. 

The rule of addition in algebra, may be divided into three ' 
cases : one, when the quantities are like, and their signs like 
also ; a second, when the quantities are like, but their signs 
unlike; and the third, when the <juantities^are ninlike^ 
Which are performed as follows*. 

CASE 



* The reasons on which these operations are founded^ will rea- 
dily appear, by a little reflection on the nature of the quantities to 
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, < 

CASE I. 

When the Quantities are Like, and I?ave Like Signs,. 

Add the coefficients together, and set down the surn i 
after which set the common letter or letters of the lik<^ 
quantities, and prefix the common sign + or — . 



be added, or collected together. For, with regard to the first ex- 
ample, where the quantities are 3a and 5a, whatever a represent^ 
in the one term, it will represent the same thing in the other; so 
that 3 times any thing and 5 times the same thing* collected 
together, must needs make 8 times that thing. As if a denote ^ 
shilling ; then 3a is 3 shillings, and 5a is 5 shillings, and their sum 
iB shillings/ In like manner, — 2a6 and ^lahj or — 2 times any 
thing, and — 7'ti'nes the same thing, make -^9 times that thing. 

As tothe^second case, Jn which the quantities are like,' but the 
signs unlike \ ' the reason of. its operation will easily appear, by 
reflecting, that addition means only the uniting of quantities to- 
gether by means of the arithmetical operations denoted by their 
isigns -f- and—-, or of addition and subtraction ; which being of 
contrary or opposite natures, the one co-efficient must be sub- 
tracted from the other, to obtain the incorporated or united mass. 

As to the third case, where the quantities are unlike, it is plaii^ 
that su'ch quantities cannot be united into one, or otherwise added^ 
than by means of their signs : thus, for example, if ff be supposed 
to represent a crown, and h a shilling; then, the sum of « and b 
.can be neither 2a nor 'lb, that is neither 2 crowns nor 2 shillings, 
bat only ] crown plus 1 shilling, that is a -^ b. 

In this rule, the word addition is not very properly used ; being 
much loo limited to express the operation here performed. The 
business of this operation is to incorporate into one mass, or alge- 
braip expression, different algebraic quantities, as far as an actual 
incorporation or union is possible ; and to retain the algebraic 
marks for doing it,' in cases where the former is not possible. 
When we have several quantities, some affirmative and some ne- 
gative ', and the relation of these quantities can in the whole or iri 
part be discovered : such incorporation of two or more quantities 
into one, is plainly effected by the foregoing rules. 

It may seem a paradox, that what is called addition in algebra, 
should sometimes mean addition, and sometimes subtraction. But 
the paradox wliolly arises from the scantiness of the name given to 
the algebraic proc ss ; from enVploying ^n 61d term in a new and 
more enlarged sense. Instead of addition, call it incorporation, 
or union, or striking a balance, or any name to which a more ex- 
tensive idea may be annexed, than that which is usually implied 
ffy the word addition \ aad the paradox v^shes. 



ThuSy 3a added to 5^, makes 8a* 

And -^^ah added to — 7^^, makes ^9^*. 

And 5a + 7^ added^to 7ii + 3^^ makes 12a 4- 10^ 



OTHER EXAMPLES FOR PRACTICE. 



34 - 34;jp *A<y 

5a — 4^^ i/Sv 

a — lix thxy 

2a — bx 6^: 

■"""" * ' . ' ■ ■ " ■ ? - * , 

Sla - 22bx labxy 





3x* + hxy 


1 ■ '.-. 

* • . r 

2ax — 4jf 


Sz ' 


«^ + Ary 


4aaf -». J 


-4z 


2Af'- + 4*9 


ax — .8^ 


a 


5;v* + ^ 


5a;r — By 


5z 


4;e* + S«y 


lax — 2; 



152 15x* + 15xy 19aAr — ISy 



»i »■ 



5;k';> - 12/ 4a — 4^ 

l4A:jr - - 7/ '- 5a -5b 

W.xf — 2/ • -r 6^ -A 4 - 

\lxy - 4/" ' - 8a -^'fift - 

4jry '• - - a/ -^ - 8a -^.?* - 



8a -^ -li^f - 3jf; • ' 5xy - J*i+ 4ai 

23 -r lQjc| - 44fy Ja-;^ - 4^ + 3a3 

14 - 14*y - Ixy 3xy - fe + 'Sab 

ib — l&xj — 5xy xy — iit 4- ab 

16 -T .^Oa?'^ - ^J^ V ixy - « + 7^* 

- ^ — J. -.i-a . .. J I . . . -— ^ 

> 4 ■ ■ I I I Wll 'J.... _. 



CASB 
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CASE II. 

W^en the Quantities are Like, but have UnRke Signs : 

Add all the affirmative co-efficients into one sum, and all 
the negative ones into another, when there are several of a 
kind. Then subtract the less sum, or the less co-efficient, 
from the greater; and to the remainder prefix the sign of the 
greater, and suli^oin the common Quantity or letters. 

So + 6a2nA. — Say united, make + 2a. 
And — 5a and + Sat, united, make .— 2a. 

OTHER EXAMPLES FOR PRACTICE. 

,— 5tf + Sax* . + Sx^ + Sy 

+ 4/3 + 4ax^ - 5x^ + 4y 

+ 6a — Bax"^ - 16x^ + 5y \ 

-- 2a — 6fljp* + Sx^ ^ 7y 

+ a ^ + 5ax^ 4- 2p^ -^ 2y 

+ 3tf + 2ax^ .— 8fl^+,iqy 



— 


s»» 


+ 


uy 


— 




+ 


9by 


— 


JOa*. 


' » 


iu*y 


+ 


iOtf* 


— 


i9*y 


+ 


14fl* 


. — 


2by 



- 4tf* + 12 
+ lab -- 14. 
+ «3 + 3 
~ 5fl* - 10 





+ 10^ ax 


+ 8y + 4fl*^ 

V 


+ '^*^ 




— y — Sax^ 


+ ^ax'' ... 


+ A»,/ax 


+ 4y + ai*'^ 


-^ enjF 


— \2*/ax ' 


— 2y 4- 6tf ^c"^ 



■WMI 



tk^^ 
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CASE III. 
. When the Quantities are Unliie. 

Having collected together, au the like quantities, as. iq 
the two foregoing cases, set down those that are unlike, one 
after another, with their proper signs. 

.£XAMPJLES. 



2ax 



2xy + Sax 



exy-l^x* 
— 4;r*+ 3xy 

+ 4jr*— 2xy 
— 3jy^+ 4jr* 

4xy-^ Sx\ 



AfffX-^lSO + Sx^ 
5x* +3tf-r+9a:* 

z 
Ixy —4x^+90 

^x+W -to' 
lax + Sx*+lTy 



9z^y* 
-Ix^y 
■+3axy 
'^4x*y 



14tf:r— U.r* 
5ax+SXy 
Sf ^4ax 
3a:** + 26 



S+lOA/ax—Sy 

^x+ 1y/;i;y+5y 

.Sy + SVax—ify 

10- ifA/ax-^'4y 



4x*y 


4y/x — Zy 


3fl* + 9 + x^—4 


— 6j;/ 


2\/xy-{-i4fX 


2a^ - 8 +2fl[* — 3x 


-^Sytx 


Sx + 2y 


4jr*-2fl*+18 -.-7 


-Ix'y 


"S-^S^xy 


-12+ a^Sx*-2y 



Add tf + * and Stf — 6b together.. 
Add 5fl— 8ar and 3tf — 4jr together. 
Add 6x-5^.+ tf + 8to — 5flr — 4r +4*-3. 
Add tf + 2*-3£:- 10 to 3*— 4^ + 5^ + 10 and 5*-r. 
Add a + b and tf — i together. 

AddStf +i-lO tor— ^/— fland — 4r + 2^-3*— 7. 
Add Sfl» +.**-r to 2/«*-3fl* + fc-^. 
Add i|5 + *V-** to ab'^-abc + h". 

Add 9flr— 8* + IOat— 6rf-7<: + 50 to 24r- 3^—5^ + 4* + 
6i/-10. 4 



stBTRACTI0K« 



r7ft 
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SUBTRACTION. 

Set down in one line the first quantities from which the 
subtraction is to be made j and underneath them place all the 
other quantities, composing the subtrahend : ranging tiie like 
quantities- under each other, as in Addition. 

Then change all the sisns (' + and — ) of the lower line, 
or conceive them to be cnanged ; after which, collect all the 
terms together as in the cases of Addition *. 






EXAMPLES. 

ex"- +5)1-4 






Ren*, •-^/j' + 5^- r 3jr*-19j!i+12 4jr)> + ♦ -f 12x+ 3^ 



■»■■* 



> ' ru 



From Ssy-^ 6 4/— Sjr-— 4 
Take -2Ty+ 6.. 2/ + 2ji + 4 



— 2a— 6x — 5jry 
3xj?— 9»r + 8— 2tfy 



Reid. Ijtj;— 12 2/--5j|~8 -28 + 3x~8jry+2dr7 



From 8x^^ + 6 
Take -2jr*j; + 2 

Rem. 



5^xy + 2x,^^xy 7jr^ + 2v/x— 18 + 3* 
7\/xy + 3'-'2xy 9t*-12 +5*+jr"^ 



♦ This rule is founded on the consideration, that addition and 
subtraction are opposite to each other in their nature and operal^i^n^ 
as are the signs + and — , by which they are expressed and repre- 
sented. 3o that, since to unite a negative quantity with a "pbsitive 
one of the same kind, has the ^ffect of diminishfng it, or Abduct- 
ing ati equal positive ^one froni it, therefore to subtract a positive 
(which is the opposite of uniting or adding) is to aitfd the eqtial 
negative quantitjr. tn ijke manrier, to siubtract a negative- quan- 
tity, is the same in effect as to add or unite ^n equal positive one. 
So that, by changing the. sign of a quantity from + to -^, or 
fr^Di ~ to +, changes its nature from a subductive quantity to an 
additive one j and any quantity is in effect sublrgcted^ by barely 
changing its sign. • 



MULTIPLICATION. I7l 

1 

Sry - 30 7x^-2 {a + b) 3ar/ + 20ax/{xy + 10) 
Ixy-^ 50 2x^-4! {a + b) 4xy + 12^\/(^jp + 10) 



T 



From a •{- by take a—b. 

From 4a + 4^, take^ +^- 

From 4fa — 4by take 3^ + 5^. 

From 8^—1 '2jr, take 4a — Sjp. 

From2x— 4a — 2^ + 5, takleS — 5* + a + Or. 

From 3a + ^ + r— </— 10, take c + 2a-d. 

From 3a + ^ + ^:-^/- 10, take ^- 10 + 3a. 

From 2ab + ^^—4^ + 3r— ^, take 3a'' — r + b\ 

From a* + 3^V + ab' — abcy take ^ + alp- — abc. 

From 1 2jr + 6a - 4^ + 40, take 4'3 - 3a + 4r + 6i— 10. 

From 2.r— 3a + 43 +6r-50, tafce9a+;r +63--6r— 40, 

From. 6iX-43- 12^: + 12t, take 2^-8^ -{- 4i^-5r. 



MULTIPLICAXION. 



1 
TThis consists of several cases, according as the factors are ' 

simple or compound quantities. 

CASE I. When both the Factors are Simple Quantities; 

f iRsT multiply the co- efficients of the two terms together,, 
(hen to the product annex all the letters in those terxnsi^- 
which will give the whole product required. 

Note*, Like signs, in the factors, produce +, and unlike 
jsigns —, in the products. - 



^XAMP£.£Si 



* That this raje for th^ signs is true, may be thus shown, 
J. When +. a is to be tntiltipjied by + c; the meaning Is; that 
-f a is to be taken «s mdny limes as there are units in c ; stid ^ince 
the sum of any number of positive terms is positive^ it follows, that 
4- a X + c makes + ac. " ' 



lOa 

2b 


ALGF.BRa. 

EXA?4PLES. 
+ 2^ -4^ 


• 

-6Lr 
-4tf 


20ab 


~6fl^ 


-28flr 


+ 24tfr 


-Zah 


9iJ^x ^ 
4t 


3xjr* 


-4X, 


-Uifbc 


seo^x* 


-6^y 

-4 


+4ary 


— .Sat 
4-r 


— AT 


"Sax 








* 




CASE II. 




J 



J^iJ^w ^;^^ of the Factors is a Compound Quantity ; 

Multiply every term of the multiplicand, or compound 
quantity, separately, by the multiplier, as in the former 
case; placing the products one iFter another, with the 
proper signs; and the result will be the whole product 
required. 



2. When two quantities are to be multiplied together, the rc- 
•ult will be exactly the same, in whatever order they are placed ; 
for a times c is the same as c times a, and therefore, when — a is 
to be multiplied by + c, or + c by — a .* this is the same' thing 
as taking — a as many times qs there are units in 4- c ; and as the 
sum of any number of negative terms is negative, it follows that '■ 
y^a X 4- c, or 4- rt X — c make or produce — ac, 

3. When —a is to be- multiplied by — c: here — « is to be 
subtracted as often as there are units in c:. but subtracting nega- 
tives is the same thing as adding affirmatives, by the demonstration 
of the rule for subtraction 5 consequently the product is c times a, 
or + ac. 

Otherwise. Since a — a r: 0, therefore (a -r a) X — c is also ^ 
= 0, because multiplied by any quantity, is' still but ; and 
since the first term of the product, or a X — c is :=: — ac, by the , 
second case; therefore the last term of the product, or — a x — c, . 
must be -f- ac, to make the sum =: 0, or — ac + ac =1 O3 that is, 
— oX — ccz + ac, ^ 



/ » 



MULTIPLICATION. 



m 



EXAMPLES. 



5a- 3c 
2a 


Sac - 4b 
3a 


, 2a''-3c^S 
be 


lOa^-Gac 


9a^c^V2jab 


2a^bc-ibd''^5bc 


\2x-^ac 
4a 


25c -lb 
-2tf 


■V. 

4X'-b + 3ab 
2ab 


■ \ 




f ' 


3r* + X 
4jcy 


10^* ~ 3/ 
— 4.r* 


3tf*-2x*-6* 
2Ar* 










CASE III. 


• 



When both the Factors are Compound Quantities: 

Multiply every tenn of the multiplier by every term of 
the multiplicand, separatdy ; setting down the products one 
after or under another, with their proper signs ; and add the 
several lines of products all together for the whole product 
required. 



a-\rb 



Sx-{'2y 
4x — 5y 



a^-^ab 
-k-ab-^-h' 



\2x^+Sxy 

— 15x^—10/ 



2x^'\-xy'-2f 
Sx—3y 

6x^-{-3x^y-exf 

-6jr*;^-3ar/+6/ 



a^-\'2ab-\-b' \2x^'^ Ixy-lOf e^x^-3x^y-9xf-{-6f 



M+b 
a-b 



a'-^ab 
-ab - b' 



.t 



* - i^ 



^^-hy 
^"■-hy 

X^-^-yx^ 
x^-\'2yx^+f 



a'+ab+b'^ 
a-b 

» II » ■■■.■' J ' 

^3 * % ^p 



ISdc. 



«> 



M4 ALGEBRA. 

Note. In the multiplication of compound quantities, it is 
the best way to set them down in order, according to the 
powers and the letters of the alphabet. And in multiplying 
them, begin at the left-hand side, aild multiply from the left 
hand towards the right, in the manner that we write, which 
is cbntrary to the way of multiplying numbers. But in 
setting down the several products, as they arise, in the second 
and following lines, range them under the like terms in the 
lines above, when there are such like quantities ; which is 
the easiest way for adding them up together. 

In many cases, the multiplication of compound quantities 
is only to be performed by setting them down one after 
another, each within or under a vinculum, with a ' sign of 
multiplication between them. As (a + ^) x [a — b) x Sak^ 



EXAMPLES FOR PRACTICE. 

1. Multiply lOac by 2a. Ans.'20fl*r. 

2. Multiply 3^* - 2* by 3k Ans. 9a't- 63\ 

3. Multiply Sa +2b by 3a- 2b. Ans. 9tf*~4^*. 

4. Multiply a^^-xy+y^hy X +y. Ans. x^ + f. 

5. Multiply a^ + a^b + ab"- + b^hj a-b. Ans. a^-b^ 

6. Multiply a^ +ab + b' by a* - a* + **. 

7. Multiply Sjr*-2j:j> + 5 by X* + 2xy— 6. 

8. Multiply 3d^'-2ax -f o.r^by S«*-4^jr-7A 

9. Mukiply 3x^ + 2jry + 3/ by 2.r'-3:r*/ + 3/. 
10. Muhiply a'-^ab+b'-hY a- 2b. 



DIVISION* 



Division in Algebra, like that in numbers, is the conv«*se 
of multiplication ; and it is performed like that of nun^beri 
also, by beginning at the left-hand side, and dividing all the 
parts of the dividend by the divisor, when they can be 90 
divided; or ^e by setting them down like a ft*;ictibn, the 
dividend over the divisor, and then abbreviating the fraction 
as much as can be done. This will naturally divide into 
the following particular cases. 



cis.-^ 



/■ I 



DiVISICiN. 'Its 

t 
.1 

CASJE I. 

< 

When the Dpuisor and Dividend ^re hoth 'Smip/e Quantitieis; 

Set the terms both down as in division of numbers, either 
the divisor before the dividend, or below it, liire the deno- 
minator of a fraction. Then abbreviate these terms as 
much as can be done, by cancelling or striking out all the 
letters that are common to them both, and also dividing, 
the one co-efficient by the other, or abbreviating them after 
fhe manner of a fraction, by dividing them by their common ^ 
measure* - 

Note, Like signs in the two factors make + in the^ quo- 
tient; and uniy^e signs make '^; the same as in multipli- 
cation*. 

EXAMPLES. 

1. To divide 6^7* l^y S^. 

Qab 
Here Bab -r 2a. or Za ) 6ab ( or — - = 2*. 

^^ ^a 

I c ahx m 

2. Also c-^c = — , = 1 ; and abx -r- bxy zz - — zz — .* 

. c ' ^ bxy y 

3. Divide I6jr* by 8^. Ans. 2x. 

4. Divide \2a^x^ by — 3^j\r. Ans. — 4jr, 

5. Divide —15^/ by ^ay, Ans, —5y* 

6. Divide — IS^r^j^by —Saxz. ^ Ans.— ^» 



«Mx 



' * Because the divisor multiplied by the quotient, must produce 
the dividend. Therefore, 

1. When both the term« are +, the quotient must be + j be- 
cause -f in the divisor X + in the quotient, produces + in the 
dividend. • 

2. Whenv the terms are both — , the quotient is also + ; be- 
cause — in the divisor x + in the quotient, produces — in thr 
dividend. ' 

3. When one terra is + and the other —, the quotient must be 
— 5 because + in the divisor x — in the quotient produces — 
in the dividend, or — in the divisor X + in the quotient gives — 
in the dividend. 

So that the rule is general; viz. that like signs give -f, and 
unlike signs give — ^ in the quotient. - • 
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CASE n. 

When the Dividend is a Compound Quantity^ and the DrsHior m 

Simple one : 

Divide every term of the dividend by the divisor^ as in 
the former case. / 

EXAMPLES. 

1. (a* + «*)^2i,or--^ = — |-- = ia + 4*^ 

10fl*+ \5ax . ' ^ 

2. (lOfl* + \5ax) -r 5tf, or — = 2* + 3x. 

3. (SOflZ-^Sa) -^ z, or r- = 30a- 4S. 

4. Divide 6^?*-8flx + a by 2^. 

5. Divide So:*- 15 + 6j: + 6^ by 3x. 

6. Divide 6^]rir + \2abx-9ab by 3/?^. . " 

7. Divide 10a*ar— i5ji^—25x by Sx. 

8. Divide 15/j»fc- 15/»rjr* + 5ad^ by - 5flr. 
' 9. Divide 15^ + 3fly- 18/ by 21^. 

10. Divide -20^/^* + 60^?^ by-6j*.^ 



CASE III. 

When the Divisor and Dividend are both Compound Quantities: 

1 . Set them down ais in common divisioh of number^, 
the divisor before the dividend, with a small curved line 
between them, and ranging the terms according to the 
powers of some one of the letters in both, the higher 
powers before the lower. 

2. Divide the first term of the dividend by the first term 
of the divisor, as in the first case> and set the result in the 
quotient. 

3. Multiply the whole divisor by the term thus found, and 
subtract the result from the dividend. 

4. To this remainder bring down as many terms of the 
dividend as are requisite for the next operation, dividing as 
Morey and so on to the end> as in common arithmetic. 

N<ae. 



DIVISION. Ml 

Note. If the divisor be not exactly contained in the divi- 
dend, die quantity which remains after th^ operation is 
finished, may be placed over^e divisor, like a vulgar frac- 
tion, and set down at the end of the quotient, as in common 
arithmetic. 



EXAMPLES. 
/ tf* — ab 



-ab-^-b^ 












^ , tf— 2) 4i'— 6tf* + 12a-8 (tf*-4iJ + 4 



-4^+ 12fl 



4tf— 8 
4tf — 8 



r* 



xj + 2 ) a' + z' ( ^J^-tfZ + z* 



-fl'a + 


a» 






-<f^%- 


flZ* 








az* 


+ 


2' 




flZ» 


+ 


«» 



Vox,.!. >T o-V*"^ 



^GEBRA. 

2x^ 



.i^- J5^* V •^••"•^ + OX^-^^ 



a+'T 



1* > 


A 


-3** 


- 3*« 
+ «*» 




— 


tfx- 






\ 








\ 
1 




3** 




— 


2** 



EXAMPLES FOR PRACTICE. 



1 . Ditide ^ + 4fl[A: + 4a^ bjr « + 2flr. Ans. di + 2.x, 

2. Divide fl'-3fl^z + S^z*— a^ by a— z. 

Ans. a*— 2«z 4- %*. 

3. Divide 1 by 1 + a. Ans. 1 -a + a***-^^ + &c.. 

4. Divide 12Ar*- 192 by 3^-6. 

Ans. 4*5 + %x^ + leo:* + 32. 

*». Divide fl5-.5fl*i + 10a'** - lOfl*^ + 5a**- ^^ by a^ — 
2a* + V: . Ans. a'— 3a** + 3a*^-V. 

6. Divide 48a3~ 9 6az*-.64fl'z + 150a' by 2z— 3a. 

7. Divide **-.3*V + 3**a-*-;c^ by ^'-S**^ + 3*Ar'^~;t'. 

8. Divide a^ — x"^ by a — ^. 

9. Divide a' + 5a*;ir + Hax^ + a;' by a + j:. 

10. Divide a* + 4»*** - 32** by a + 2*. 

1 1 . Divide 24a* - ** by Sa - 2*. 



ALGEBRAIC FRACTIONS. 

Algebraic Fractions have the same names and rules 
oY" operation, as-numeral fractions in common arithmetic ; as 
» Ne following Rules and C^i^es. 
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\ 

CA9E. i: 

To Rsdu^e a Mixed Quantity to tin Imptpper.Fraciion» 

MtyLTiPLt the integer by thci denominator of the fraction, 
and to the product add the numerator, or Connect it v^ith 
Its proper isign, *f Or — ; then the denominator b^iiig set . 
under this sum, will give the improper fractioii required. 

examples: 

h 

1 . Reduce S^, and ii — -^ to imprc^r fi-actiem. 

PC 

■ 3 X 5-f 4 15 +4 19 - ^ 

First, 34 := -^ — ~ = J = — the Answer; 

' * 5 5 5 

^ , b a X x^b aX'-b ^^ ^ 
And, a =: == the Answer. 

XXX 

2. Reduce ^ 4? -7- and a tb improper fractions; 

^. d" axb +a^ . tjf + i^ ^ ^ 
First, tf -f — = — — = 7 — the Answer. 

And, a — =:s • = '. — the Anstveh ,. 

a a a 

3. Reduce 5f to an improper fraction; Ans. ^. 

3^ • ' X -^ ^n 

4. Reduce 1 -^ — to an imprOpfer frattion; Ans. -^-— — • 

^ax-^-c^ 

5. Reduce 2a ^ ^ to an ^npi'^r frattion: 

^x 

6. Reduce 12 -j to dri improper fraction: . • 

5x 

7. Reduce x + ^- to an improper fraction; 

S. Reduce 4f ^2Jt -* to an improper fraction; 

CA^E li. 

To Reduce an Imprcper Broftion to a Whole or Mixed' ^uaktity. 

Divide the numerator by the 4i^6mikiator^ for the 'in- 
tegral pai-t 5 and set the reihainder, tiffany, OTcr the deno- 
minator, for the fractioaal part 5 thfe t\ro joined together mil 
be the mixed qvantky required. 

N 2 UTLk'^'^v^v- 



lie ALGEBRA. 

EXAMPLES. 

16 ab+a^ . , 

1. To reduce — and — ; — to mixed quantities. 

3 b 

First, y = 16 -r 3 = 5|, the Answer required. 

7 



And, 2^4^= tf^ + fl* -^ ^ = « + X- Answer.- 



2. To reduce ^^^ ^^ and ^^ ^ - to mixed quantities. 
First, ^^ "" ^^^ =: 2tff-3fl* -r- r = 2i^ - — . Answer. 
And, ?f£±ifl = 8fl;r+4;c* ^ a+t = 3> + -^. Ans. 

3. Reduce — and to mixed quantities. 

5 a 

Ans. 6|, and 2x — . 



Aa\v , 2fl*4-2^* , , .J 

4. Reduce and to whole or mixed quan- 

2a a-h ' 

tities. 

5. Reduce ^, and ^ to whole or mixed 

quantities. 

lOfl' — 4^1-4-6 . , 

6. Reduce ' — to a mixed quantity. 

5a 

7. Reduce ^^ — ^ to a mixed quantity. 

3a3 + 2a*- 2a— 4 

CASE III. 

To Reduce Fractions to a Common Denominator. 

Multiply every numerator, separately, by all the deno- 
minators except its own, for the new numerators ; and all the 
denominators together* for the common denominator. ' 

When the denominators have a common djvisor, it will be 
better, instead of multiplying by the whole denominators, to 
.multiply only by those parts which arise from dividing by the 
common divisor. And observing also the several rules and 
"directions as in Fractions in the Arithmetic. 

U .; . . EXAMPLES. 



FRACflONS. ' i« 



. • • , t 



EXAMPLES^ 

it ^ "^ • •"* ' 

1 . Reduce — and — to a common denominator. 

X z ' 

Here — and — = — and — , by multiplying tbe terijas of 
the first fraction by ar, and the terms of the 2d by jr. ' 

2. Reduce iL, 1-, and — to a common denominator. 

X b c 

Here — , ---, and — = -2 — , — , and , by multiplying the \ 

X b c bcx bcx bcx ^ 

terms of the 1st fraction by bc^ of the 2d by r.r, and of the. ' 

3d by bx, 

3. Reduce — and — to a common denominator. 

X 2c 

A ^ac J 2bx 
Ans. and . 

2cx 2cx 

4. Reduce^-^ and — ~ — to a common denominator. 

b 2c 

^ ifUc .Sab + 23* 
Ans. -^, and -^^^. 

5^ Reduce — and — , and 4rf, to a common denominator. 
Sx 2c 

Ans. and and 



6cx 6cx 6cx 

6. Reduce — and — and 2b + —-, to fractions having a 

6 4^ ^ 

," . . 20b ,lSab ,^Sb'-+12a 
common denominator. Ans. and , and , — . 

243 243 243 

7. Reduce — and — ^ and — ^— to a common deno- 

3 4 a+3 

minator. 

ft. Reduce — and — and — to a common denominator. 



C,KS^ 



}8» i«.QBBRA. 



To find tbsj Chrsafie^t Comma Measure of the Terfju tfa 

Fraction. 

VftnTfi, tHe greater t^rm by the less, aad the last divisor 
by the last remainder, and. so on till nothing remains ^ then 
t!he divisor la^t used will be the common measure required \ 
just the same. a$:in cojnmqn nym^ers. 

But' note, that it is proper to ran^ the quantities according 
to the dimensions of some letters, as is shown in division. 
Aiid-note alsO) that all the letters or figures which are com- 
inon to each term of the divisors, mu3t be thrown out of 
them; or' must divide them, before they are used in th(^ 
bperatiph: 

EXAMPLES. « 

' ah ^ V" 

1 . To find the greatest common measure of -^r rr* 

^ ac^ -\- h(^ 

ai + b') a^ + k"- 

or a +b ) ac^ + B^{c* 

ac" + be" 



Therefore the greatest common measure is j + ^. 
% To find trie greatest common measure of 



tf-aP' 



a^-\-2ab + b^ 
d' + 2ai + b^) a^-- ab^ {a 

a^ + 2a^+ab'' 



- 2a'b — 2ab'' ) a'' + 2ab + ^ 
or a+ b )a^ + 2ab + b*(a + b'. 

a^+ ab 



ab + *» 
ab + ^* 

Therefore a + ^ is the greatest common divisor. 

/J* — 4? 

3. To find the greatest common divisor of-; r. 

ab^2b 



Ans. /J — 2. 
4. To 



4. To find the greatest common divisor, of 4^*4 ' 

Ans. a* — **. 

5, Fmdthe gir^atejt com. meagMreof 5^s,^,xo^^>y+5>^^ 



CASE V. 






To Reduce a Fraction to its Lowest Terms. 

Find the greatest common meafure^ as in tjie last pro- 
blem. Then divide both the terms pf the fraction by the^ 
common measure thus fovmd> a^d it will reduce it to its lowest 
terms at once^ as was required. Or divide the terms by any 
quantity which it may appear will divide them both) as in 
arithmetical firact|6n^ 

EXAMPLES. 



ah + b"- . 

1. Reduce — . . , , to its lowest terms. 
a(^ + hc^ 

ah ^b^) a^- -^bc" 
or ^1 + 3 ) fltr* + be"- ( c^ 

» 
Htre ab '\- b^ is divided by the common factor b. 

Therefore ^i + ^ is the greatest common measure, and 

ab -^ b" b . 
hence a + i ) — ^ -=;. -pjis the fraction required. 

c^-b^c , z 

2. To reduce , . ^, — t-tt to its least: terms. 

c^+2bc + b^ 

c^ +2bc + t^) c^ -^c { c 

c^ + 2bc^ +b'c 



- 2bc-- 
or c 


■ 2lrc~) 
• + *) 


r» + 23^ + ^* ( 
c^+ be 


c+b 


/ 




bc + b"- 






t 


Tlvex«Snx%. 



IH 
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Therefbre c + Us the greatest common measure, and 
hfnce c + b) ^ , „, . ,i = — tT" ^ ^"^ fraction reqiured. 



3. Reduce 



4. Reduce 



5. Reduce 






to its lowest terms. Ans« 



to its lowest terms. 



I 






Ans. 



d' + lr 



to its lowest terms. 



6. Reduce « , ^ ^^ , o .i ^ ^^ *^ lowest terms. 

7. Reduce , . ^ , . ., to itt lowest terms. 



CASE VI. 



To add Fractional Quantities together. 

If the fractions have a common denominator, add all the 
numerators together ; then under their sum set the common 
denominator, and it is done. 

If they have not a common denominator, reduce them to 
one, and then add them as before. 



EXAMPLES. 



1. Let -^ and — be given, to find their sum. 

„ a a \a Za la . 

Here y + 'J'^ 7^ + |^ = "J^ ^^ ^^^ s^"^ required. 



ah X c 
2» Given T, — fjand--- to find their 
be .« 



sum. 



TT ^ a. ^ V ^ .-. 2!^^ ^^^ ^^^ ^ acd+ bbd + bcc 

^^^ y + T "*■ 7 ~ 7r7 "^ bcd'^ TTd^ 'kd 

the sum required. 



3. Let 
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* 3. Let a r-and h H ?:- be added together. 

3.r* , lax Zcx^ , . 2abx 

h c DC be 

, , 2ahx-'ZcX' . . , 

: fl[ + ^ + , the sum required. 

be 

^ ^ 4^x , 2x , - ^ 2C5x + 6/ir 

4. Add TT- and -77 together. Ans. --^-7 • 

3a ob ° lofl^ 

5. Add -7-> -- and —- together. Ans. ^la. 

6. Add and — together. Ans. . 

4 8 8 

^ . ,, . « + 3 2tf- 5 ^ 14/z -13 

7. Add 2^ H r— to 4fl H — .Ans.6/? + - 



20 



8. Add 6^, and --,' and — 7- together. 
^ 4b '6b ^ 

. . . 5a .6a 3a -{• 2 

9* Add — , and --- and — - — together. 

.3a a 

10. Add 2ay and -— and 3 + — together. 

Sa Ea 

1 1 . Add 8tf + -7- and 2^ — ^ together. 



CASE VII. 

* To Subtract one Fractional Qjiantity from another. 

Reduce the fractions to a common denominator, as in 
addition, if they have not a common denominator. 

Subtract the numerators from each other, and under tiT?ir 
difference set the common denominator, and the work i; 
done. 



* In the addition of mixed quantities^ it is bei>i to bring rlir. 
fractional parts only to a common denominator^ and to anoe^w lij* r 
sum to the sum of the integers, with the proper sign. And k\.<^ 
same rule may be observed fpr mixed quantities in subtraction 
a)so. 
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1. To find die <&%n» cf if and ^ 

4 7 

■=:- ==— is the e SJfaq ac e r a iiik ed. 

* 7 2* :^ 2S 

2. To 5od the di^acxt oHf-—.snd ^~ , 

*.' ~ii Hk' nt "" 

— ; 25 the c L nercnce required. 

10« . 4is 



3. Reqcired the diSereoce of aod — 

o — 

4. Required the difference of €m awl -f 

4 



5» Required the difference of — aiKJ — 

4 3 



Oi 



6. Subtract — from 



Sa + c 



c h 

7.Take?i±^fromlfLtl 
9 o 

S. Take 2.1-lZi^ from 4^ + if . 



CASE Till. 

To Multiply Fractimal Quantities togtther. 



AIcFLTf PLT the numerators together far a nev numerator, 
and the denominators for a new denominator^. 



* J . When the Domerator of ooe fractioo, and the denominator 
of the other^ cao be diTided bj some qoantitj. whidi is common 
to bofb^ the quotients mzy be used instead of them. 

2. When a fraction b to be multiplied by an int^er* the pro- 
duct is found either by multiplying tbe numerator, or dividing the 
(leoomioator by it ; and if the integer be the same with the deno- 
'^'"^tofj ibe nomeiator may be taEen lot \h& ^lodnci. 
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EXAMPLES. 

1. Required to fi^d the product of — and — . 

Here = — = — the product requu<ea. 

8 X 5 40 20 

2. Required the product of , — ^, and — . 

3' 4 7 

^ . . = the product requuredi 

3x4x7 84 J4 . 

3. Required the product of— and f!— i — . 

'^ ^ 2a+c 

Here ^ , = Ji-lL the product required. 

^X{2a + c) 2ab-i-bc ^ ^ 

4. Required the product of — and — ,. 

3 6c 

5. Required the product of — and — 1. 

4. 3a ^ 

6. To multiply — , and » and together. 

b b i^ 

7. Required the product of 2a+ — and — • 

2c b 

8. Required the product of — ^ ^ and 

3fc a + * 

9. Required the product of 3a, and ^ T , and . ^ "7 . 

a 2a + ^ 

10. Multiply a + — - — hjx-— + 



2a 4a* 2^ 4x* 

CASE IX. 

Ta Divide one Fractional QuanAy by another. 

« 

Divide the numerators by each other, aiid the denomina* 
tors by each other, if they will exactly divide. But, if not, 
then invert the terms of th^ divisor, and multiply by it 
exactly as in multiptication*. 

EXAMPLES. 



* 1 • If the fiadtom to be divided bare a common denominator, 
take the naoienrtcHr of the dividend foe a new numerator, and 
the numerator of the cKvisor lor t^ new denonutHKiQr. 
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EXAMPLES. 

1, Required to divide "7"^7"o'* 

a Sa a S Sa 2 ^ 
Here -H- -= - X ^= — = - the quotient. 

Sa '5c 

2. Required to divide -r by --3. 

,_ 3a 5c Sa 4d \^ad Sad , 

•3. To divide r ;7Tby - — —tt. Here, 

Sa-'2b ^ 4a + 2h * 

S^^h "" 3^+^ = 9^^~4A* ^^^ ^^^^^^"^ required. 

4. To divide ., . ,-, by - — --7. 

a- -\- 3^ ^ 2a+'2:b 

Sa"- a+b _ Sa^x\a+ b) _ Sa 

is the quotient required* 

5. To divide —-by — . 

4 •'12 

6. To divide -— by Sx. 

• ^ ,. . , 3^ 4- 1 , 4^ 

7. To divide by -f-* 

Sn To divide ^' — by -r-. 

_ . ., 4.r 3^ 
9. To divide — by --t* 

10. 1 o divide -- — 7- by •— r . 

4ffl ' 6a 

11. Divide ^ ^ ^ , rr by — « r. 

2a* - 4a^ -|- 2^^ ^ 4a - 4A 



2. When a fraction is to be divided by any-quantity, it j» the 
same thing whether the numerator be divided by it, or the deno- 
minator multiplied by it. 

3. When the two numerators, or the two denominators, can be 
divided by some common quantity, let that be done, and the quo* 
tkiits used instead of the fraction^ fixStt ^Topc»ed. 



INVOLUTION. 

, Involutjon is the raising olF powers from any proposed 
root ; such as finding the square, cube^ biquadrate^ &c, of 
any given quantity. The inethod is as follows : 

* Multiply the root or given quantity by itself, as many 
times as there are units in the index less one, and the last pro- 
duct will be the power required. — Or, in literals, multiply 
the index of the i*oot by the index of the power, and the 
result will be the power, the same as before.' 

Note, When the sign of the rooft is +, all the powers of 
it will be + ; but when the sign is — , all the even powers 
will be -f , and all the odd powers — ; as is evident from 
multiplication. 

EXAMPLES. 



My the root 


/z% the root 


dt* =: square 
a^ zz cube 


a^ = square 
a* = cube 


<?* zz 4th power 
if 5 — 5th power 
&c. 


c? = 4th power 
fl'°= 5 th power 
&c. , 


— 2<i, the root 


* 

- . ZalP-y the root 


-[- 4^* = square 
— 8^1^ = cube 


+ ^e^h^ = square 
— ond'V zz cube 


-{- I6<i"^ = 4th power 
— 32^' = 5th power 


+ 8U*^' zz 4th power. 
-243^5^'° z= 5 rh power. 


2a.r* ^ 
^^ , the root 


2^' the root 


+ ^^, zz square 


a"- 

4^z = square 


*— zz cube 

27^' 




,. 16d[V 
+ 8U^ =4thpoxver. 


— ^ =: biquadrate 



* Any power of the product of two or mcKe quantities, is equal 
to tlie same power of each of the factors, multiplied together. 

And any power of a fraction, is equal to the same power of the 
numerator, divided by the like power of the denominator. 

Also, powers or roots of the same quantity, are multiplied by 
one another, by adding* their exponents \ or divided, by subtract- 
ing ih^r exponents. 

^3 3-2 

Thus, (C X q} =: «^+ • zz aS And a^-^a^ or — zz a zz a. 

X — a. 
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jr*- 


'OX 




X"' 


-2ajr + ^ sqaare 

' a 


X^' 




-^ 


j^' 


-StfJJ^+Stf'x- 


-ii» 









r* + S«r*+ VJ^ + ^ 



the cubes, or third pcnrers, of x~« and x + tf- 

CTAliFlXS FOm PRACTICE. 

1. Required the cube or 3d pofver of 3/x^. 

2. Re<piiiied the 4th.pofver of 2ir^^. 

3. Required the 3d power d* -44*^^. 

4- To find the biqaadrate of — --^. 

5. Required the 5th power of a — 2.r. 

f 

6. To find the 6th power of 2d^, 

Sir IsiAC Newtok's Rule for ramng a Bimnml to any 

Pcnver ivbatever *• 

I» To find the Terms ivithoui the Co^efficients. The index of 
the first, or leadine qtmntity, begins with the index of the 
given power. And m the succeeding terms decreases conti- 
nually by I, in every term to the last; and in the 2d or 
following quantity, the indices of the terms are 0, 1, 2, 3, 4, 
Ice, increasing always by 1. That is, the first term will con- 
lain only the Ist part of the root with the same index, or of 



* This rulc^ expressed in general terms, is as follows s 

^ ^ X 3 

•2 !2 3 

Nw^r. 71io jum of ilie co-efficients, in evferjr powet, is equal to 
•Im nnnilipr 'i, when raised to that power. Thus l + J z= 2 in 

+ 3 + 3 



<ho flr«t»|X)wer \ l + 2 + l = 4 = 2* in the square j i 
^ I =2 » r: UMn the cube, or third power j and so on. 



tlie 
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the same height as the intended power : and the last term of 
the series will contain only the ^d part of the given root, 
when raised also to the same height of the intended power : 
but all the other or intermediate terms will contain the pro- 
ducts of some powers of both the members of the root, in 
such sort, that the powers or indices of the 1st or leading 
member will always decrease by 1, while those gf the 2d 
member always increase by 1. 

2. To find the Co^efficients, The first co-efficient is always 
1, and the second is the same as the index of the intended 
power ; to find the 3d co-efficient^ multiply that of the 2d 
term by the index of the leading letter in the same term, and 
divide the product by 2 ; and so on, that is, multiply the co- 
efficient of the term last found by the index of the leading 
quantity in that term, and divide the product by the number 
of terms to that place, and it will give the co-efficient of the 
term next following; which rule will find all the co-efficiemts, 
one after another. 

Note. The whole number of terms will be 1 more than the 
index of the giv«i power : and when both terms of the root 
lare +, all the terms of the power will be -f- ; but if the se»^ 
cond term be — , all the odd terms will be +, and all the^ 
even terms -- , which causes the terms to be + and — alter- 
nately. Also the sum of the two indices, in each term, is 
always the same number, viz. the index of the* required 
power: and, counting from the middle of the series, both 
ways, or toWards the right aWi left/' the indices of the two 
terms are the saihe figures at equal distances, but mutually 
changed places. Moreover, the co-efficients are the sanie 
numbers at equil distances from the middle of the series^ 
towards the right and left ; so by whatever numbers the 
increase to the middle, by the same in the reverse order they 
decrease to the end. 

EXAMPLES. 

1. *Let II + jf be ihvolved to theS^h power. 

The terms without the co-efficients, by the 1 st riile, 
\vm be 

fl% a'^Xy a'^*, a'x^y ax\ .r'', 
and the co-efficients, by the 2d rule, will be 
5x4 IPX 3 J0x2 5x1 

fir, 1, 5, 10, 10, 5, 1; 

Therrfore the 5fh power altogether is 
/7» -f 5a *r H- iOa'jr* + 10^*^^ -f 5ar^ -f xK 
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But it IS best to set down both tire co-efficients and the 
.powers of the letters at once, in one line, without the inter- 
mediate lines in the above example, as in the example here 
below. 

2. Let a — a: he involved to the fith power. 
The terms with the co-efficients will be 

S. Required the 4th power oi a — x, 

Ans. a* — 4!a^x + 6a^9i'-4ax^ + x\ 

And thus any other powers may be set down at once, in 
the same manner ; which is the best way. 



EVOLUTION. 

-Evolution is the reverse of involution, being the method 
of finding the square root, cube root, &c, of any given 
quantity, whether simple or compound. 

CASE I. To find the Roots of Simple Quantities. 

Extract the root of th^. co-efficient, for the numeral 
part; and divide the index of, the letter or letters, by the 
index of the power, and. it will give the root of the literal 
part ; then annex this lo the former, for the whok root 
sought*. 



* Any even root of an affirmative quantity, may be either -f- 
or — : thus the square root of + a* is either + at, or —a; be- 
cause -fax -f o zi: -f- a^, and —a X — a z= + o^ also. 

But an odd root of any quantity will have the same sign as the 
quantity itself: thus the cube root of -f- o^ is -|- a, and th^ cube^ 
root of — fl* is — a 3 for + a x -f fl X + a — + a^, and — a x 
— a X — a z= — a'. 

Any even root of a negative quantity is impossible 5 for neither 
+ « X + a, nor — a X — a can produce — a^. 

Any root of a product, is equal to the like root of each of tho 
factors multiplied together. And for the root of a fraction, take 
the root of the numerator^ and the root of the denominator. 
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EXAMPLES. 

1. Th|5 isquare root of 4/i% is 2a. 

2. The cube root of 8^', is 2a^ or 2a. 

3. The square root of ~r;j-> <)r V'-Vj'j is— v/5. 

4. The cube r6ot of rzrr-j is — - — inia. 

Tiler ' ^ Sc ^ 

6. To find the square root of 2tf*i*. Ans. ab^j)/2, 

6. To find the cube root of — 64fl5i^ Ans. -4o5*. 

7. 16 find the squ^e root of-r-|-. Ans. ^fl*>/— • • 

8» To find the 4th root of 8 la*^^ Ans. 3aby/h. 

9. To find the 5th root of - S2a^b^^ Ans. -2at^b. ^ 

CASE II.' 

• » 

To find the Square Root of a Compound Quantity* 

This is performed h'ke as in numbt^rs^ thus : 

1 . Range the quantities according to the dimensions of 
one of the letters, and set the root of the first term in the 
quotient. 

2. Subtract the squarie of the foot, thus found, from the 
first term, and bring down the riext .two terms to the re- 
mainder for a dividend ; ahd take double the root for a 
divisor. ' 

3. Divide the dividend by the ^iviso^, an J alinex the re- 
sult both to the quotient and to th6 divisor. 

4. Multiply the divisor, thus increased, by the term last 
set in the quotient, and subtract the product firom the 
dividend. 

And So on, always the same, as in common arithmetic. 

EXAMPLES. 

J 

1 * Extract the square root of a^-4a^ + 6fl*** - 4j*' ^ *♦. 
fl*- 4tf^3 + 6flV- 4«^,-f *♦ ( fl* - iah + ** the root. 



2a^^2ab) -4o'* + Btf*** 
-4/i'» + 4a»«* 



2a*-4a4 + A*) S^^-iafi + b^ 

Sa'^-ial^ + b^ 



01 I 



Voi. I, O 4. "«"«A- 



/' 
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2. Find the root of a"^ + 4a'b + lOa^'' + 12fli' + i\ 
tf* -I- W'b + lOa'b'' + 12^35 + ^* ( a* + 2<j^ + 3b' 



2fl* + 2tf^ ) 4a^ + 1 0«^^- 
4i^b + 4d['^* 



2tf* + 4ab + 3A* ) 6a*** + 12jP + ** 



3. To find the square root of a^ + 4^^ + ef*" + 4* + 1. 

Ans. tf* + 2flr+l. 

4. Extract the square root of a^ — 2d> + 2^*— tf + t- 

Ans. x^-zx + T« 

5. It is required to find the square root of a^—ab, 

b A* P 

2 8a 16tf* 



r 

CAS£ III. 



To find the Roots of any Powers in General. 

This is also done like the same roots in numbers, thus : 
Find the root of the first term, and set it in the quotiisnt. 
— Subtract its pow^r from that term, and bring down the 
second term for a dividend.— Involve the root, last found, to 
the next lower power, and multiply it by the index of the 
given power, for a divisor. — Divide the dividend by tTie di- 
visor, and set the quotient as the next term of the root. — 
Involve now the whole root to the power to be extracted ; 
then subtract the power thus arising firom the given power, 
and divide the first term of the remainder by the divisor first 
found J and so on till the whole is finished*. 

EXAMPLES. 



* As this method, in high powers^ may be thought too labo- 
rious* it will not be improper to observe, that the roots of com- 
pound quantities may sometimes be easily discovered^ thus : 

Extract the roots of some of the taost simple terms, and connect 
them togedier by the sign + or — , as hiay be judged most suit-- 
able for the purpose. — Involve the compound root^ thus found, to 
the proper power ; then> if this be the same with the given quan- 
tity, it is the root required. — But if it be found to differ only in 
some of the signs, change them from -f to — , or from — to +, 
till its power agrees with the given one throughout. 

Thus, 



• 
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EXAMPLES. 



, 1. To find the square root of «♦— ai^^+So***— 2tfP + h\ 



fl* 



2^* ) - 2i^b 



2fl* ) 2tf^^* 
tf4_2a3^ + 3fl*^*-2fl^ + ** = (/i*-/i^ + ^)*. 

2. Find the cube root of a^-ea^ + 21fl* - 44 j' + 63^*- 

54tf + 27. • 
a^^ea^ + 21fl*-44^ + 63^i*-54fl + 2^ ( fl*-2a + 3. 
11^ 



Sa^ ) - 6fl5 



-I i : r 

. 3fl* ) + 12fl* 

tf6-6;r5 + 21fl^-44fl'+63if*-54fl +27 = (fl«-2/j-8)^ 

3. To find the square root of a" - 2ab -\- 2ax -\r l^ - 
2bx + x^. Ans. tf— ^ + j:. 

4. Find the cube root of a* - Sa^ + 9^-13^' + ISe^- 
\2a + 8.- Ans. aVa + 2. 

5. Find the 4th root oiffLa^ - 216^'* + 216^'*' - 96^3' 
+ ieb\ Ans. 3fl-2^a 

6. Find the 5th root of tf*- lOii* + 40fl'-80tf* + SO/i 
— 32. Ans. a— 2. 

7. Required the square root of 1 — :r*. 

8. Required the cube, root of 1 — x'. 



Thus, in the 5tii example^ the root Za-^lJbj is the difference of 
the roots of the first and last terms ; and in the 3d examine, the 
root a--h '{'X, is the sum of the roots of the 1ft, 4th, and 6th 
terms. The same may also be observed of the 6th exam{ile, where 
the root is found from the first and last terms. 

O 2 SURXiS. 



SURDS. 

Surds are such quantities as have no exa^t root; aoilai^ 
usually expressed by fractional indices, or by means of thg 

radical sign ^. Thus, 3^, or v'S, denotes the squafe root 

of 3 ; and 2^ or l/2\ or ^*, the cube root of the square of 
2 ; where the numerator shows the power to w]|ich the 
i|uantity is to be raised, and the denominator itSTOOtn 

PROBLEM I. 

To Reduce a Rational Quantky to thi^ Form ofm Smrk 

Raise the given quantity to the power doDOted by the 
index of the surd ; then over or before this new quantity ^et 
the radical sign, and it will be of the form reqiiir^ 

£XAMPL£S. 

1 . To reduce 4 to the form of the Sqpare root. 
First, 4* == 4 X 4 = 16 5 then Vl6 is the answer.. 

2. To reduce Sa^ to the form of the cube root. 
First, 3fl* X 3«* x So" = {Sa^y =; 27/j^; 

then ^27/j^ or (27«*)^ is the answer. 
2. Reduce 6 to the form of the cube root. 

Ans.(216)^or^& 
4.«Reduce ^ai to the form of the square root. 

Ans. ^/i^i*^. 

$. Reduce 2 to the form of the 4th root; Ans. (1§)^. 

I 

6. Reduce a"^ to the form of the 5th root. 

7. Reduce « + jr to the form of the square root. 
8r Reduce flj— a: to the form of the cube root, 

PROBLEM lU 

To Reduce Qutmtities to a Common Index ^ 

i. Reduce the iBdices of the given, quantities to tfcom^ 
axon denominator, and involve eocji of them' to the power 
denoted by its numerator j then 1 set over the common de^ 
nominator will form the cammon indexr Or, 
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. 2. If tjie common ^ex he ^Vei^ divide the indices 
of the chijantities by the given iodex, and the quotients 
will be me new indices for tlio^ quantities. Then over 
the srid' quantities, ^th tfedi^ new {hdices, set the given 
JAddiL, aad they wiU make ti»6 equivalent quantities stiu^t. 

■'. I ' •. ■•'■.... 

BXAMFLES. 

i. Redtice i** and S^ to a common ihdei. ; 
Here 4 and 4 ::;: ^ itod^. 

Thefdbre $^ and 5'^*=(30^ and (6*)^=x; '^S^ and '^5* 

2. Reduce a^ and i"^ to the same comthon index 4» 
Here, |.-r4:±£|.x4-i=T the 1st index," 

and I -7- i =i i X 1- = |.4jie 2d index. 

1 • ■•21 » 

Therefore (tf*)^ and (^^)^, or ^^a^ md.t/bj are the quan- 
laieSf 

3. l^educe 4P^ and 5^ to the common index ^. 

An*. 25IB'^)^ and 25*. 

4. Reduce a^ and x^ to the common index ^. 

Ans. (^)^and(jr^)^. 

5. Reduce a* and x^ to the same radical sign.. 

. Arts, x/a'^znd ^x^. 

1 ■ X 

^. Redtice {tt + :f)^ and (« — x)^ t6 a cijnitoon mdex, 
7. Reduce [a + i)^ and (« — i)^ to a common index. 

PROBLEM III« 

. To Reduce Surds to more Simple Terms. 

Find out the greatest power contained in, or to divide the 
given surd ; take it* root, and set it before the quotient or 
the remaining quantities, with the proper radical sign be- 
tween them. 

EXAMPLES. 

I. To reduce i/32 to simpler terms. 
Here >/32^= ^16 x 2 = ^\G x V2 = 4xV2=:V2. 
2r To^ re<jkice 4/320 to simpler terms. 
, 4/320 pes ^64 X 5 =^64 x V^ - ^ >^ V^ - •^J^- 
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3. Reduce \/75 to its simplest terms. Ans. 5v^3. 

4. Reduce ^f| to simpler terms. Ans. •rr\^^^* 

5. Reduce i/1 89 to its simplest terms. Ans. 3V7. 

6. Reduce V Vi^ to its simjdest terms. Am. ^10. 

7. Reduce ^ISc^h to its simplest terms. Ans. Sa^%b. 

Note. There are otlier cases of reducing algebraic surds 
to simpler forms, that are practised on several occasions ; one 
instance of which, on account of its simplicity and u$efulness, 
may be here noticed, viz. in fractional fohns^ having com. 
pound siu'ds in the denominator, multiply both numontor 
and denominator by the same terms of the denoininator, but 
having one sign changed, from + to — or from — to -f , 
. which will reduce the fraction to a rational denonunator. 

Ex. To reduce — . ' . , multiply it by v y , and 
It becomes =8+v^l5. Also, if — ■ ; ; 

Z i^ 15 -J" V 5 

multiply It by —777 rr> and it becomes — = 

"^ ' ' -v/li^ — v5 15^5 

65-35^/3 _ 13 ~7v/3 
10 ■" 2 * 

PROBLEM IV. 

To add Surd Quantities together, 

1. Bring all fractions to a common denominator, and 
reduce the quantities to their simplest terms, as in the last 
problem. — 2. Reduce also such quantities as have unlike 
indices to other equivalent ones, having a common index. — 
3. Then, if the surd part be the same in them all, annex it 
to the sum of the rational parts, with the sign of multiplica- 
tion, and it will give the total sum required. 
' But if the surd part be not the same in all the quantities, 
they can only be added by the signs + and — . 

EXAMPLES. 

1. Required to add v^IS and v'32 together. 



First, -v/18= ^9x 2=3-/2; and \^32 =^16x 2=4-v/2: 
Then, 3-^/2 + 4^2 = (3 + 4) >v/2 = 7-v/2 *sum required. 

2. It is required to add ^375, and Vl92 ^gether. 

''^irst, V375=V125X3=5^V3; and ^192= V64x3=4 
■^cn, 5l/i + 4V3 = (5 + 4) Vi = 9J/3 = sum rieq* 

3." 
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t 

S. Required the sum of V 27 and V 48. Ans. 7 V 3. 

4. Required the sum of ^50 and V72. Ans, 11 V2. 

5. Required the sum of ^\ and V-rj- 

Ans, 4VT^or-,^Vl5. 

6. Required the sum of ^56 and ^189. * Ans. 5^7. 

, 7. Required the sum of Vt ^^ \/Tr* Ans, 4^. 

S. Required the sqm of 3 Va^b and 5 V 1 6fl^^ 

PROBLEM y. 

To find the Difference of Surd Quantities. 

Prepare the quantities the same way as in the last rule; 
then suhtract the rational parts, and to the remainder annex 
the common surd, for the difference of the surds required. 

But if the quantities have no common surd, they can only 
be subtracted by means of the sign — . 

EXAMPLES. 

1. To find the difi5a*ence between V320 and ^M. 

First, \^320=v^64x 5=S^5y andv/80= Viex 5=4v'5. 
Then 8-^/5 — 4v^5= 4 v^ 5 the difference sought. 

2. To find the differente between ^128 and {/5i. 

First, 3/128=3/64 x 2=4^; and^54= »/;27 x 2=3^. . 
Then 4^/2 — 3^/2 = 2^2, the. difference required. 

3. Required the difference. of >v/ 75 and v' 48. Ans. -v/3. 

4. Required the diffei^nce of 3/256 and {/32. Ans. 2V4. 

5. Required the difference 6f ^^ and v^^. Ans. ^4/6- 

6. Required the difference of Vj and W • Ans. 4y/lS. 

7. Find the difference of -v/24tf-^* and -v/54^. 

* Ans. (tf— 2^)-/(3^-2tf*V^. 

PROBLEM VI. 

T% Multiply Sttrd Quantities together, 

RXDOisSl^ Mds to the same index, if necessary ; next 
VDx^^ '•^'mtities together, and the snixls toge- 

TToduct to the other for the whole 
may^be reduced to more simple 
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EXAMPLES. 



1. Required to find the prod uct of 4^12 and S^2L ^ 

Here, 4x3xv'12x^/2 = 12v'12x2=;12^/24.= 12v'4x6 
B3 12 X 2 X ^6 = 24i/(S« the product requirfcL 

. %. Required to multiply |H by |i4- 

^^18, the product required. 

3. Required the product of t^2 and 2-/ 8. Ans. 24. 

4. Require4 the product of -^^^4 apd 1^12. Ans. ^J/6. 
p. To find the product of ^y/^ and A\/t- Ans. tV\/ 1 5. 

.5, R^uired th^ p-oduct of 2J/14 and 3^4. Ans. 123^7. 

7. Required the product ofSa^ a^d 4* Ans. a^. 

8. Required the product of (# + *)^ and {a + ^)**v 

9 . Required the product of 2ar -j^ V ^ ^^ ^^ -^Vh 

10. Required the pr9duct of (a + %^t)^y wd (a-rrQ^i]^. 

X J. 

1 1 . Required the product of 2^ • and Sx". 

J. i 

12. Required the product of 4jr and 2y " . 

PROBLEM VU. 

r<? Divide one Surd Quantity by anothei^. 

Reduce the surds to the same index, if necessary \ then 
take the qyotient of the rational quantitis^Sj and annex it to 
the quotient of the burds, and it will give tlie whole quotient 
required \ which may be reduced, to more simple term^ if 
irequisite. 

• EXAMPLES^ 

1. Required to divide 6-^/96 by 3 v^8. 

Her^ 6 -i- 3 . v'(96 -r- 8) »2^ 12 = 2v/(4 X 3).=s 2x 2v/3 
== 4^3, the quotient required. 

2. Required to divide 12^280 by 3^5. 

Here 12 -f- 3 = 4,. and 2a0 -r 5 = 56 = 8 x 7 = 2M | 
Therefore 4 x 2 x^/J = 8^7, is the quotient required. 

3. Let 



• 

3. Let 4^/50 ke divided by 2^/5. Ans. 2^10. 

4. Let 6V100 be divided by 3^5, Ans. 23/20. 

5. Let ^ v^ ^ be divided by | V^f. Ans. T^g-v/ 5. 
«. Let i^A be divided by |^|. 4ns. A^30. 

7. Let ^v'/j, or ^^i^, be divided by ^'^. Ans. I^*^, 

8. Let fl"^ be divided by a*3*. 

j^. To divide S/j"^ by 4<? *. 



J* 



PROBLEM vni. 



To Involve or Raise Surd Quantities to any Po^er^ 

Raise both tli^^ rational part ami the surd part. Or xnutr 
tiply the index of the quantity by the index of the power to 
which it-is tabe raised^ and to the resi^ annrx the power 
of the rational p^irtSj whkh will give the power re^p^^irfd. 



V EXAMPLES. 

X 

1. Required to find the square of ^^» 
First, {iY=i X i=T^, and {a^Y^^a^ ^ ^±=/=^. 

X 

Therefore (|^^)* = -^a, is the square required. 

2. Required to find the square of ^a^. 

f irst, i X i zz j;, 2nd (a^y =: a^ =: a^/a 'y . 
Therefore (4^^)^ =* ^al/ia is the square required. 

X 

3. Required to find the cube of ^^6 or f x 6^. 

First, {^Y = |. X I X |. = ^V> ^^ i^^y = 6* = 6x/e ; 
Theref. {^\/6Y sz^^^x 6^6 = ^ V^6,the cube required, 

4. Required the square of 2 ^z^. Aiis^i 4^4. 

I 

5. Required the cube of 3^, or ^9. Ans.Sv'S* 

6. Required the 3d power of j^V3. Ans. ^v/3. 
7* Required to find the 4th power qf 4^2. Ans. ^. 

8. Required 
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8. Required to find the mth power of a* 

9. Required to find the square of 2 + VS. 

# * 

PROBLEM IX. 

• t 

To Evolve or Extract the Roots of Surd Quatttities* , 

Extract both the rational part and the surd part. Or 
'divide the index of the given quantity by the index of the 
root to be extracted \ then to the result annex the root of 
the rational part, which will give the root required. 

EXAMPLES* 

1. Required to find the square root of 16v^6. 
tlrst, s/\6 = 4, and (6^)^= 6^"^^ = 6^ ; 

iheref. (16 V6)^ = 4.6^^zi 4:J/6, is the sq. root required. 

2. Required to find thie cube root of Vy V3. 

First, l/-^^ = ^, and (-v/3F = 3^"^^ = 3^ ; 

Z I 

theref. (^^3)^=^ . 3^ = f v'S, is the cube root required. 

3. Required the square root of 6^ Ans. 6^/^- 

4. Required the cube root oi\a^h» Ans. lal/Q. 

5. Required the 4th root of }6a\ Ans. 2Va. 

- 6. Required to' find the wth root of x" . 
7. Required the square root of a^ — 6a\^b + 9B. 





* The* square root of a binomial or residual surd, <i + 6, ©r 
«— 6, may be found thus : Take \/a« — 6- =: c; 



a-\'e fl— c 



then v^a + 6 1= V 1- • 



2 



a 'T'C a — c 



and »/a -'ft = •/ — v' 

^22 

Thus, the square root of 4 + 2-v/3 = 1 + \/3 j 

and the square root of 6—2^/5 = f^b — 1 . 

But for the cube, or any higher root, no general rule is knovvn. 

INFINITE 



SURDS. SOT 

INFINITE SERIES. ' 

An Infinite Series is formed either from division, dividing 
by a compound divisor, or by extracting the ix>ot of a com- 
pound surd quantity ; and is such as, being continued, v^ould 
run on infinitely, in the manner of" a continued decimal 
fraction. 

But, by obtaining a few of the first terms, the law of the 
progression will be manifest; so that the series may thence be 
continued, without actually performing the whole operation. 

PROBLEM 1* 

To Reduce Fractional Quantities into Infinite Series by Division, 

Divide the numerator by the 'denominator, as in common 
division ; then the operation^ cotttinued as far ai» may be 
thought necessary, will give, the infinite^ series required. 

EXAMPLES* 

^ab , 

1 . To change r into an infinite series* 

^ a ^ b 

2^ 2P 2b^ 

M ^b)2ab..{2b h "T T + &c. 

^ a a a^ 

2ab + 2i* 



. -.2*» 










2A» 
a 


a 




t 


2*J 




' 




2*« 


• 


1 




2** 




^ 




«* 








2** 


2** 




"^ 


«» 


«» 




• ^ 






( 









*i,\i^ 



W# ALQIB&A. 

^- L 1 . . . '. 

(St be changed ibto aA if^nite series. 

I — a 

I - tf > 1 (r+a + tf* + fl?-h«^+^. 






a" 



a? 

S* Enand «". ■■' into an infinite series. 
^^ a + ^ 

/ * ^' . ^ ^ *o X 

. Ans. -^ X (1 h-i- "T+«c.) 

a , 

4. Expand 7 into an infinite series. 

b ft* A' 
/ Ans, l-h-+'-r+-^+&c. 

1 - r . 

5. Expand •— - — into an infinite series. 

Ans. 1 - 2.r + ar*- 2x^ + 2jr*, &Ci 

6. Expand - — ; — 777 into an infinite series. 

,2b SA* 4*^ . 
Ans. 1 1 — r r, &e, 

.1 

7. Expand ■■ , *= 4* i^to an infinite series. 

1+1 



PROBLEM II. 

To Reduce a Compound Surd into an Infinite Series, 

Extract the root ask in common arithmetic ; then tho 
operation, continued as far as may bevthought necessary, will 
give the series required. But this method is chiefly of use 
in extracting the square root, the operation being too tedious 
fyrtbe Ivgker powers. 



INFINITE SERIES. 

EXA14PLES. 

Jt. Extract tbQ root oSa^^x^ in an infinite aeries. 



c^—af' (a — 

^ 2a 8a3 16^5 1 



2aa7 



&c. 



a* 



X* 



.a--)-.^ 






4a' 



2a — = -) 



a 8a3 ' * 4a^ 

4a* Sa-^ 64fl? 



2a ■--— &c.) 



a 4a* . ' -8tf* 64a^ 



x^ x^ 



+ 77T6 &c. 



8a+^16a^ 






2. Expand ^14-1= y' 2, into an infinite series. 

Ans. 1 + T - I- + iV - ITT &c. 

3. Expand \/l — 1 into an infinite series. 

Ans. 1-t-t-A-*i4t^c- 

4. Expand x/a^ -{^x into an infinite series. 

5. Expand va^'^2bx — jt* to an infinite series. 



PKOBLEM III. 

Tq Extract any Ro9t of a Binomial : or to Reduce a Bmomiat 

Surd into an Infinite Series. 

This will he done by substituting the particular letters of 
the binomial, with their proper signs, in the following 
general theorem or formula, viz. 

.iL -HL wi f» — « m—2n 
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and it will give the root required : obsei'viqg that p denotes 

the first term, c^the second term divided by the fi^, n the 
index of the power or root ; and a, b, C| d, &c> denote the 
several foregoing terms with their proper signs. 



EXAMPLES. 



1. To extract the sq. root of fl*+i% in an infinite series* 

Here p = a*, o = -7, and — = — : therefore 
\^ a^ o 2 

m m I 

P IT = (a*) n = {erf =: a = Af the 1st term of the series. 
— AQ = 4 X ax -r = —- = B, the 2d term. 

m^n 1-2 b"- h" b^ , ^^ 

—- — BQ X —7- X ~ X -r = — — --, = c, the 3d tertn 

m^2n 1-4 i* b\ 3i^ , ,., 

— i; — CQ — — ^- X - -—--, X -T= , ^ , = D the 4th. 
3/1 ^ 6 2.4a* d^ 2.4.6a^ 

Hencea+--— - + ^;j^ ~ &<^> or . 

b^ b^ l^ ^5b^ 

a +- r— : + -T-rr . ^ ^ &c, is the series required. 

2a 8a* 16a^ 128a^ ' ^ 

1 . 

2. To find the value of r-i or its equal (a — jt)"^, in 

(a— jr)* 

an infinite series*. 



* Note. To facilitate the application of the rule to fractional 
examples^ it is proper to observe, that any surd may be taken from ■ 
the denominator of a fraction and placed in the Jiuraerator^ and 
rice versa, by only ch'anging the 'sign of its index. Thus, 

~=1 XjT^oronly*-^; ^"^(^T^ =" 1 ,X (a + 6)-« or 
(a+6)-« ; and =: a* (a + x)*^ j and — = x^ X *^ i alse 

(a* + x")t 1 -1 



INFINITE SERIES. - W! 

Jriere p =j, qs-^ = -^""'jr, and— ss-y-^pc— 5; theret 

-^ ' 1 

p « zr (fl)~* =z fl-* =— - = A, the 1st term orthe series. 

— AQ=r — 2 X -7 X = , ;=z 2<r^x =» B. the 2d term. 

m -^ n, 2jr — jr 3jr* 

— - — B<^=r -l-x — X = -7 = 3fl~V = c, the 3d. 

/w — 2// 3^* — ^ 4x' , , 

— -— c(^= -4 X -— - X — = — - = 4a~^r3 -- p. 

Hence a"^ + 2a-'^x + 3a~*^* + 4:ar^x^ + &c, or 

1 2^' 3^* 4^3 . ^-^^ . 1. . 'A 

■-I + —{■ + —J- H — :- 4 r- &c, IS the series required. 

<i a* (T a^ cC^ ■*■ 



a^ 



3. To find the value of , in an infinite sc^ries. 

^2 



JT* or' jr* 



Ans. a + x'-\ + — + -- &c. 



a ' d^ a} 



4. To expand Vt-t— ; — rr or 7-7-; — rr-J in a series. 

1 jr* 3.r* 5.r^ 
Ans. —-1 + —--; — - — r &c. 



/I* 



5. To expand ^ r^ in an infinite series. 

^ {a— of 

2b 36* 44^ 54* « 
Ans. 1 +—+ — + —+—- &c. 
a a* a^ a* 



G. To expand Va* — ^^ or (a^ — jr*)^ in a series. 

JT* or* jr* 5x^ ^ 

Ans. « --- -3— :j^- 3^^,&c. 

I / 

7. Find the value of4/(a' — i') or (a' — J')^ in a series. 

Ans.a-^-— -j^&c. 

.S. To find the value of ^/{a^ -{-x^) or {a^-{-x^ym2i series. 

^ x^ 2jr'° 6x's , 

Ans. II +-z-r — ttt^H- rr &c. 

5a* 2Stf« 125a'* . 
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9, To find tire square root of "x-r-n in an infinir^e fcriei, 

* a -f- Or ' 

b x^ x^ 
Ans. 1 + — r "^ * ■ T" &c# 

10. Fmd the cube root of , > , ., in a series. 

fl^ + ^ 

. J5 3«^ 14*' 



ARITHMETICAL PROPORTION. 

Arithmetical Proportion is the relation between 
two numbers with respect to their difference. 

Four quantities are in Arithmetical Proportion, when the 
difference between the first and second is equal to the dif- 
ference between the thiyJ and fourth. Thus, 4, 6| 7, 9> 
and a^ a + dy bf b -{• dy are in arithmetical proportion.' 

-Arithmetical Progression is when a series of quantities 
have all the same common difference, or when they either 
increase or decrease by the same common difference. Thus, 
2, 4, 6, 8, 10, 12, &c, are in arithmetical progression, hav- 
ing the common difference 2; and fl, a + ^, « + 2rf, a + 3^, 
a + 4rf, a + 5d, &c,' are series in arithmetical progression, 
the eommon difference being d» 

The most useful part of arithmetical proportion 'is con- 
tained in the following theorems : 

1, When four quantities are in Arithmetical Proportion^ 
the sum of the two extremes is equal to the sum of the two 
means. Thus, in the arithmeticals 4, 6, 7, 9, the sum 4 + 
9 = 6 + 7 2= 13 : and in the arithmeticals a, a+dy b, b-^d, 
the sum a + b+d^a + b+d. 

2. In any continued arithmetical progression, the sum of 
the two extremes is equal to the sum of any two terms at an 
equal distance from them* 



ARTlHMEnCAL PROPORTION. ^OS 

Thosf if the series be 1, S, S,T,9, n> 8cc 
Then 1 + 11 = 3 + 9 = 5 + 7=: 12. 

3. The last tenn of any increasing arithmetical serieSi is 
equal to the first term increased by the product of the 
con^non difference . muhiplied by the number of terms less 
one ; but in a decreasing series, tne last term is equal to the 
first term lessened by the said product. 

Thus, the 20th term of the series 1, 3, 5, 7, 9^ &c, is ss 
1+2 (20-i) = 1 + 2 X 19 =: 1 + 38 ss 89. 

g And the ;ith term of a, a^^d, a^2d, C'^Sd, a^^d^ 8ec, 
is z= a - («— 1) X d^a-^ («— l)rf. 

4. The sum of all the terms in any series in arithmetidi 
progression, is equal to half the sum of the two extremes 
multiplied by the number of terms. 

Thus, the sum of 1, 3, 5, 1, 9, &c, continued to the 10th 

• (i + 19) X 10 20x10 ^^ ^^ ,^ 

term, is sr-^ =: ^ — = 10 X 10 = 100. 

2 2 

Andthesumof/itermsofa, a + ^,a + 2i/, a+8i/,toa+CFM/^ 

U = (a+a + md) • 5- = (a + ^md) n, . 

*4 



EXAMPLES FOU PRACTICE. 



1. The first term of an increasing arithmetical series is If 
the cbmmon difference 2, and the number of terms 21 ; re^ , 
quired the suin of the series ? 

First, 1 + 2 X 20 = 1 + 40 = 41, i? the last term. 

r«w 1 + *1 ^ . , 

Then — ;— - x 20 = 21 X 20 = 420, the sum requured<. 

2. The first term of a decreasing arithmetical series is 199> 
tfae^common difference 3, and the number of terms 37 \ rf* 
quired the sum of the series ? 

First, 199-S . 66 s 199- 198 = 1, is the last term. 

199+1 
Then -^— x 67 = 100 x 67 = 6700, the sum re- 
quired. 

S. To find the sum of 100 terms of the neural numbers 
1, 2, 3, ^, 5, 6, &c.* ia». ^^SiSfi^ 






9. To find tie squire root of . ^ in n' 



Am. 


l-i 


"* ._- ; 3mis21 i 




-Ins. 140. 

._ .j; jmmid, in s 

.-^B d»ii oiher J 


Am. I - 


3<i» ^ 


..I^ma die first 



ARrrHMETICAL PROriVi?"^^^'™ 



Arithmetical Proportic- 
two numbers with respect to their 

,>u.ui)p Jt t&irty rankij 

Four quantities are in Arithn::^^,^ ^ on? floas wlyi the 
diS^rence between the first nn-' second 

ference between the thir.l an 
and a, a -[- d, h, b + d, are in .11 1 _^_^^^_^-^— 

Arithmetical Progression is t-' "^ «","«. arithmetiral 
• „ .. ° j-~.vi;. .#«auai to theMiiare(s') 

have all the same common oi:~ "^ •* -^ \ ' 

increase or decrease by the sa:" _^__ 

2, ♦, 6, 8, 10, 12, 8tc, are in m ln M W tiir^ffl 
ing the common difference B^^***''^ ,4»^«k, 
a + 4d,a + 5d,&ci are sens ■>•*«» oi 1 »«i. 
the eommon Jiiienii; .,1 , : _ vT'-e*, 

The most iisitu) .ami, &c. 

tainedinthe toili. > ■ - -2»-3 = 2b-1 

^ . J . to Haa Uat term 

1. When f . . , I I die exlremes, or 

the sum of tK - - idjeorem. 1.X11 

maans. Thu , i ?«" «> general. 

"-. .tOK aa ux naoi- 

' J bt; •' T"^ M the samit 



9=6+7= 
the sum a -(- /> 

2. In any co.iii,, '"*• « *^ Arithmetic, 

the two extreia^ w w 
eqiul distance from 



ARHUMETICAL progression. "21 1 

second of 8, the third of 5 ; arid' so on : What Is the 
strength of such a triangular faattsdioni ... 

.,. ,^ , Answer, 900 men. 



<^ESTI0N n. 

A detachment having 12 successive days to march, with 
r)rders to advance the first day oi;ly 2 leagues, the second 34^ 
and so on, increasing 1| league each day's march : What is 
the length of the whold march, and what is the last day's 
march ? 

Answer, the l^^t day's march is I84. leagues,* and 123 
leagues is the length of the whole march. 



'QUESTION III. 

A brigade of sappers *, having carried on 1 5 yards oT 
sap the first night, the second only 13 yards, and so on, 
decreasing 2 yards every night, till at last they carried on in 
one night only 3 yards : What as the number of nights they 
were employed ; and what is the whole length of the sap ? 

Answer, tliey were employed 7 nights, and the length of 
the whole sap was 63 yards. 



other by an equal number of men : if the first rank consist of one 
man only, and the difference between the ranks be also 1, then 
its form is that of an equilateral triangle ; and when the difference 
between the ranks is more than I, its form may then be an 
isosceles or scalene triangle. The practice of forming troops in 
this order, which is now laid aside, was formerly held in greater 
esteem than forming them in a solid square, as admitting of a 
greater front, especially when the troops were to make simply, a 
stand on all sides. 

* A brigade; of sappers, consists generally of 8 men, divided 
equally into two parties. While on 3 of these parties is adx'ancing 
the sap, the othei* is furnishing the gabions, fascines, and other 
necessary implements : and when the first party is tired, the 
second takes its place, and so on, till each man in turn has been 
af the head of the sap. A sap is a small ditch, between 3 and + 
feet in breadth and depth 5 and is distinguished from the trench 
by its breadth only, the trench having between 10 and 1 5 feet 
breadth. As an encouragement to sappers, the pay for all the 
work carried on by the whole brigade, is given to the survivors. 

P 2 oyESTiou 
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C^TESTION IV. 

A pumbcF ttf gabions * being given to be placed in six 
rankSj one above the other, in such a manner as that each 
rank exceeding one another equally* the first mvf consist of 
4 gabions, and the last qf 9 : What is the number of gabions 
in the six ranks; and what is the difference' between each 
rank ? 

Answer, the difference between the ranks will be 1, and 
idle number of gabions in the six ranks will b^ 39^ 

QUESTION V. 

Two detachments, distant from each other S7 leagues, and 
both designing to occupy an advantageous post eqiu-distant 
from each other's camp, set out at different times ; the first 
detachment increasing every day's march 1 league and a 
half, and the second detachment increasing each day's march 
2 leagues : both the detachments arrive at the same time ; 
the first after 5 days' march, and the second after 4* days' 
march : What is the number of leagues marched by each 
detachment each day i 
The progression -f^ 2-}^^ Z-f^ 5-^, 6/^, answers the con-f 
• ditions of the first detachment : and the progression Ifi H> 
^i) '^h stf^swers t|ie conditions of the second detachment. 

QUESTION VI. 

A deserter, in his flight, travelling at the rate of S leagues 
a day ; and a detachment of dragoons being sent after mm, 
with orders to march the first day only 2 leagues, the second 
5 leagues, the third 8 leagues, and so on : WRat is the 
number of days necessary for the detachment to overtake the 
deserter, and what will be the number of leagues marched 
before he is overtaken ? 

Answer, 5 days are necessary to overtake him ; and con*> 
sequently 40 leagues will be the extent of the march. | 

* Gabions are baskets^ opeq at both ends, made of ozier twigs* 
apd of a cylindrical form : those made use of at jthe trencher 9j^ 
Q feet wide, ^n^ about 3 feet higl^ 3 whicb> being filled with eartbj 
sierve as a shelter from the enemy's fire: and those made use of 
to construct batteries, are generally higher ^nd broadefr. There 
4S another sort of gabion, made use of to raise a low parapet : its 
height is from 1 to 2 feet^ and 1 foot wide at top, but somewhat 
If^s at bottopQ, to give room for placing the muzzle of a firelock 
between them : these gabions sene instead of sand bags. A sand 
bag is gener^ly made to contain aWul a c\xb\cai foct of earth. 



PILING OF BALLS. 



CUESTIOa VII. 

A convoy * distant S5 leagues, having orders to join its 
, and to march at the rate of 5 leagues per day; its 

escort departing at the same time, with orders to march the 
first day only half a league, and the last day 9J leaguea ; 
and both the escort and convoy arriving at the same time ; 
At what distance is the escort from the convoy at the end of 
each march ? 



I 



or COMPUTING SHOT OR. SHELLS IN A FINISHED PILE. 

Shot and Shells are generally piled in three different 
'fiji'iiis, called triangular, square, or oblong piles, according 
as their base is either a triangle, a square, or a rectangle. ' 
ftff- J- C G Fis. 2. ,;• 



ABCD, fig. I , is a triangular pile, 
,lig.2, is a square pile. 




AECDEF, iig. 3, is an 



♦ By convoy is generally meant a supply of a„.,u„ ,. 

provisions, conveyed to a town or army. The bttd^ ut alMl^^».^. 

Saard this sappiy, is called cicoit. 
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A triangular pile is formed by the continual laying of 
triangular horizontal courses of shot one above another, in 
such a manner, as that the sides of tliese courses,- called rows,, 
decrease by unity from the bottom row to the top row^ 
which ends alw^y» in 1 shot. 

, A square pile is formed by the continual hying 'of square 
hoiizont^ courses of shot ore above another, in such a man- 
ner^ as that the sides of the.'e courses decrease by unity from 
the bottom to the top row, which ends also in 1 shot. 

In the triangular and the square piles, the sides or faces 
being equilateral triangles, the shot contained in those' faces 
form an arithmetical progressfon^ having for first term unity, 
and for last term and number of terms> the shot contained 
in the bottom row 5 for the number of horizontal rows, or 
the nnmber counted on one of the angles from the bottom to 
the top, is always equal, to those counted on one s|ide in the 
bottom : the sides or faces in either the triangular or square 
piles, are called arithlkietical triangles,; and the. numbers 
contained in th^se^ are called triangular numbers r A£C, fig. ly 
£FG) fig. 2j ore arithmetical triangles. 

T^e-.pblbn^ pile may be conceived as formed firpm the 
squzr^^fSie abcd; to cmc side or face of which, as ai>) a' 
number 9f arithknetical triangles equal to the hce have bee& 
added : and the number of arithmetical triangles added to the 
square pile;* by means of which the oblong pihf k formedy 
is always one less than the shot in the top row ; or, which 
is thp same,, equal to the difference between the bottom row 
of the greater side and- that of the lesser. 



^ ' qycsTioN viir. 

To find the shot in the triangular pile ABCD^fijK 1, the 

bottom row Aa^consisting of 8 shot. ... 

., . ■ ■■ / , . 

:< 

SOLUTION. . . , 

iThe proposed pile consisting of S horizontal 'jourses, each 
of which forms an equilateral triangle j that is, the shot 
contained in these being in an arithmetical progression, of 
which the first and last term, as also the number of terms, 
are known j it follows, that the sum of these particular 
courses, or of the S progressions, will be the shot contained- 
in tiiejpropc^sed pilev thgcx 



PILING Of balls. n^ 

The shot of the first or lower"? i 

triangular course will be 3 8+1x4= 36 

the second - - - *- 

the third - - - - 

the fourth - - - - 

the fifth - . - - 

the sixth - - - - 

the seventh - - - - 

the eighth . *• - - 



7 + 1 


X 


H 


= 2S 


e + i 


X 


3 


= 21 


5 + I 


x 


2i 


= 15 


4 + 1 


X 


2 


= 10 


3 + 1 


X 


1^ 


= Q 


2 + 1 


X 


1 


= 3 


1 + 1 


X 


r 
T 


1= 1 


Total 


120: 



in the pile proposed^ 

I ' QUESTION IX. 

To find the shot of the square pile Bfgh, fig. 2, the bot- 
tom row £f consisting of 8 shot. 

SOLUTION. 

The bottom row containing 8 shot, and the second only 7 ^ 
that is, the rows forming the progression, 8, 7, 6, 5, 4, 3, 2, 1, 
in which each of the terms being the square root of the shot 
contained in each separate square course employedjn forming 
the square pile ; it follows, that the sum of the squares of 
these roots will be tte shot required ; and the sum of the 
squares divided by 5, 7, 6, 5, 4, 3, 2, 1, being 204, expresses 
the shot in the proposed pile. 

QUESTION X. . , 

To find the shot of the oblong pile ABCDEf , £g. 3 j in 
which BF ::^ 16, and Bc ^ 7. 

SOLUTION. 

The oblong pile proposed, consisting of the square pile 
AECD, whose bottom row is 7 shot ; besides 9 arithmetical 
triangles or progressions', in which the fir§t an^ last term, ik 
also me number of terms, are known j it follows, tha^ ^ 
if to the contents of the square pile - 140 

we add the sum of th^ ^b progression - 252 

their total gives the contents required • - 392 shot- 

REMARK I. 

The sftot in the triangukr and the square piles, as alio 
the shot in each horizomal course, ma^ 21 owcfc \>^ ^sK«t- 
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tauntd by th^ foUowmg table : the vertical coltinm- A, con* 
tains the shot in the bottom row, from I to 20 inclusive ; 
the column B contains the triangular numbers^ or number 
of eacli course ; the column c contains the sum of the 
triangular numbers^ that is, the shot contained in a trian* 
gular pile, commonly called pyramidal numbers ; the colunm 
D contains the square of the numbers of the column a, that 
is, the shot^contained in each square horizontal course ^ and 
the column £ contains the sum of these squares or shot in a 
square pile. 



B 



D 



Pjniunidal 
munbers. 


Tiianfular 
omnbers. 


Natural 
numbers. 


Square of 
the naturaJ 
numbers. 


Sumofthese 

square 

nbmbers. 


1 


1 


1 


1 


I 


4 


3 


2 


4 


5 


10 


6 


6 


9 


14 


20 


10 


4 


16 


30 


35 


15 


5 


25 


55 


56- 


21 


6 


36 


91 


84 


28 


7 


^9 


140 


120 


36 


8 


64 


204 


165 


45 


9 


81 


285 


220 


55 


10 


100 


385 


286 


* 66 


11 


121 


506 


364 


78 


12 


144 


650 


455 


91 


13 


169 


8I9 


560 


105 


14 


196 


1015 


680 


120 


15 


225 


1240 


816 


136 


16 


256 


1496 


9^ 


153 


17 


289 


1785 


1140 


171 


IS 


324 


2109 


1330 


190 

210 ( 


19 


361 


2470 


1540 


20 


406 2870 1 



Thus, the bottom row in a triangular pile, consisting of 
9 skoti the contents will be 165 ; and when of 9 in the square 
pile, 285.— -In the same manner, the contents either gf a 
square or triangular pile being given} th^ ^H>t in the bottom 
row may be easily ascertained. 

The contents of any oblong pile by the- preceding table 
may be also with little trouble ascertained, the less side not 
exceeding 20 shot, nor the difference between the less and 
the greater side 20. Thus, to find tUft d\Qt in ^n oblong ^ile» 
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the less side being 15, and the greater 35, we are first to 
find the contents of the square pile, by means of which the 
oblong pile may be conceived to be formed ; that is, we are 
^ to find the contents of a square pile, whose bottom row is 
15 shot J which being 1240, we are, secondly, to add these 
1240 to the product 2400 of the triangular number 120, 
answering to 15, the number expressing the bottom row of 
the arithmetical triangle, multiplied by 20, the number of 
those triangles; and their sum, being 3640, expresses the 
number of shot in the proposed oblong pile. 



REMARK II. 

The following algebraical expressions, deduced from the 
investigations, of the sums of the powers of numbers in. 
arithmetical progression^ which are seen upon many gunners* 
callipers*, serve to cc»npute with ease and expedition tne shot 
or shells in any pile. 

That serving to compute any triangular ) » + 2x/y-f \xn - 
pile, is represented by ) 6 

That serving to compute any square ) ^ -f i X 2/i -f I X /r 
pile, is represented by ) • ^ 

In each of these, the letter n represents the number in the 
bottom row : hence, in a triangular pile, the n umb er in the 

bottom row lieing 30 ; then this pile will be 30 + 2 x 30 + i 
X V ~ 4960 shot or shells. In a square pile, the number 
in the bottom row being also 30; then this pile will be 

30 + lx 60 + 1 X V = 9'*55 shot or shells. 
That servi pg to c ompute any oblong pile, is represented by 

2i»+l-f3/«x« + I X « ; , . , , , , • 
• , m which the letter n denotes 



* Callipers are large compasses, with bowed shanks, serving to 
take the diameters of convex and concave bodies. The gunners' 
callipers consist of two thin rules or plates, which are moveable 
quite round iHoint, by the plates folding one over the other : the 
length of each nile or plate is 6 inches, the breadth about 1 
inch. It is usual to represent, on the plates, a variety of scales, 
tables, proportions, &c, such as are esteemed useful to be known 
by persons employed about artillery ; but, except the measuring 
of the caliber of shot and cannon, and the measuring of saliant and 
re-entering angles, none of the articles, with whvcVk \3Kke csi^X\\fe:c^ 
are usually Mhsd, axe essential to that uu^tDameia. 
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the number of courses, and the letter fn the number of sb<lf, 
less one, in the top row : hence, in an oblong pile the nnni'* 
ber of courses being 30, nnd the top row 31; this pile will 

be 60 + 1 + 90 X 30+1 x ^^ =: 23405 shot or shells. 



GEOMETRICAL PROPORTION. 

GfiOMETRicAL Proportion contemplates the relation of 
quantities considered as to what part or what multiple one 
is of another, or how often one contains, or is contained 
jn> another.— Of two quantities compared tocether^ the iirsl^ 
is called the Antecedent, and the second the Consequent. 
Their ratio is the quotient which arises from Uiyidi^ig the 
one by the other. 

Four Quantities are proportional, when the two couplets 
have equal ratios, or when the first is the same part or mul- 
tiple of the second, as the third is of the fourth. Thus, 
3, 6, 4, 8, and /i, ar, (f, br^ are geometrical proportionals^ 

ar br 
For ^ = J = 2, and — = --- = r. And they are stated 

thus, 3 : 6 :: 4 : 8, &c. 

Direct Proportion is when the same relation subsists be- 
tween the first term and the second, as between the third and 
the fourth : As in the terms above. But Reciprocal, or 
Inverse Proportion, is when one quantity increases in the. 
same proportion as another diminishes : As in these, 3, 6, 8, 
4 5 and these, at, ar^ btj b. ^ 

The Quantities are in geometrical progression, or con- 
tinuous proportion, when every two terms have always the 
■ same ratio, or when the first has the same ratio to the 
second as the second to the third, and the third to the 
fourth, S:c. Thus, 2, 4, 8, 16, 32, 64, &c, and a, ar^ ar^, 
aH, tfr^, ar% 3:c, are series in geometrical progression. 

The most useful part of geometrical proportion is con- 
tained in tiie following theorems ; which are similar to those 
in A'rithmeiicai Proportion, using multiplication for addi- 
. tion, &:c%. 

K When 
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1. When four quantities are in geometrical proportion, 
the product of the two extremes is equal to the product of 
the two means. As in these, 3^ 6, 4, 8, where 3 x 8 = 6- 
X 4 =5 24; and in these, a, ar^ b^ br, where ax br = or x 

b ':;z ahr. 

2. When four quantities are in geometrical proportion^ 

the product of the means divided by either of the extremes 

gives' the other extreme* Thus, if 3 : 6 : : 4 : 8, the?* 

6x4 ,6x4 , ., , , 

— - — =: 8,and-r— — ■' = 3;; also \t ax ar \i b i br, then 

Jo 

= br. or ■* , = a. And this is the foundation of the 

a br 

Rule of Three. 

3. In any continued geometrical progression, the product 
of the two extremes, and that of any other two terms> 
equally distant from them, are equal to ekii other, or equal 
to the square of the middle term when there is an odd 
number of them* So, in the series 1, ii, 4, 8, 16, 32, 64, &Cy . 
it is 1 X 64 = 2 X 3^ =4 x-16 = fr x 8 = ,64* 

4. In any contiimed geometrical series, the last term is 
equal to the 6rst multiplied by such a power of the ratio as 
is denoted by 1 less than the number of terms. Thus, iathe 
series, 3, 6, 12, 24, 48, .96, &c, it is 3- x 2* = 96. 

5* The sum of any series in geometrical progression, is 

found by multiplying the last term by the ratio, and dividing 

the difference of this product and the first term by the d[i£ 

ference between \ and tbe ratio. Thus, the smn of 3^6, , 

192 X 2 3 

12, 24, 48, 96, 192, is -— ^ 384- 3 = 381. And 

the sum of- » ttfms of the series a^ an ^^ ^i ^\ &c,. to 
« , - vir"""' X r — a ar^'r- a r" — 1 
' ^^l r— I r — 1 

6. When four quantities, d, or, *, ir, or 2, 6, 4,. 12, are 
proportional; then any of the following forms of those quan- 
tities are also prQportional,. \iz» 

1. Directly a x^ar \\b : ir; or 2 : 6 :: 4 : 12. 

2. Inversely, ar \ a : : ir : fr j er 6 : 2 : : 12 : ' 4. 
- S* Akemately> a : i *: : a/- : irv or 2 : 4 : : 6 : 12. 
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4. O>mpoundedly, a :a'\-ar :: b:b+br-y or2 : 8 : : 4 : 16« 
5* DivideJIy, a : ar— a :: b i br^b;^ or 2 : 4 : : 4. : S. 

6. Mixed, «r +a:tfr— at:: ^+^:^'*— *V qr8 :4::16:8. 

7. Multiplication, ac :arc:: be : brc\ or 5.3 : 6.S :: 4 : 12. 

8. Division, — \— \\h \hr\ or 1 : 3 : : 4 : 12. 

c c 

9. The numbers fl, i, r, J, are in harmonical proportioni 
when a \ d \i a^ b i c^n d\ or when their reciprocals 

— y -Ti — , -Tf are in arithmetical jproportion. 



EXAMPLES. 

1. Given the first term of a geometrical series 1, die ratio 
% and the number^ of terms 12 \ to find the sum of the series? 

First, 1 X 2" == 1 X 2048, is the last term. 

^^ 2048x2 — 1 4096—1 _^^ , 

Then = . ■ = 4095^ the stun required* 

2—1 1 

2. Given the first term of a geometric series ^y the ratio 
\y and the number of terms 8 ; tafind the sum of the series? 

< 

First, j. X (4)^ = 4- ^ TTT ~ TtT> '* ^« '*** term. 
Then (j-^fr X 4) -^ (1-i) = (i-y^) -5- i =|i4 X ? 
= -l-rij the sum required. 

S. Required the sum of 12 terms of the series 1, 3, 9, 27, 
81,8cc. Ans. 265720. 

4. Required the sum of 19 terms of the series 1, -f, 7» 
¥T> "rr> ^c. Ans. TTTTir* 

5. Required the sum of 100 terms of the. series 1» 2, 4, 8, 
16, 32, &c. Ans. 1267650600228229401496708205875. 

See more of Geometrical Proportion in the Arithmetic* 



SIMPLE EQUATIONS. 



Am Equation is the expression of two equal quantities, 
with the sign of equality (=) placed between them. Thus, 
10-^4 = 6 is an equation, denoting the equality of the quan- 
tme% l0^4f and 6. 
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Equations are either simple or compound* A Simple 
Equation, is that which contains only one power of the un- 
known quantity, without including different powers. Thus, 
x—a = b -{- Cf or ax^ = byisz simple equation, containing 
only one power of the unknown quantity x* But x^^2aT 
=i* is a compound one. 

GENERAL ItULE. 

Reduction of Equations, is the finding the value of the 
unknown quantity. And this consists in disengaging that 
quantity from the known ones ; or in ordering the equa- 
tion so, that the unknown letter or quantity may stand 
alone on one side of the equation, or of the mark of equality, 
without a co-efBcient ; and all the rtfst, or the known quan- 
tities, on the other side. — ^In general, the unknown quantity 
is disengaged from the known ones, by performing always 
the reverse operations. So, if the known quantities are con- 
nected with it by + or addition, they must be subtracted; if 
by minus ( — ), or subtraction, they must be added ; if hy 
multiplication, we must divide by them j if by division, we 
must multiply ; when it is in any power, we must extract 
the root ; and when in any radical, we must raise it to the 
power. As in the following particular rules ; which are 
founded on the general principle of performing equal operas 
tions-on equal quantities ; in which case it is evident that 
the results must still be equal, whether by equal additions, 
QT subtractions, or multiplications, or divisions, or roots, or 
powers. 

FARTICULAR RULE I. 

When known quantities are connected with the unknown 
by -fc- or — ; transpose them to' the other side of the equa^ 
tion, and change theU* signs. Which is only adding or sub- 
tracting the same quantities on both sides, in order to get 
all the unknown terms on one side of the equation, and all 
the known ones on the other side ^. 

Thus, 



,^ll>l ■ I 11 M ■ I w I n il. I -■ I , 



* Here it is earnestly recommended that the pupil be ac- 
customed, at every line or step in the reduction of the equations, 
to mMPe tjie particular operation to be performed on the equ^ioo 
in the last line/ in order i to produce the next form or state of the 
equation, in applying each of these rules^ accordiiit'A%V.Vife V'^xNacv:^^ 
^orro of the equation may require j^ applying tkktGCi aLftcov^vci^ ^^ ^^ 
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Thus, if .1' + 5 =S ; then transposing 5 gives jr= 8 — 5=3. 

And, if ^^ — 3 -|- 7 =5 ; then transposing the 3 and 7, gives 
a.=9 + 3-7=5. 

Also, if .1' — 4f + A = Cell then by transposing m and ^ 

it if. X z=. a — h -{- cd» 

In like mnnnfcr, if 5-r — fi = Ir + 10, th«n by transposing 
€ and 4.r, it is 5x—Ax = 10 + 6, or ^ = 16. 

RULE 11. 

When the tmknown term is multiplied by atty quantity ; 
divide all the terms of the equation by it. 

Thus, if ax =zab - 44f ; then dividing by <?, giv,es « = i — 4. 

And, if 3»v + 5 = 20 ; then first transposing 5 gives 3j" 
±= 15 ; and then by dividing by 3, it is x"= 5. 

In like manner, ifax+3ab=4^-y then by dividing by a, k 

4r* 4r* 
is -r+3i = — J and then transposing 3i, gives x = 34. 

RULE iir. 

When the unknown term is divided by any quantity; we 
must then multiply all the terms of the equation by that di- 
visor ; which takes it away. 

Thus, if — = 3+2: th^n mult, by 4, gives r =s 12 +8=20. 

And, if ~- = Sb + Qc- d: 
then by mult, ri, it gives x = '3ab ^ 2ac — ad. 

Also, if^- 3 = 5 + 2: 

• 5 

Then by transposing 3, it is f.r == 10. 
^d multiplying by 5, it is 3x == 50. 
Lastly dividing by 3 gives x = i 6j^. 



order in which they are here placed 5 and beginning every line 
with the words Then by, as in the following specimens of Ex- 
amples ; which two words will always bring to his recollecijonj^ 
that lie is to pronounce what particular operation he is to perform 
ou the last line, in order to give the next 3 allotting always a 
single line for each operation, and ranging the equations neatly 

just under each other^ in the several lines, as they are successively 

produced. - - • . . . 



/ 
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RUL£ IT. 

^^ When the uifciarm quantity is included in any root or 
sard : transpose the rest of the tenns, if ti^re be any, by 
Kule 1 ; tiv3n raise each side to such a power as is denot^ed 
by the index of the surd; viz. square each side when it is 
the square root ; cube each side when it is the cube root; &c. 
which clears that radical. 

Thus, if t/.r — S = 4^'y then transposing 3, rives Vjr=7; 
And squaring both sides givreS'^rss 49. 

And, if V2j: + 10 = 8 : 

Then by squaring, it becomes 2x + 10 = 01;, 
And by transposing 10, it is 2x = 54? 5 
Lastly, dividing by 2, gives x =: 27. 



Also, if 3^3i'+4 + 3=6: 

Then by .transposing 3, it is ^3.r + 4 = Sj 
And by cubing^ it is 3iT + 4 == 27 ; 
Also, by transposing 4, it is 3jr = 23; 
Lastly, dividing by 3, gives x" = 7-J 



'Z 

'3' 



RULE V. 



When that side of the equation which contains the un- 
known quantity is a colnplete power, or can easily be reduced 
to one, by rule 1, 2, or 3 : then extract the root of the said 
power on both sides of the equation ; that is, extract the 
square root vi^hen it is a square power, or the cube root 
when it is a cube, &c. 

Thus, if ^* + 8^ + 16 = 36, Or (x + 4)- = 36 : 
Then by extracting the roots, it is jr + 4 = 6 ; 
And by transposing 4, it 1^ x = 6 — 4 == 2. 

And if 3x"- 19 = 21 + 35. 
Then, by transposing 19, it is Sx^ = 75 ; 
And dividing by 8j gives x* = 25 5 
And extracting/the ro(k,^ives jr =*5. 

Also, if :J.r*~6=:i24• 
Then transposing 6, gives -|-.r* = 30 ; 
And multiplying by 4, gives Sjt* = 120 ; 
Then divickag.hy 3, gives a?* = 40 ; - 
Lastly, extracting the root, gives x --^ V40 = 6*324555. 
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EUL£ VU . 

When there is any analogy or proportion^ it is to be 
changed into an equation, by multiplying the two extreme 
terms together, and the two means together, and making 
the one product equal to the other. 

Thus, if 2r :9 :: 3 :5. 
Thea, mult, the extremes and means, gives lOx ss 27 1 
And dividing by 10, gives x =: 2^. 

And if ^x : a \z 5b \2e. 

Then mult, extremes and means ^ve&iai =: M^ 

And multiplying by 2, gives ^cx ss lOabi 

\Oab 
Lastly, dividing by 5r, gives x =-t — ^. 

Also, if 10— j: : |jr : : 3 : 1. 
Then mult, extremes and means, ^ves 10«-x es 2x:^ 
And transposing x^ gives 10 = 3x ; 
Lastly, dividing by 3, gives 3 j- = ap. . 

EULE VII. 

When the same quantity is found on both sides of aa 
equation, with the same sign, either plus or minus, it maybe 
left out of both : and when every term in an equation is 
either multiplied or divided by the same quantity^ it may be 
struck out of them all. 

Thus, if 3a: + 2tf =: 2tf + *: 
Then, by taking away 2d[, it is Sx s: b. 
And, dividing by 3, it is x = -Ji. 

Also if there be ^ax + ^ab =; Tat, 
Then striking out or dividing by 4, gives ^x + 6^ sx 7f* 
Then, by transposing 6^, it' becomes 4^r = 7^-^64; 
And then dividing by 4 gives x = ^— 43. 

^gain,if|ar-4= V>-^ 
Then, taking away th^ ^^ it becomes ^x ;= y i 
And taking away the 3's, it is 2ar =: 10 ; 
Lastly, dividing by 2 gives x •=, 5. 

MISCELLANEOUS |£XAMFLES« 

1. Giv^n Ix- 18 = 4Ar + 6 5 to find the value of ^. 
First, transposing 1 8 and 5x gives Zx = 24 ; 
Then dividing by 3, 'gives x =:>8, 
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2. GiveniO— 4ar-12 = 92— lOar; to find jr. 

First transposing 20 and 12 and lOXj j^ves 6x =: 84 ; 
Then dividing by 6, gives a: == 14. 

3. Let 4dfcr— 5i = Sdlc + 2^ be given; to find x. 

Firsti by trans. 5b and 3dx, it is 40X— 3i» =: 5i + 2cs 

56+2r 
Then dividing by 4£i— 3rf, gives t =7- — -> 

4. Let 5jr*— 12jr s= 9jr + 2jr* be given; to find x. 
First, by dividing by x, it is 5i: — 12 =: 9 + 2x j 
Then transposing 12 and 2jr, gives 3x = 21 ; 
Lastly, dividing by 3, gives x = 7. 

5. Given Bax^— iSabx* = 6/0^ + 12Ar* ; to find x. 
First, dividing by Sax^, gives Sx— 5^ = 2x + 4; 
Then transposing 5^ and 2x, gives x = 5i + 4. 

* 

XXX 

6. Let -^ T--+— = 2be given, to find x. 

First, multiplying by 3, gives x— |x + |x = 6 ; 
Then multiplying by 4, pves x + ^-^x i= 24. 
Also multiplying by 5, gives I7x = 120 ; 
Lastly, dividing by 17, gives x = l^V^ 

- ^. X— 5 X X— 10 ^ , 

7. Given -— h-jr = 12 r — ; to find x. 

3 ^ 3 

First, mult, by 3, gives x-5 + 4x = 36 — x + 10; 
Then transposing 5 aiid x, gives 2x + ^x = 51 5 
And multiplying by 2, gives 7x = 102 ; 
Lastly, dividing by 7, gives x = 14f . 

3x 

«. Let \/-T' + 7 =s 10, be given ; to find x. 
4 ° \ 

First, transposing 7, gives y^^ = 3 ; 

Then squaring the equation, gives ^x = 9 ; 

Then dividing by 3, gives >^x == 3 ; 

Lastly, multiplying by*4, gives x = 1 2. 



•. ^ 



5tf 



X 



9^ Let 2x + 2 V/i* +x* = be given; to find x\ 

^a*+x» J 

, First, mult, by \^a*+ x% gives 2x Va* +-x* + 2^* + 2x^ 

Then transp. ^d" and 2x^, gives 2:r V o" A- t;^ =^a^ — ^x^s 
Fox.. /. Q ^\:V^x:l^ 



Then hf wfpMtmg, k is 44?* x «»+ j-ia^Si* - ?T*"r 

That is, ^i'j^ + i4r* = 9fl* - 1 2/i»4r* + Ajf* •, 

By taking 4r* from both sides, it is 4#J^=9fl*- 1 J^V; 

llien transposiisg 124i^^, gives 1 6a^jr* ^ W i^ 

Dividin|r by i^, give^ I6x* = 4^; 

And dividinig by 16, gives jt* = .,%«*; 

I^y extracting th« root, gives a; as ^ow 

1. Given 2Mr-*5 -|* 16 :? 21 ; to find m. Amk.ff ^ 5. 

2. Given 9*- 15 == jr'+ 6; to findx. Ass. « » 4^. 

3. Given 8-3ar+ 12=30— 5x+45 tofindjf. Ansjr=7: 

4. Given x + fr-^* = 15 ; to find x. Ans. 4r 5? 12. 

5. Given S4r4.4;v4'2=5jir-'4i tofindiv. AiM»4r=:4. 

6. Given 4Ar + ^« — 2 =: ax^ix'f to find ;r. 

Ans* JT sz * 

7. Given jjr— ^ + jx = ^ j. to find v. Axis, jr =b if* 



8. Given V4+x = 4 — v'j-; to find jr. Ans. x =: 2J. 

9. Given 4* + ;r = - — ; — j to deter, x. Ans. jrs= — 2tf. 

4a +x 



w i» 



10. Given V4m'^ + jr* = t^4** + x*; to find x. 

Ans. X zi V"" 



i»< M 



3^ 



4i2 



11. Given Vy4- V2/i4-r=r-^ ; to find x. 

'^ ^2tf+x 

Ato. X :p ^ 

12. Given Y+^ + JZIYx = ^* ^ *^ ^^* •*'• 

Ans. X = iv-^-T— V 



13. Given « + x =2 V4* + x VW + x*i to find h. 

Ans. X s= . a. 

a 



%%^ 



SIMPL§ BQ]pATIONS. ^^^^ 

OF REDUCING DOUBLE/ tKl^LK^ &€.* x'(^AT^Ug> /CON- 
TAINING TWO, THREE, OR Moi|L£ U^KiypWH <;C^AN- 
TITIES. .-■■. ' ' , -^ ■ ' ,:-,:,i 



N 



SROBLE^. I. . / ^ .;•> 

21> Exterminate Two Unkripwn Quantities; Or, to Reduce 
the Two 'S^iple Eqitatignss containingi l^um^ t^^ix^^ifigle 
onCm 



RULE J. 

Find the valne of one of the unknown letters, in terms 
«f t;^^. other, quantities^ in each of thg ^uatiogs, by the 
methods aheady explained. ^Then put mose tf^o values 
equal to each other for a new equation, with only on^ wpr 
known quaatiCf ^ it> whpse ya]Rj4,is tahe fouo4 ^ b^%;e. 

Note. It \$ Qvident that we must first begin to find the 
values of that letter which are easiest to be found in the twa 
proposed «quatiQQ6. 

E^AMPLESi , 

1. Given {^* JT Sj = {4 J i to fin<l * a»<*y- 

In the 1st equat. transp. 3y and div. by 2^ves ^s^ "Tzr—^y 

/ 14 -4- 2v 
in the 2d transp. 2y and div. by 5, ^es x z^ ■ ■■ x.i^ i 

t44-2<Lr 17 — 3v 
Putting these two values equal> gives - — 7^^^ ' ' ' ^ > 

' Then mult* by 5 and % pves 28 + 4y = 85 - \ty\ 
^Transposing 28 and 15y, gives 19y ae 57; 
And dividing by 19, gives ^ = S. • 

And hence ;c = 4. 

Or, to do the same by finding two values of y, thus: 
In the 1st equat. tr. 2x and div. by 3, give^y = ^ - 

In the 2d tr. 2yand 14, and div. by 2, givpsy = — 

■ ' 2 ^ 

Putting these two values equal, gives — = . 

Muk- by 2 and by 3, gives 15;? - 42 ~ *i^ — \x\ 

Q2 TLt-asis^. 
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. TnuiM. 48 md ijr, gives 19j: =76; 
Dividing by 19, gives x == 4. 
Hence jr =: S, as before. 

2. Given j|j J: Ij =j] ; to find * and jr. 

Ans. AT =: tf + ^» and jr := |a— 16. 

3. Given 3ir + ^=229andS;+« = lB; to finder and jr. 

Ansv AT = 6, and jr = 4^ 

4. Given {r^ + t'ztili ^^^*^^^ 

Ans. xr=6|anajr=: 3. 

^. 24r Sjr 22 . 3jr 2jr 67 ^^ 

5. Givtn-^f =y, «idT+t = Ti' *^ ^^ * 

and jr. Ans. -r = S, and jr = 4. 

6. GiTen* + S» = /,aBdjr»-4f'=:W} to find jr and jr. 

Ans.* = -j^,andjr— ^^- 

7. Given jv—2jr =:^, and x:jr::tf: &; to find jr and jr. 

Ans.Jrr: rriandjr=^ tt» 

mULS II. 

• 

Find the value of one of tlve unknown letters, ia.only one 
of the equations, as in the former rule ; and substitute this 
value instead of that unknown quantity in the other equation, 
and there w3i ari$e a new equation, with only one unknown 
quantity^ whose value is to be found as before. 

Note. It is evident that it is best to begin first with that 
letter whose value is easiest found in the given equations. 

EXAMPLES. 

This will admit of four ways of solution; thus : First, 
ia the 1st eq. trans. 2y and div. by 2, gives x = — — -^> 

This val. subt. for x in the 2d, gives — 2ji .= 14; 

Mulu by 2, this becomes 85 — 15^— ^y ^ ^8 \ 
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Transp. 15y and 4y and 28^ give^ 57 :=:«]r9yi 

And dividing by 19| gives 3 :;?^. - 

r^ .17- 3« 

Then 07 = — r^ = 4. 

I 

2dly, in the 2d trans. 2y and div. by 5, gives x rz — —-^5 

28 + 4y 
This snbst. for x in the 1st, gives — rr~ + 3jf r: 17 ; 

Mult, by 5, gives 28 + 4y + 15y = 85 5 

Transpos. 128, gives ] 9y = 57 ; 

And dividing by 19, gives y^= 3. 

. 14+2y ^ ^ 

Then x = — -— ^ = 4, as before. 

5 



1 7 — 2;r 
•Sdly, in the 1st trans. 2x and div. by 3, gives y = — - — i 

3 

34 — 4x 

This subsf. for y in the 2d, gives ^x — == 14 ; 

Multiplying by 3 gives I5x -- 34 + 4j: =: 42 ; 

Transposing 34, gives 19jr = 76 ; 

And dividing by 19, gives x = 4. 

17-2;^ , ^ 

Hence ^ =: — r — s: 3, as before. 



5^—14 
4thlyi in the 2d tr. 2y and 14 and div. by 2, gives j=: — - — i 

ss 

15^7—42 
This substituted in the 1st, gives 2x + — ^ = 17; 

Multiplying by 2, gives 1 9t — 42 = 34 ; 

Transposing 42, gives 19jr = 76 j 

And dividing by 19, gives ;ir = 4. 

5;r— 14 
Hence y = — r — = 3, as before. 



2. Given 2^ + 3y = 29, and 3a: - 2y = 1 1 j to find x 
andy. Ans. a: = 7, andy = 5. 

3. Given{J+J=^J}5tofindxaiid,. 

An9.jrs^«i 



^ AiBs, xcr 6, and.)! = 4* 

5. Given -^ + 3; = 21, and ^ + Sir = 2d ; to find * 
aadijr. ^ .Ant. ir'&9,'aiid,jriE:6. 

^b. Ghreix lb - |- =^ + «, dtd -^+^ -^ = 

Sy— X 

-=~ 1 ; to find X and jr. * Ans. ir 2r.8Vnl.;jr == 6. 

7. Given x :y : : 4 : S, and *'— / = S7 1 to find x and jr. 

Ans. JT = 4, ifi& jr = 3. , 



RULE HI. 

Let the-given equations be so mulciplied, or xlividcd, &c, 

and by such numbers or quantities, as will make the term^ 
which cdnfSin brie of the unknown quantities 'tl*e ^lade in 
both equations j if they are not the sanie when Bfst pro-' 
posed. 

Then by adding or subtracting €he equatiortej ttceb^ding 
as the signs may require, there will remain a new equa- 
tion, with only one unknown quantity, as before. That isji 
add the two equations when the signs are unlike, but aub-^ 
tract them 'when the signs are alike, to cancel that comtaon 
term, 

Note. Tb make two unequal terms become equal, as above, 
multiply each term by the co-efficient df the other. 



EXAMPLES. 

^'''^'' {K + 5J = le} ' ^"^ ^^ "^ ^^> 

Herewc maty cither make the two first terms, containing i#, 
equal, or the two 2d terms, containing y, equal. To make 
the tjvo first terms equal, we must multiply the 1st equation 
by 2, and the 2d by 5-, but to i^ake the two 2d ferins eqiuil, 
we must multiply the ist equation by 5, and the 2d by 3 ; 
SIS follows. 
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2 • By mdiing the two first terms equal: 

Mult, th^ 1st equ. by 3, gives lOo:— 6y =s 18 ^ 
And mult, the 2d by 5> gives 10-r+25j^ = 80; 
Subtn the upper from the under, gives 3lj^ == 62.j 
And dividing by &I5 gives y ziz 2» 

Hehce, from tfhe 1^ giveft equ« ir sz « ■ n^ir^ at, 8. 

2. By making the Mn> ^ terms "equal: 

Mult, the 1^ equat. hy >5, gives 25s — iSy ^ 45 >; 

And mult, the 2dhy S, gives 6x + IBy k 48 ; 

Adding these two, 'gives Six = 93 ; 

And dividing hy 4^1, .giyes . ir c= 3. 

5x — 9 
Hence, from the 1st equ« j =: — r— =: 2. 



MISC£LLAl<tSdds tXAMPI.ES. 

1. Given -— + 6y ±:^1, arid^-^^+ 'it = 23 ; to 
find X and j^. Ans. x e:4|and j^ a 3* 

2. Given — — + 10 = 13, and ' J - +5 = 12^ 
to find X and ^.^ Ans. ^ s 5, and ;^t=: 3. 

3. Given — r-^+'— =^ 10, and — ^— — ^ + 4"= I* 5 

5 4« • 3 o 

to find X and y. Axis. ^ = 8, and ^ ^4. 

4. Given Sx + ^y =^ 38,and4x — 3y = 9; to find x and y. 

Ans. s ^Qy and y = 5, 

PROBLEM IJ. 

To Exterminate Three or Mere Unknown Quantities: Or, to 
Reduce the Simple Equations^ containing them, to a Single 
one, 

RULE. V 

This may be done by any of the three methods in the last 
problem : viz. 

1. After the manner of the first rule in the last problem, 
find the value of one of the unknown letters in each of the 
given equations : next put twQ of these values equal to each 
other, and then one of these and a third value equal, and so 
on for all the values of it i which cives a u^^ ^tx. dt ^<5js^^'^'^\ 



•I 
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with which the 'same process is to be repeated, aikd so on 
till there is only one equation, to be reduced hj the rules for 
a sin^e equation. 

2. Or, as in the 2d rule of the same problem, £nd the 
▼alue 'of one of the unknown quantities in one of the equa- 
tions only; then substitute this value instead of it in the 
other equati6ns ; which gives a new set of equations to be 
resolved as before, by repeating the operation. 

3. Or, as in the 3d rule, reduce the equations, by multi> 
plying or dividing them, so as to make some of the terms to 
agree : then, by adding or subtracting them, as the signs 
may require, one of the letters-may be exterminated, Bcc, as 
before* 



EXAMPXES. 

1. Given <«+2y+S^« = 16>;to find «, y^ and z. 
t* + 3y + 4a: = 2l) 

1. By the Itt method : 
Transp. the terms co^itainingy and z in each equa. gives 

X ^ 9 — y — z, 
x:^ 16 - 2y- 3z, 
« =r 21 — 3y — 4«; 

Theii putting the i st and 2d values equal, and the 2d and 3d 
values equal, give 

9 — y — ' « =5 16 — 2^ — S«, 
16 - 2[y - 82 = 21 - Sy -4z'y 

In the 1st trans. 9, z, and 2y, gives 3^ = 7 — 2%; 
In the 2d trans. 16, Sz, and 3y, givesy = 5 — 2; 

Putting these two equal, gives 5— z= 7—22; 
Trans. 5 and 2z, gives z^=s2. 

Hencey = 5 — z = 3, and x = 9—^—2 = 4. 

2dly. By the 2d method : 

From the 1st equa. x = 9-^—2; 
This value of x substit. in the 2d and 3d, gives 

9 + y + 2z= 16, 

9 + 2y + 3z = 21 ; 

In the 1st* trans. 9 and 2a, givesy = 7 — 2z; 

This substit. in the last, gives 23 — 2 = 21 ; 

Trans* z and 21 , gives 2 =: z. 

Hence tgain jr == 7 — 2z = 3, and x = S-^y-z = 4. 



^^^. ^^ 



♦ ^ 
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Sdly. By the Sd method : subtracting the 1st «qu. from 
the 2dp and the 2d from the 3d, gives 

y + 2z =z 7, 

3/ + 2f = 5 ; 

Subtr. the latter from' the former, gives z = 2, , 

Hence y = 5 — 3 •= 3, and x = D—y—z = 4. 



2 



. Given < x + ^y + 2js = 38 J- ; to find x, ^, and z. 

Ans. ;r = 4, y = 6, z = 8. 

3. Given ^ ^ + jy + ^ = 20 >• j to find ^,y, and x. 

Ans. X = 1, j^ = 20, z = 60. 

4. Given Jir ^y = 2y x — z = 3, and y — x = 1 ;'t# 
find X, y, and z. * Ans. .r = 7 j y= 5 ; 5: = 4v 

f 2x + 3y + 4z = 341 

5. Given ^ 3x + tV + -^^ ~ *^ 1 > ^*^ ^"^ '^> .y> ^"^^ ^' 



C2x + 3y + 4z = 341 
isx + iy + Sz^^^fl to 
^4x + 5y + 62 =583 



A COIXECTION OF QUESTIONS PRODaCING SI^IPLE 

EQUATIONS. 

Quest. I. To find two numbers, such, that their sun^ 
shall be 10, and their difference 6. 

I^et X denote the greater number, and y the less *• 
. Then, by the 1st condition x + y = 10, 
And by the 2d - - x - y = 6y 
Transp.^ in each, gives. x = 10 — y, 

and X = 6 + 3/ > 
Put these two values equal, gives 6 +1/ = 10 -- y-, 
Transpos- 6 and — y^ gives - 2y == 4 ; 
Dividing by '2, gives - - y = 2*. 

And hence - - - - »r = 6 + j/ = 8. 



* In all these splutions, as many unknown letters are always 
used as there are unknown numbers to be founds purposely the 
better to exercise the modes of reducing the equations : avoiding 
the short ways of notation, which, though giving a shorter solu- 
tion, are for that reason less useful to the pupil, as affording less 
exercise in practising the several rules in reducing equations* 
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Quest. 2. Divide 100/. amoiig A> «> <;, ^ that A «iay 
have 20/. more than b, and B 10/. more than €. 

Let X == a's share, j^ === b's, and z 3: c's. 
ThenJt'+5'+ 2=100, 
X rsiy +20, 

y =:;:«+ 10. 

In the 1st substit. y + 20 for jr, gives 2y + 2 + 20 = 100; 
In this substituting t + 10 fory, gives 3z + 5K) !& lOO-; 
• By transposing 40, gives - ^is «= feo ; 

And dividing by 3, gives - - as = 20. 

Hence 3^ = z + 10 = 30, wd x izy + 20 -^ 50. 

Quest. 3. A- prize of 500/. is to be dividel between two 
persons, so^as their shares may be in proportion as 7 to 8 v 
' requijed the share of each. 

" Put x and y for the two shares ; then ty the question, 

7 : 8 : : X : j/, or mnlt. the lULtretnes 
and the means, ly = 8^:*, 

and jr+^ = 500; 
Transposing J/, gives x = 500 -^ y \ 
This substituted in the 1st, gives 1y == 4000 — Syj 
By transposing 8j/, it is 15^ = 4000 ; 
By dividing by 15, it gives y = 266-y; 
And hence x = 500— j/ = 233J.. 

Quest, 4. What number is that whose 4th part exceeds 
its 5 th part by 10 ? 

Let X denote the number sought. 
Then by the question \x ^ \x ^=z \0\ 
By mult. by^4, it becomes x — ^jt = 40 ; 
By mult, by 5, it gives x = 200, the ttum^er sought. 

Quest. 5. What fraction is that, to the numerator of 
which if 1 be added, the value will be 4 5 but if 1 be adde4 
to the denominator, its value will be -f ? 

Let — denote the fraction. 

y 

JQ JL. \ ' X 

Then by the quest. =^-, and 



z 
3* 



y J/ + 1 

The 1st mult, by 2 andy, gives 2.r + 2 = j/ ; 
The 2d mult, by 3 and 3/ + 1, is S.r = j^ + 1 ; 
The upper taken from the under leaves -a*— 2 = 1 j 
By transpos. 2, it gives jr = 3. 
Ai^d hence 3^ =-2^ +2 = 8; and^he fracitiofi is |. 

Quest. 6< 
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f 

Quest. €• A labourer -engag^ to jserve for 30 diayson 
these conditions c that for every tUy be worked, he vras to 
receive 20d. but for every day he played, or vrzs absent, he 
was to forfeit \0d. Now at the end of the time he' had to 
receive just 20 shillings, or 240 pence.. It is required to 
£nd how many days he worked, and how many he was 
idle ? 

Let X be the days worked, and y the days idled. 
Then 20.r is the pence earned, and lOy the forfeit's ; 
Hence, by the question - or + jjf = 30, 

and 20a: — \0y = 240 -^ . 
The 1st. mult, by 10, gives 10^ + lOy = 300 j 
These two added give - 30jr = 540 ; 
This div. by 30, gives -^ or =: 18, the days worked; 
Hence - ^=30 — jr=il2, the days idled. 

Quest. 7. Out of a cask of wine, which had leaked^away |, 
30 gallons were drawn ; and then, being gaged, it appeareid 
to be half full; how much did it hold? 

Let it be supposed to have held or gallons. 

Then it would have leaked -^x gallons, 

Conseq. there had been taken away ^x + 30 gallons. 

Hence ^jr = ^o: + 30 by the question. 

Then mult, by 4, gives 2a: = ur + 120; 

And transposing Xy gives x = 120 the contents. 

Quest. 8. To divide 20 into two such parts, that 3 times 
the one part added to 5 times the other may make 76. 

Let X zady denote the two parts. 
Then by the question - . - a: + ^ = 20, 

and 3.r 4- 5y = 76. 
lHuIt. tlie 1st by 3, gives - 3x + 3y = 60 j 
Subtr. the latter firom the former, gives 2y = 16 ; 
And dividing by 2, gives - - j^ = 8. 

Hence, from the 1st, - a: = 20 — j/ = 1 2. 

QuttsT. 9. A market woman bought in a certain number 
of eggs at 2 a penny, and as many more at 3 a penn^, and 
sold them all out again at the rate of 5 for two-pence, and 
by so doing, contrary to expectation, found she lost 3flf.-, 
what number of eggs had she ? 

Let X = number of eggs of each sort. 
Then Will 44? = cost <jf the first sdrt, 

And-fr ?=cost 0ft)te-secofl4^K»!ti v 

. ■ • But 



\ 
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But 5 :2 ::2x (the whole number of eggs) : pr ; 
Hence |x s price of both sorts, at 5 for 2 pence ; 
Then by the question ix + ^--^ = S | 
Mult, by 2, gives - * + fr — jx =: 6 ; 
^ And mult, by 3, gives 5x — V*" = 18 > 

Also mult, by 5, gives x =: 90, the number of eggs of 
each sort. 

Quest. 10. Two persons, a and b, engage at play. 
Before they begin, a has 80 guineas, and B has 60. After 
a certain number of games won and lost between them, a 
rises with three times as many guineas as B. Query^ how 
many guineas did a win of B ? 

/ Let X denote the number of guineas a woxw 
Then A rises with 80 + .r, 
* And B rises with 60— x j 

Theref. by the quest. aO + a:=rl80— 3jrj 

Transp. 80 and 3;r, gives 44: = 100 5 

And dividing by 4, gives x zz 25, the guineas 



QUESTIONS FOR PRACTICE- 

1. To determine two numbers such, that their difference 
may be 4, and the difference of their squares 64. 

Ans. 6 and 10. 

2. To find two numbers with these conditions^ viz. that 
half the first with a 3d part of the second may make 9, 
and that a 4th part of the first with a 5th part of the se- 
cond may make 5. Ans. 8 and 15. 

3. To divide the number 20 into two such parts, that a 
3d of the one part added to a fifth of the other, may 
make 6. Ans. 15 and 5. 

4. To find three numbers such, that the sum of the 1st 
and 2d shall be 7, the sum of the 1st and 3d 8, and 'the 
sum of the 2d and 3d 9. Ans. 5, 4, 5. 

5. A father, dying, bequeathed his fortune, which was 
2800/. to his son and daughter, in this manner; that for 
every half crown the son might have, the daughter was to 
have a shilling. What then were tlieir two shares ? 

Ans. The son 200G/. and the daughter iOO/. 

6. Three perrons, a, b, c, make a Joint contribiidiMi» 
"rhich in the whole amounts to 400/. : of which sum 1 

trib 
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tributes twice as much as a and 20/. more ; and c as much 
as A and b together. What sum did each contribute ? 

Ans. A 60/. B 140/. and c 200/. 

7. A person pud a bill of 100/. with half guineas and 
crownSf using in all 202 pieces; how many pieces were 
ihere of each sort ? 

Ans. 180 half guineas, and 22 crowns. 

8. Says a to b, if you give me 10 guineas of your money, 
I shall t^en have twice as much as you will have left : but 
says B to a, give me 10 of your guineas, and then I shall 
have 3 times as many as you. How many had each ? 

Ans. A 22, B 26. 

9. A person goes to a tavern with a certain quantity of 
money in his pocket, where he spends 2 shillings; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
again as much money as was left, he went to a third tavern, 
where likevnse he spent 2 shillings ; and thus repeating the 
same at a fourth tavern, he then had nothing remaining. 
What sum had he at £rst ? Ans. 3s. 9d, 

10. A man with his wife and child dine together at an 
inn. The landlord charged 1 shilling for the child ; and 
for the woman he charged as much as for the child and -^ as 
much as for the man ; and for the man he charged as much 
as for the woman and child together. How much was thai: 
for each ? Ans. The woman 20J. and the man 32d. 

11. A cask, which held 60 gallons, was filled with a 
mixture of brandy, wine, and cyder, in this manner, viz. 
the cyder was 6 gallons more than the brandy, and the 
wine was as much as the cyder and y of the brandy. How 
tnuch was there of each ? 

Ans. Brandy 15, cyder 21, wine 24. 

12. A general, disposing his army ihto a squ.are form^ 
finds that he has 284 men more than a pffrfect square ; but 
increasing the side by 1 man, he then wants 25 men to be 
a complete square. Then how many men had he under his 
command ? Ans. 24000. 

1 3. What number is that, to which if 3, 5, and 8, be 
severall]|r added, the three sums shall be in geometrical pro- 
gression? . ^ , J Ans. 1. 

18. 1^ i dtxt amounted to 860/. the 

ih«rit jrf lifld .that of the third 
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by 240 ; and the sum of the 2d; and $4 exce^.e4 ^^ St^Pt 
by 260. What wa^ the share o£ e^fh ? 

Ans. The 1st 200, the 2d 300, the '3d 260. 

]5« What two numbers are thosp, ^^ebgLch^ Ij^R in the 
ratio of 3 to 4, their product is equal to. 12 tin^fs^rtl^eir $J^? 

16. A certain company at a tavern, .when they came to 
settle their reckoning, found that had there beep 4, si^ore in 
company, they might have paid a shilling ^rpi^^ \^ than 
they did '^ but that if there had been 3 fewer in coi^ip^y. 
they must have paid a shilling a-piece more th^ th^y did, 
What then was the number of persons in company, what 
each paid, and what ^vas the whole reckoning ? 

Ans. 24 persons, each paid 7s, and ti^e whole 
reckoning 8 guineas. 

17. A jockey has two horses ; and also two sjuldli^ the 
one valued at 1 8/. the other at 3/. Now when be sets the 
better saddle on the 1 st horse, and the worse Qi^ the 2d» it 
makes the first horse worth double the 2d : but when he 
places the better saddle on the 2d horse, and the t^orsjS on 
the first, it makes the 2d horse worth three times th^ 1st. 
What then were the values of the two horses ? 

Ans. The 1st CI., and the 2d 9/. 

18. What two numbers arc as 2 to 3, to each of which 
if 6 be added, the sums will be as 4 to 5 ? 

Ans,. 6 and 9. 

• 

19. What are those two numbers, of which the greater 
is to the less as their sum is to 20, and as their difference is 
to 10.^ Ans. 15 and 45. 

20. Wliat two numbers are those, whose difference, sum, 
and product, are to each other, as the three numbers 2, 
3, 5 ? Ans. 2 and 10. 

21. To find three numbers in arithmetical progression, 
of which the first is to the third as 5 to 9, and the sum of 
all three is 63. - Ans. 15, 21, 127. 

22. It is required to divide the number 24 into two^ such 

i)arts, that the quotient of the greater part divided by the 
ess, may be to the quotient of tlie less part divided by the 
greater, as 4 to 1. Ans. 16 said .8* 

23. A gentleman being asked the age of his two aOD^ 
answered, that if to the sum of their ages 18 h9 jhM 
^e result will be double the age of the eldfX) tafl: 
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tafeoBi firom the difieFesce of their ages, the remamder will 
be equal to the age of the younger. What then were their 
ages r Ans. 30 and 1 2. 

24. To find four numbers such, that the sum of the 1st, 
2d, and Sd shall be 13 ^ the sum of the 1st, 2d, and 4th, 
15 J the sunl of the 1st, 3d, and 4th, 18 j and lastly the 
suni of th^ 2d, 3d, and 4th, ?0. Ans. 2, 4,^7, 9. 

25. To divide 48 into 4 such parts, that the first increased 
hj 3, the second diminished by 3, the third multiplied by 3, 
and the 4th divided by 3, may be all equal to each othet. 

Ans. 6, 12, 3, 27. 



QUADRATIC EQUATIONS. 

Quadratic Equations are either simple or compound. 

A simple qu^ratic equafion, is that which involves the 
square of th^ unknown quantity only* As ajf = i. Aa4 
the SQlutioc^ of sjoabt qMadiffttics ha3 been already given in 
simple e<|uaftions* 

A compound quadratic equation^ is that which amtains 
the square of the unknown quantity in one term, and the 
first power in another term. As ax^ + bx = c. 

4U compound q^^^ir^^ic equations, after being properly 
redjUiCCKi, fiill ui^er the three following forms, to which 
th^y must always \^ reduced by preparing them for solu«« 
tion. 

1. ;f * + /jji? ;= * 

2. J^ " ax =: b 

-The general method of solving quadratic equations, is by 
what is call^ completing the square, which is as follows : 

1. R£DtJCE the proposed equation to a proper simple form, 
as usual, such as the forms above ; namely, by transposing 
all thei terms which coptain the unkncfwn quantity to one 
side of the equation, and the known terms to the other; 
placing ^e square term first, and the single power second ; 
dividing the equation by the co-efficient of the square or 
first term, if it has one, and changing the signs of all the 
terms-, wb^ that term happens to be negative, as that 
,mfm matt -timni.'Jmi mm positive before the solution. 
Thfti • tfc* ?• by completing the square as 

i 

2. CorK^V'SXft 
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2. Complete the unknown side to a square, in this niaa* 
ner, viz. Take half the co-efficient of the second term, and 
square it \ which square add to both sides of the equation^ 
then that side which contains the unknown quantity will.be 
a complete square. 

3. Then extract the square root on both sides of the 
equation*, and the value of the unknown quantity will be 

determined. 



* As the square root of any quantity may be either + or — , 
therefore all ^quadratic equations admit of two solutions. Thus> 
the square root of + n* is either + nor— nj fbr+i»X-fn 
and — n X — n are each equal to + n^. But the square root of 

— n*, or v^— n*, is imaginary or impossible, as neither + n nor 

— n, when squared, gives — n*. . 

So, in the first form, j^ +ax^: b, where x + -^ is found = 

^^b + ^*, the root may be either + y^^ -|- la\ or — ^/6-f ^, 
since either of them being multiplied by itself produces b -f ^\ 
And this ambiguity is expressed by writing the uncertain or double 

sign ± before ^/b -f ^a« ; thus x =: ± y'A -f- |a* — |a. , 



In this form, where x n ± \/b + ^a^ — 4^« the first value of 

X, viz. X 1= + v^6 + Ja* —\a, is alwajrs affirmative; for since 
j^* + b IS greater than ^a^, the greater square must neces« 

sarlly have the greater root ; therefore y/b + ^^ will alwajrs 
be greater than ^/Jtf*, or its equal ^a-, and consequendy + 

i/A + -^d^ — Ja will always be affirmative. 



The second value, viz. x =z — \^b -f ^* — la will always be 
negative, because it is composed of two negative terrasl There- 
fore when X* -j- ax =: b, we shall have x z: + Vb -f ^* — ^ 

for the affirmative value of x, and x = — ^6 + ^a^ — {a for 
the negative value of x. 



In the second form, where x zz ± y/0 -^ ^a^ -{- {a the first 

value, viz. x = + Vb -y- i^* -f {a is always affirmative, since it 
is composed of two affirmative terms. But the second vidue, viz. 

* =: — v'^ + Ja^ 4- ia, will always be negative ; for since 

b + |a« is greater than ^a^, therefore V^ -f ^^wi ll be gr eater, 

than \^ia% or its equal ia 3 and consequendy — '/b + ia*+ {# 
is always a negative quantity. 



N 



Therefore^ 



QUADRATIC EQUATIONS. 241 

i^etermined, making the root of the known side either + or 
— , which will give two roots of the equation, or two values 
of the unknown quantity. 

Note^ L The root of the first side o^ the equation," Is 
always equal to the root of the first term, with half the 
co-efficient of the second term joined to it, with its sign, 
whether + or — * ^ 

2. All equations, in which there are two terms including 
the unknown quantity, and which have the index of the one 
just double that of the other, are resolved like quadratics, 
by completing the square, as above. 

T 

Thus, x^ + aX' rz bj or a:*" -f ax^ = ^, or jr -f ax^ = h^ 
are the same as quadratics, and the value of the unknown 
quantity may be determined accordingly. 



Therefore, when a^ — or =6, we shall have j = + •* + »«• 
4- \a for the affirmative value of *; and x =: ^ t/b -f- i^fi+ia 
for the negative value of x ; so that in both the first and second 
forms, the unknown quantity has always two values^ one of which 
is positive, and the other negative. 



But, in the third form, where r = db ^}a* — ^ + fa, both the 
values of x will be positive, when J«'^ is greater than 0. For the 

first value, viz. * = + a/ Ja^ — 6 + f a will then be affirmative, 
being composed of two affirmative terms. 



The second value, viz. x = — ^{d^ — 6 +' Ja b affirma- 
tive also; for since ^tf^ is greater than ^ -- b, therefore ^/ia* or 

ia is greater than v^Ja^ — b ; and consequently — ' v"a-— b+ \a 
will always be an affirmative quantity. So that, when afi^ — ax 

= — 6, we shall have j: = + v^i^* — 6 -f ^a, and also x z: — 

^^(^ — 6 + iuy for the values of x, both positive. 

But in this third form, if h be greater than \a^, the solution of 
the proposed question will be impossible. For since the square of 
any quantity (whether that quantity be affirmative or negative) 
is always affirmative, the square root of a negative quantity is im- 
possible, and cannot be assigned. But when 6 is greater than 
^tf*, then ia* — 6 is a negative quantity j and therefore its root 

s^{a^ — ^ is impossible, or imaginary; consequently, in tliat case, 

X = |a ± A/^a^ — b, or the two roots or values of x, are both 
impossible^ or imaginary quantities* 

•Vol, I. R ix4i«\»^. 
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EXAMFLIS. 

1. Given X* + 4jr =: 60 ; to find x. 

First, by completing the square, j:^ + 4j: + 4 = €4 v 

Then> by extracting the root, jr -f 2 =: ± 8 5 

Then, transpos. 2^ gives a; = 6 or — 10, the tw# roots. 

2. Given x^-^^x + 10 = 65 ; to find x. 

First, trans, 10, gives x^—^x ^5S\ 
Then by complet. the sq. it is x*— 6.r + 9 =: 64 ; 
And by extr. the root, gives x— S = ± 8} 
Then trans. 3, gives x = 1 1 or — 5. 

%. Given 2x* + ar- 30 c=^ 60; to find x. 

First by transpos. 20, it is 2** + 8x =: 90; 
Then div. by 2, gives .r* + 4.r = 45 } 
And by compl. the sq. it is x* + 4x + 4 =: 49; 
Then extr. the root, itisx + 2=:±7j 
And transp. 2, gives x = 5 or — 9. 

4. Given 3x?-3a: + 9 = 8|; to find x. 

First div. by 3, gives jr*— x -f 3 = 2J; 
Then transpos. 3, gives x*— x = — |.; 
And compl. the sq. gives x* — x + |. = ^j 
Then extr, the root gives .r — 4^ = ± ^ ; 
And transp. ^^ gives .r = I- or j-. 

5. Given ^x*^— fr + 301 = 52r ; to find x. 

First by transpos. 30 J, it is ^x^-^^x = 22^; 
Then mult, by 2 gives x^-^\x = 44y ; 
And by compl, the sq. it is x*— yX + -y = 44$; 
Then extr. the root, gives x— J. = ± 6j ; . 
And transp. \\ gives x = 7 or — 6|. 

- 6. Given ^x*— ix = <: ; to find x. 

b c 

First by div, by a, it is x* x t= — : 

b b c y^ 

Then compl. the sq. gives x* x + -r-r = — + -r-r* 

i 4tfr + 4* 

And extrac. the root, gives x — ~- = ± J — t^ — > 

** 2a 4a* 

' rri^ * . 4ac + 6* * 

Then transp. -, gives x = ± ^__j_+ - 

7. Given x* — ^ax^ = i; to find x. 

First by compl. the sq. jvv^ x^ — ^ax* -V a* =2: a* +4; 
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And extract, the root, gives jr* — « n ±, i^a^ + ^ > 
Then transpos. a, gives i:* = ± y^a* + * + * > 



•ki-Mi 



And extract, the root, gives x* = ± -y/d ± V'fl* + ^. 

And thus, by always using similar words at each linci the 
pupil will resolve the following examples. 

EXAMPLES FOR PRACTICE. 

« 

i. Given :r*- 6x- 7 .i= 33 ; to find x. Ans. x =k 10. 

2. Given x*— 5jr— 10 = 14 j to find x. Ans. x = 8. 

3. Given 5x^ + 4:r— 90 = 114 ; to find x. Ans. x ^ Q. 

4. Given 4^:r* — ^jr + 2 =* 9 ; to find x. Ans. jt =e 4. 

5. Given 3^*— 2jr* r= 40; to find jr. Ans. ^r = 2. 

6. Given |>r— 4^v^j>^= 1^; to find r. Ans. x =ac 9^ 

' 7. Given 4^* + |jr = |. j to find x. Ans. a: = -727766. 

5. Given ar* + 4a:^ = 12 ; to find .r. 

Ans. ir =^ = 1*259921. 

9. Given x* + 4*r = a* + 2 ; to find x. 

Ans. X = v/«» 4- 6^ 2. 

<^J1STI0NS PRODUaNG t^ADRATlC EQUATIONS. 

1. To find two numbers whose diSerence is 2, and 

product 80. 

XiCt X and^ denote the two required numbers** 
Then th\s first condition gives x —y = 2, 
And the second gives xy = 80. 
Then transp. y in the 1st gives jt ex y + 2^ 
This value.of x substitut. in the 2d, is^*+2y = 80 j 
Then comp. the square gives 3/* + 2j/ + IzzSl; 
And extrac. the root gives ^ + 1 ss 9 ; 
And transpos. 1 gives y =8; 
And therefore x ^y -I* 2 «= 10. 



* These questions, like those -in simple equations^ ar« also 
$olved by uskig as many unknown leUers» as are the numbers 
required, for tl^ better exerdse in reduclvag equations } not aim- 
ing at the shortest modes of solution^ which would not afford ao 
uuch useful practice. 

R 2 ^-"5.5^ 



i44 ALiGEBRA. 

2. TiO\£viiJe tbe number 14 into two such partS|,t£at tlicnr 

product may be 48. 

Let » and y denote the two numbers* 
. Then the 1st condition gives * -f i^ = 1^ 
. , And the M gives xj/ = 48. 

Then transp. j^ in the 1st gives m = 14— yj 
This value subst. for ^ in the 2d, is 141/— j/* = 48 ; 
Changing all the signs, to make the square positive-^ 

givesj/*— 14y = —48; 

Then compl. the square gives /— 14j; + 49 = ^' 5 
And extrac. the root gives j/— 7 = ± 1 ; ' 
Then transpos. 7>. gives ^ ^ 8 or 6,, the two parts* 

3. Given the sum of two numbers = 9, and the smu of 
their squares = 45 j to find those numbers. 

Let X and y denote the two numbers^ 

Then by the 1st condition x -{- y = 9. 

And by the Sd :r* +/ =45. 

Then transpos. )> io the 1st gives x ;=• 9-ry*9. 

This valuje. subst. intlie 2d gives 81 — 18jy + 2y* = 45^ 

Then transpos. 81, gives 2j;*— IS^ ;;= — 36 ; 

And dividing by 2 gives j^* ~ 9j? = — 1 8 ; 

Then compl. the sq. gives y^ — 9y ■+- ?^' — ^ y 

And extrac. the root gives y — f = -)- |. ; 

Then transpos. 4 gives j; :^ 6 or 3^ the two numbcyrs. 

* 4. What two numbers are those,* whose sum„ product, and 
difference of their squares,. are ^U equal to each other ? 

Let x and^^ denote ]tbe two numbers. 
Then the 1st and 2d expression give a* -f- ^ = j^y. 
And the 1st and 3d give x + y ^ *•*—/. 
Then the last equa. div. hy x + y^ gives 1 == <*-^j; 
And transp()s. yy gives ^ + 1 = jp ; 
This val. sbbstit. in the 1st gives 2y+ I ^ y^ +^5 
And transpos. 2y, gives 1 =c j>*— y; 
Then complet. the sq. gives ^ zs: y'^^y -J- ^"j 
And extracting the root gives ix/ 5 = j>— 4; 
And transposing ^ gives i\/5 -f- 4 = jy 5 
And therefore ^^ = ^> -f 1 == 4y^5 4- _|.. * 
. And if these expressions be turned in|» numbers^ by ex- 
tracting the root of 5, &c,' they give or = 2'e>180 +, 
and^=i: 1'6180 +. 

& There are four numbers in 'a.t\i\iii\^c?i -^tci^ression, of 
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^wTiich: the product of the two extremes is 22, snd that of 
the means 40 j what^^e the numbers? 

Let X = the less extreme, 

and 2/ == the conimon difiepeilce; 
Then a?y a:+7/y ^+2y, r+Sy, will be th« four number^* 
Hence by the 1st condition ^ + Say = 22, 
^ And by the 2d a.^ + 3rj/ + 2^ = 40. 
Then subtracting the first from the 2d ^yes 2^* := 18^ 
And dividing by 2 gives ^* = 9; 
And extracting the root gives j/ = 3- 
Then substiti! 3 forj^ in the 1st, ^Ves jt* + ©jt = 22; 
And completing the square gives jt* + 9j^ + y =s= '|.% 
Then extracting the root givear j? + ^ = y ; 
And transposing ^ gives j: = 2 the least pumber. 
Hence the four numbers are 2, 5, 8, 11. 

6. To find 3 numbers in geometrical progression, whose 
mm shall be 7, and the 3um of their squares 21. 

Let Xy y, and z denote the three numbers sought. 
Then by the 1st condition a:z = J^", 
■ And by the 2d x + i/ + z =7, 
And by the 3d or^ -fj/^ + z^ = 21. 
Transposing^ in the 2d gives ^ + i: = 7—^; 
Sq. thus equa. gives o:^ + ^.rz + 2* = 49— 14j/ +J/*; 
Substi. 2y for 2xZy gives .r^+ 2j/^ + 2*=: 49 -p 14j/+y= j 
Subtr.^/* from each side, leaves jr"^ + 3/* + z*=j49 — 14yj 
Putting the two values ofx^+ffz^l 21=49- Ito- 
equal to each other, gives 3 ^ * 

Then transposing 21 and I43/, gives 14j/5= 28; 
And dividing by 14, gives ^ = 2. 
Then substi t. 2 for j/ in the 1st equa. gives xz =s 4, 
And in the 4th, it gives x -\^ z = 5y 
Transposing z in the last, gives x =1 5 — jzr; 
This substit. in the next above, gives 5z — 2* = 4 j 
Changing all the signs, gives z'--5z = — 4; 
Then completing the square, gives z—Sz + ^ ^ ^» 
And extracting the root gives z -\ z=i 4^ \\ 
Then transposing ^y gives z and jt = 4 and 1, the two 

other numbers; 
So that the three numbers are 1, 2, 4- 

\ 

QUESTIONS FOR PRACTICE. 

1. What number is that which added to its square makes 
42? Ans. 6. 
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2. To find two aumbers such» that the less may be to the 
greater as the greater is to 12, and that the sum of their 
squares may be 45. Ans. S and €• 

S. What two numbers are tho^» whose difference is fy 
and the difference of their cubes 98 ? Ans. 3 and 5. 

4. What two numbers are those whose sum b 6, and the 
sum of their cubes 72 ? Ans. 2 and 4. 

5« What two numbers are those, whose product is 20, 
and the difference of their cubes 61 ? Ans. 4 and 5. 

# 6. To divide the number 1 1 into two such parts» that the 
product of their squares may be 784. Ans. 4 and 7. 

7. To divide the nihnber 5 into two spch parts, that the 
sum of their alternate quotients may be 44, that is of the 
two quotients of each part divided by the other* 

Ans. 1 and 4. 

8. To divide 12 into two such parts, that their product 
may be equal to 8 times their difference* Ans. 4 and 81 

9. To divide the number 10 into two such parts, that the 
square of 4 times the less part, may be 1 12 more than the 
square of 2 times the greater. Ans. 4 and 6. 

10. To find two numbers such, that the sum of thdr 
squares may be 89, and their sum multiplied by the greater 
may produce 104. Ans. 5 and 8. 

11. What number b that, which being divided by the 
product of its two digits, the quotient b 5y ; but when 9 ft 
subtracted firom it, there remains a number having the same 
digits inverted ? Ans. 32. 

12. To divide 20 into three parts such, that the continual 
product of all three may be 270, and that the difference of 
the first and second may be 2 less than the difference pf the 
second and third. Ans. 5, 6, 9. 

• 13. To find three numbers in vithmetical progression, 
such that the sum of their squares may be 56, and the siun 
arising by adding together 3 times the first and 2 times the 
second and 3 times die third, m^y amount to 28. 

Ans. 2, 4, 6. 

14. To divide the number 13 into ^ee such parts, that 
their squares may have equal differences, and] that the sum 
of those squares may be 75. Ans. 1, 5, 7. 

15. To find three numbers having equal differences, so 
that their sum may be 12, and the sum of their fourth powers 

\ Ans. S, 4|5,, 
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16. .To find three numbeps having equal differences, and 
such that the square of the least added to the product of the 
two greater may make 28| but the square of the greatest 
added to the product of the two less may make 44. 

Aiu. 2, 4, 6. 

17. Three merchants. A, b, c, on comparing their gains 
iBnd, that among them all they have gained 1444/.; and that 
B^s gain added to the square root of a's made. 920/. ; but if 
added to the square root of <fs*it made 912. What were 
their several , gains ? Ans. A 400, B 900, c 144, 

18. To find three numbers in arithmetical progression, so 
thai: the sum of their squares shaU be 93 ; also if the first be 
multiplied by 3, the second by 4, and the third by 5, the 
simi of the products may be 66. Ans- 2, 5, 8. 

19. To find four numbers such, that the filrst may be to the 
second as the third to the fourth ; and that the first may be 
to the fourtH as 1 to 5 ; also the second to the third as 5 to 
9 ; and the sum of the second aiid fourth may be 20. 

Ans. 3, 5, 9, 15. 

20. To find two ntimbers such, that their product added 
to their sum may make 47, and their sum taken fiiom the 
5um of their squarfiis may leave 62. Ans. 5 and 7. 



RESOLUTION OF CUBIC AND HIGHER 

EQUATIONS. 

A Cubic Equation, or Equation of tlie 3d degree or 
power, is one that contains the third power of the unknown 
quantity. As x^— aa;* +bx:=:c. .^ ,,^ 

A Biquadratic, or Double Quadratic, is an equation thai 
contains the 4th power of the unknown quantity : 

As x^r-ax^ + bx^-'CX = d!. 

An Equation of the 5th Power or Degree, is one that 
contains the 5th power of the unknown quantity : 

As x^ — ax^ + bx^ — cx^ + ^5/= e. 

And so on, for all other higher powers. Where it is to 
be noted, however, that all the powers, or terms, in the 
equation, are supposed' to be freed from surds or fractional 
exponents. 

There are many particular and prolix rules usually ^v^n 
for \ht solution of some of the ;x\>o\e-Tv\^Tvx\c>tv^^ ^cr«tt% 
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or equations. But they may be all readily solved by tbe 
ft>llowing ea^ rule of Double Fositionj sometimes called 
Trial-aiid-£rror« 



RULE. 

1. FiNDy by trial, two numbers, as near the true root as 
you c^n, and substitute them separately in the given equation, 
instead of the unknown quancity ; and find how much the 
terms collected togeth^, according to their signs -j- or — , 
differ from the' absolute known term of the equation, mark* 
ing whether these errors are in excess or defect. 

2. Multiply the difference of the two numbers, found or 
taken by trial, by either of the errors, and divide the pro* 
duct by the difference of the errors, when they are al&e, 
but by their sum when tliey are imlike. Or isay. As the 
difference or sum of the errors, is to the difference of the 
two niunbers, so is either error to the correction of its sup^ 
posed number. 

3. Add the quotient, last found, to the nmnber belonging 
to that error, when its supposed number is too little, but 
subtract it when too great, and the result will give the true 
root nearly 

4. Take this root and the nearest of the two former, or 
any other that may be found nearer ; and, by proceeding in 
like manner as above, a root will be had still nearer than 
before. And so on to any degree of exactness required. 

"Note 1 . It is best to employ always two assumed numbers 
that shall differ from each other only by unity in the last 
figure on the right hand ; because then the difference, or 
multiplier, is only 1. It is also best to use always the least 
error in the above operation. 

Note 2. It will be convenient also to begin with a single 
figure at first, trying several single figures till there be found 
the two nearest the truth, the one too little, and the other 
too great •, and in working with them, find only one more 
figure. Then substitute this corrected result in the equation, 
for the unknown letter, and if the result prove too little, 
substitute also the number next greater for the second sup- 
position 5 but contrarywise, if the former prove too great, 
then take the next less number for the second supposition ; 
and in working with the second pair of errors, continue the 
quotient only so far as to have the corrected number to four 
phces of figures. Then repeat the same process again with 
this hst corrected number, ^nd \.\i^ tv^^t ^x^-sx^t ox V^-ss^ -as. 
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the case may require^ carrying the thu-d cbrrected number 
to eight figures; because each hew operation commoalf 
doubles the number of true figures. -And thus proceed to 
ainy extent that may be wanted. 



EXAMPLES. 



Ex. 1. To find the root of the cubic equation r^ +*"' + 
9c = lOO, or the value of ;v in it. 



Here it is soon found that 
X lies between 4 and 5. As- 
sume tlierefore these two num- 
bers, and the operation will be 
as follows : 
1st Sup. 

4 - x - 



16 

64 



or' 



2d Sup. 
5 
25 
125 



84 - sums - 
100 but should be 



-16 



- errors - 



155 
100 



-f55 



the sum of which is 71. 
Then as 71 : I :: 16 : -2. 
Hence x = 4*2 nearly. 



Again, suppose 4^2 and 4'S, 
and repeat the work as fol« 
lows ; 



1st Sup. 2d^up* 

4-? - a:- - 4-3 

17-64 ■ - ^* - 18-49 

74*088 — :r' - 79*507 



95-928 
^0 



sums 



102-297 
100 ■ 



— 4-072 errors +2-297 



the sum of which is 6*369. 
As 6-369 : 1 :: 2*297 - 0-036 
This taken from - 4-300 



leaves x nearly = 4-264 



Again, suppose 4*264, and 4-265, and work as follows; 
4*264 ^ X - 4-265 

18*181696 ^ x^ ' 18*190225 



77-526752 

99-972448 
100 



X' 



sums 



77*581310 

100*036535 
100 



-0*027552 - errors - +0036535 
thesumof which is *064087. 
Then as -064087 : *001 : : -027552 : 0*000*299 

To this adding - 4*264 

, -J — : — » 

gives X very nearly = 4*2644299 

— — 



"Cw^ 
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The wovk of the example above might have been much 
shortened^ by the use of the Table of rowers in the Arith- 
metic, which would have given two or three figures by k^ 
spection. But the example has been worked out so particu* 
larly as it is, the better to show the method. ^ n 



Ex. 2. To find^ the root of the equation ar» — 15x* + 6Sx 
50, or the vabie of x in it. 
Here it soon appears that x is very little above I. 

Again, suppose the two num- 
bers 1*03 and 1*02, &c, as 
follows: 
r03 - * - 1-02 



Suppose therefore 1*0 and 1*1, 
and work as follows : 



1-0 - 



X • 



1-1 



63-0 


t^i^0* 


63jr 


^ 


69-3 


-15 




.15^ 




-18-15 


1 

• 


^ 


sums 




1-331 


49 


52-4S1 


50 








60 



— 1 - errors ^ +2*481 
3*481 sum of the errors. 
As 3*481 4 1 : : -1 : -03 correct. 

1-00 

Hence j: = 103 nearly. 



64*89 - 63;r 64*26 
15-9135 — 15«*- 15-6060 
1*092727 x^ 1-061208 



50069227 sums 49-715208 
50 50 



+ -069227 errors — •284792 
•284792 



As '354019 : -01 :: -069227: 

'0019555 
This taken from 1*03 



leaves x nearly = 1-02804 



jt^afe 5. Every equation has as many roots as it contains 
dimensions, or as there are units in the index of its highest , 
power. That is, a simple equation has only one value of 
the root ; but a quadratic equation has two values or roots, 
a cubic equation has three roots, a biquadratic equation has 
four roots, and so on. 

And when one of the roots of an equation has been found 
by approximation, as above, the rest may be found as follows. 
Take, for a dividend, the given equation, with the known 
term transposed, with its sign changed, to the unknown side 
of the equation ; and, for a divisor, take x -^inus the root 
just found. Divide the said dividend by,^ divisor, and 
the quotient will be the equation deyesi^/d a degree lower 
tftan the £iven one. 
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,7xnd a root of this new equation by approximation, ut 
tefore, or otherwise, and it will be a second root of the 
original equation. Then, by means of this root, deprest 
the* second equation one degree lower, and from thence 
find a third root, and so on, till the equation be reduced to. 
» a quadratic ; then the f^o roots of this being found, by the 
method of completirig the squalre, they will ipake up the 
remainder of the roots. Thus, in the foregoing equation^ 
hailing found one root to be r02804, connect it by minus 
with X for a divisor, and the equation for a dividend, &c, as 
follows : 

X - J -02804) o;^ - \5x^ + 63^ ~ 50 ( Ji** — 13-971 96 jr + 

48-63627 = 0. 

Then the two roots of this quadratic equation, or — '• — 
JT- - 13-97196ar = — 48-63627, by completing the square, 
are <)'57653 and 7*39543, which are also the other two 
roots of the given cubic equation. So that all the three 
roots (^ that equation, viz. a*^— 15^r* + 63*r = 50, 

and 6«576'53 \^^^ the sum of all the roots is found, to be 

tod 7-39543 f if' being- *qual to the co-efficient of thfe 

>2d term of the equation, which the sum of 

sum 15-00000 1 *^ \°f^ ^^^^^^ °"S^^ ^° ^''' ^^^^ **' 

J are right. 

Note 4. It is also a particular advantage of the foregoing 
rule, that it is not necessary to prepare the equation, as for 
other rules, by reducing it to the usual final form and state 
of equations. Because the rule may be applied at once to an 
unreduced equation, though it be ever so much eaabarrassed 
by surd and compound quantities. As in the following 
example : 

Ex- 3. Let it be required to find the root x of the equation 

V^l44;t;-(;»^ + 20)'+>v/196V— (x* + 24)* = 114, or the 
value of ^ in it. 

By a few trials, it is soon found that the value of x is but 
little above 7. Suppose therefore first that a? is *= 7, and 
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First, ^heh 4: = 7, S«coad, ynhm x ±S^ 



• 47-906 . 
65-384 


- ^144.r*-(x* + 20)* 

- ^196x'— {x*+24)^ 

the sums of these 
the true number 

- the two errors 

: r :: 0*710 : 0-2 nearly 

70 

Therefore x = 7*2 nearly 


- 46-476 

- 69-283 


113-2:;0 
114-000 


115-759 
1 14-000 


—0-710 
+ 1-759 


+ 1-759 




As 2-469 

• 

\ 


y 



Suppose again x = 7*2, and then, because it turns out too 
great, suppose x also = 7-1, &c, as follows : 

Supp. X = 7*2 Supp. X =c 7*1 



47-990 - 

66-402 - 


Vl44^~(x* + 20)* 
v/196.r*~(jr^ + 24f 

the sums of these 
the true number 

the two errors • 


. 47-97S 
- 65-904 


114-392 - 
1 1 4-000 - 


113-877 
114-OOQ 


+0^392 - 
012p 


-0-123 





As -515 : -1 :: -ISS : -024 the correction, 

7-100 add 



»T' 



Therefore jt =; 7-124 nearly the root required. 

Note 5, The same rule also, among other more difficult 
forms of equations, succeeds very well in what are called 
exponential ones, or those which have an unknown quan- 
tity in the exponent of the power j as in the following 
example : 

Ex. 4. To find the value of x in the exponential equation 
JT^ = 100. 

For more easily resolving such kinds of equations, it 4$ ' 
convenient to take the logarithms of them, and then com- 
pute the terms by means of a table of logarithms. Thus, 
th^ iog"arithms of the two sides o£ t\i^ ^x^s^wx. ^^^xxoxv -sx^ 
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X X log. of X == 2 the log. of 100. Then^ hj a few trials, 
it is soon perceived that the value of j: is somewhere be- 
tween the two numbers S and 4, and indeed nearly in the 
middle between them, btit rather nearer the latter than the 
former. Taking therefore first x = S'5, and then =z S*6, 
and working with the logarithms, the operation will be as 
follows : 



First Supp. X = 3*5. 
Log. of 3-5 = 0-544068 
then S'5 x log. 3*5= r904238 
the true number 2*000000 



error, too little, —•095762 

002689 



Second Supp. x = 3'6. 
Log. of 3-6 = 0-556303 
then 3-6 x log. 3*6= 2-002689 
the true number 2-000000 



error, too great, +.002689 



'098451 sum of the errors. Then, 



As -098451 : •! : : -002689 : 0-00273 the correction 

taken from 3*60000 



leaves - 3*59727 =; x nearly. 

On trial, this is found to be a very small matter too little. 
Take therefore again, x = 3*59727, and next = 3-597.28> 
and repeat the operation as follows : 



First, Supp. X = 8-59727. 
Log. of ^59727 is 0*555973 
3*59727 X log. 

of 3*59727 = 1-9999854 

the true number 2*0000000 



Second, Supp. x = 3-59728. 
Log. of 3-59728 is 0-555974 
3-59728 X log. 

of 3-59728 = 1*9999953 
the true number 2*0000000 



error, too little, -0-0000146 

- 0-0000047 



error, too little, - 0-0000047 



0*0000099 diff. of the errors. Then^ 

As -0000099 : -00001 : : -0000047 : 0*00000474747 the cor. 

added to - 3-39728000000 



gives nearly the value of x = 3*59728474747 , 

s Ex. 5. To find the value of x in the equation x' + lOx* 
4- 5x = 260. Ans. X =s 4-1 179857. 

Ex. 6. To find the vali^ of x in the equatidn x^ — 2ax= 50. 
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Ex. 7. To find the valtie otx in the equation x^ + 2^ 
— 23.r = 70. Ans. x ±= 5- 13457. 

Ex. 8. To find the vahie of i: in the equation x\— 11^ 
+ 54x t= 350. ^ Ans. :& =; 14-95407. 

Ex.5. To find the value of a: in the equation t*— So?* 
— 75x = 10000. Ans. ^^ 10-2609. 

Ex. 10. To find the vaUie of or m the equation 2jr*— 16j^ 
+ 40^-r30jr = - 1. Ans. r = 1-284724. 

Ex. II. To find the value of x in the equation x^ +-2;ip* 
+ Sx^ + 4x* + 5;c = 54321, Ans. x =^ 8-414455. 

Ex. 12. To find the value of x in the equation x^ =r 
123456789. Ans. x :± 8-6400268. 

Ex. 13. Given 2.r*-7.r^ + ll^--3x = 11, tofindx. 

Ex. 14. To find tKe value of x in the equation 

{3x'''2y/x + l)f -(t»- ^x^x + 3^x)^ = 56. \ * 

Ans. jr = 18-360877. 

To resolve Cubic Equations by Cardan* s Kutem 

Though the foregoing general method, by the applica* 
tion of Double Position, be the readiest way, in real practice, 
of finding the roots in numbers of cubic equations, as well 
as of all the higher equations universally, we may here add 
the particular method commonly called Cardan's Rule, for 
resolving cubic equations, in case any person should choose 
occasionally to employ that method. 

The form that a cubic equation must necessarily have, to 
be resolved by this rule, is this, viz. z' * /iz = by that is, 
wanting the second term, or the term of the 2d power z\ 
Theretore', after any cubic equation has been reduced down 
to its final usual form, x^ -)r px* + qx = r, fireed from the 
toeflficient of its first term, it will tnen be necessary to take 
away the 2d term px"^ 5 which is to be done in this manner : 
Take ypt or -J- of the coefiicient of the second term, and 
annex it, with the contrary sign, to another unknown letter 
2, thus z—^p'y then substitute this for x^ the unknown 
tetter in the original equation x^ +/*^ + yo: = r, and there 
will result, this reduced equation z^ Ht^ az zz b^ of the form 
proper for applying the following, or Cardan's rule. Or 
take c ^ \ay and d = \bj by which the reduced equation 
t^es this form, a* * 3c z= 2d^ 
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Then substitute the values of c and d in this 
form, z =l/d + V(rf* + c») + ^</- V(^/*+<^), 



£ 



or * = ^^ + ./l^ + ^)-.;^^=^^ 

and the value of the root Zy of the reduced equation «* ♦ 
^z = i, will be obtained. Lastly, take x = z— -J^, which 
will give the value of ►r, the required root of the original 
equation x^ + p^^ + 5^*^ = ^> first proposed. 

One root of this equation 1}eing thus obtained, then de- 
pressing the original equation one degree lower, after the 
manner described p« 250 and 251, the other two roots of 
that equation will be obtained by means of the resulting^ 
quadratic equation. 

Note, When the coefficient «, or r, is negative, and r* is 
greater than £/% this is called the irreducible case, because 
then the solution cannot be generally obtained by this rule. 

Ex. To find the roots of the equation x^ — 6x* + lar=8. 

First, to take away the 2d term, its coefficient being — 6, 
Its 3d part is — 2 ; put therefore jt = % -}- 2 ; then. 

i^z=a3+ 6a*+ 12z + 8 
- 6j:* = - ez^ - 24z - 24 
+ 10'«' = +10Z + 20 

theref.,the sum zj ^ — 2z + 4=8 
*" or z^ 9|c — 22 = 4 

Here then j= — 2, 4 = 4^^ = — -f, </ = 2. 

Theref. ^ /d+s^(d'+? ) =: e/2+^(4-^V)- 1/2+77^= 

V2 + V'>/3'= 1'57735 



and ^rf- v/(^+^) = ^2- ^(4-^^)= i/2 - v' VV = 

4/2 — V\/3 = 0-42265 
then the sum of these two is the value of z s= 2. 
Hence ;r =: « + 2 = 4, one root of x in the eq. x^-^Qx^ + 

lOx = 8. 

To find the two, other roots, perform the divisionj &Cj-a$ 
lap. 251, thus: 

x-4):r'— 6x*+ 10.r-8(ar*-2jr + 2 = 
or'— 4.r* 

-2jr*+ 10;r 
~2^+ 8jr 

2^—8 
2x— 8 



». 
», 
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= ± v" - 1 ; ^ = 1 + v" -'I o'^ =* ^ "" V "" U ^« t^^ 

other sought. 

Ex. 2. To find the roots ofaP-Ox^ -j- 28x = 30. 

Ans. :r = 3, or = 3 +-v/ — 1> or =3 — ^^ — 1* 

Ex. 3. To find the roots of x'— 7jr* + Ux = 20. 

Ans. X =5: 5j or = l + v^ — 3>or = X — i/— 3* 



OP SIMPLE INTEREST* 

As the interest of any sum, for any tune, is directly pro- 
portional to the principal sum, and to the time ; therefore 
the interest of 1 pound, for 1 year, being multiplied by any 
given principal jsum, and by the time of its forbearance, in 
years and parts, will give its interest for that time. That is, 
if there be put 

r = the rate of interest of 1 pound per annum, 

p = any principal sum lent, 

/ = the time it is lent for, and 

a = the amount or sum of principal and interest; then 
is prt = the interest of the sum /, for the time /, -and conseq. 
/ +^rf or ^ X (I + rt) = «, the. amount for that time. 

From this expression, other theorems can easily be de- 
duced, for finding any of the quantities above mentioned: 
which theorems, collected together, will be as below : 

1st, tf n /> +' pf-tf the amount, 

a 

2d, p = ■— - — , the principal, 

a—p _ 
3d, r = , the rate, 

a — p 

4th, / = , the time. 

pr 

For Example. Let it be required to find, in what time 
any principal sum will double itself, at any rate of simple 
interest. 

In this case, we must use the first theorem, a = /) 4- pTty 
in which 'the amount a must be made = 2/?, or double the 
principal, that is, /? + prt = 2/?, or prt = p, or rt = I ^ 

and hence / = — . 

r 
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Here, r being the interest of 1/. for 1 year. It follows, 
that the doubling at simple interest, is equal to the quotient 
of any sura divided by its interest fgr 1 year. So, if the 
rate of interest be 5 per cent, then 100 -r 5 = 20, is' the 
time of doubling at that rate. 

Or the 4th theorem gives at once 

a-p 2p-p 2-1 I ^ 

t = = — — = = — , the same as beforel 

pr pr r r 



COMPOUND INTEREST. 



Besides the quantities concerned in Simple Interest, 
namely, 

p == the principal sum, 

r = the rate or interest of \h for 1 year, 

a = the whole amount of the principal and interest, 

t = the time, 

there is another quantity employed in Compound Interest, 
viz. the ratio of the rate of interest, *which is the amoimt 
of 1/. for 1 time of payment, and which here let be denoted 
by R, viz. 

R = 1 + r, the amount of 1/. for 1 time. 

Then the particular amounts for the several times niay 
be jthus computed, viz. As 1/. is^ to its amount for any time, 
so is any proposed principal sum, to its amount for the same 
time ; that is, as 

1/. : R : : p : /)R, the 1st year's amount, 
I2. : R : : />R : pR*, the 2d year's amount, * 
\l. : R : : pR* : p^^y the 3d year's amount, 
and so on. 

Therefore, in general, pR' = a is the amount for the 
t year, or t time of payment. Whence the follo>ving general 
theorems are deduced : 

1st, fl = /R*, the amount, 
2d, ^ == «r the. principal, 

3d, R = ;/—, the ratio, 
P 
loo;, of ^— loj?. of^ , 

4th, t = -2^- 2--b '-J the time. 

Jog. 01 K 

Vol. I. S "^vsttv 
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From which^ any one of the quantities may be fbuff<I» 
wh?n the rest are given. 

As to the whole interest^ it is found by barely subtracting 
the principal p from the amount a* 

Example, ' Suppose it be required to find, in how many 
years any pnncipal sum will double itseli^ at any prt^secF 
rate of compound interest. 

In this case the 4th theorem miist be employed, making 
a = 2/ ; and then it is 

log. a— log, p log, ^p — log. p log. 2 

~" log. R. ."" log. R. .""log. R' 

So, if the rate of interest be 5 per cent, per annum ; thea 
R t» 1 -f -05 =i: 1'05 ; and hence 

log. 2 -301080 

/ = •; — ^—Tz = r.^ .o^ = 14-2067 nearly ;, 
log. 1-05 -021189 -^ ' 

that 1S5 any sam doubles itself in 1 44 years aeariy^ 9t the 

rate ofSptr cent, per annum compound interffit* 

Hence, and from the like question in Simple Interest, 
abdve given, are deduced the times in whuih any si^n 
doubles Itself, at several rates of interest^ both sim|4e aixd 
compound} viz. 



^•m^ 



At 



2i 

3 

3i 

4 

5 
6 
7 
8 
9 
10 



^ At Simp. Int. 



> 



per cent, per annum 
interest, 1/. or any 

dther sum, yrill 
double itself in the 

following years. 



J 



m 



50 
40 

3 3 J. 

.28^ 

25 

22|. 

20 

16|. 

14f 

1^ 
10 



At Comp.Int. 



■TW" 



in 35-0028 
28-0701 
23*4498 
' 20-1488 
17-6730 . 
J 5-7473 J? 
14-2067^ 
11-8957* 
10-2448 
9 0065 
8-0432 
7-2725 
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T^h^ following Table will very much facilitate calculations 
ct compound interest on iny sunij for any number of yearSf 
at various rat^s of interest; 



r 


Fhe Amounts of 1/. in arty Number of Years. 


Yrs. 
1 


3 


34 


4 


4i 


5 


6'. 


10300 


1'0350 


1-0400 


1-0450 


1-0500 


1*0&X> 


2 


10(509 


J 0712 


1'0816 


1-0920 


1-1025 


1-1236 


3 


10927 


11087 


ri249 


1-1412 


1-1576 


1-1910 


4 


11255 


1-1475 


1-1699 


1-1925 


1-2155 


1-2625 


5 


11593 


1-1877 


1-2167 


1-2462 


12763 


1-3382 


6 


1-1941 


r2293 


1-2653 


1-3023 


1-3401 


1-4185 


T 


l-?299 


1-2723 


1-3159 


1-3609 


14071 


15036, 


8 


1-2668 


1*3168 


1*3686 


1-4231 


1-4775 


1-5939^ ' 


9 


1'3048 


1 -3629* 


1-4233 


1-4861 


1-5513 


1-6895 • 


10 


1*3439 


1-4106 


1-4802 


1-5530 


1*6289 


1*7909 i 


11 


1-3842 


1-4600 


1-5895 


1-6229 


17103 


1-8983 


12 


1-4258 


1-5111 


1-6010 


1-6959 


17959 


2-0123. 


13 


1-46^5 


1-5640 


1-6651 


1-7722 


1-8856 


2- 1329/ 


14 


1-5126 


1-6187 


1-7317 


1-8519 


1-9799 


2-2609 


15 


1-5580 


1-6753 


1-8009 


1-9353 


2-0789 


2-3966 


16 


1604; 


t-7340 


1-8730 


2-0224 


2- 1 829 


2-5404 


i; 


1-6528 


17947 


19479 


2-ll<J4 


2-2920 


2-6928 


18 


1-7024 


1-8575 


20258 


2-2035 


2-4066 


2-8543 


19 


17535 


1-9225 


2- 1068 


2-3079 


25270 


3 0256 


»20 


1-8061 


1^9898 


2-1911 


2-4117 


2-6533 


3'2071 



The use of this Tabki which contains all the powers*. R.^» 
to the 20th power, or the amounts of 1/, is chieHy to cal- 
culate the interest, or the amount of any princip;dL sum^ for 
any time, not more than 20 years. , 

For example^ let it be required to findf to howmuch 523i^ 
will amount in 15 years, at the rate of 5. per cent per amniia 
compound interest. 

In the table, on the line 15, and in the column- 5 per c^nti 

is the amount of 1/, viz. - - 2-0789 
this multiplied by the principal - 523 



gives the amount 

or 
and therefore the interest is 



1087-2647 
1087/. 5/. m. 
564/. 5/. 3ii 



Note 1. When the rate of interest is to be determined |» . 
any other time than a year ; as sHj^se to t ^ y^^i ^ ^ ^ 
've;^';^ &c ) the rules are still tht- IMMs V"'^ ^^^^ ^ ^•^ 

S2 
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express that time, and r must be taken the amount for that 
time also. 

Note 2. When the compound interest, or amount, of znj 
sum, is required for the parts of a year 5 it may be deter* 
mined in the following manner : 

1 //, For any time which is some aliquot part of a year :- — 
Find the amount of 1/. for i year, as before ; then that 
root of it which is denoted by the aliquot part, will be the 
ailhount of 1/. This amount being multiplied by the prin- 
cipal sum, will produce the amount of die given smn as 
required. 

2rf, When the time is not an aliquot part of a year : — 
Reduce the time into days, and take the 365th root of the 
amount of 1/. for 1 year, which will give the amount of the 
same for 1 day. Then raise this amount to that power 
whose index is equal to the number of days, and it will be 
the amount for that time. Which amount being multiplied 
by the principal sum, will produce the amount of that sunr 
as before. — And in these calculations, the operation by loga- 
rithms will be very usefuL 



OF ANNUITIES. 



Annuity is a term used for any periodical income, 
arising from money lent, or from houses, lands, salaries, 
pensions, &c. payable from time to time, but mostly by 
annual payments. 

Annuities are divided into those that are in Possession, 
and those in Reversion : the former meaning such as have 
commenced ; abd the latter such as will not begin till some 
particular event has happened, or till after some certain 
time has elapsed. 

When an annuity is forbom for some years, or the pay- 
ments not made for that time, the annuity is said to be in 
Arrears. 

An annuity may also be for a certain number of years ; 
or it may be without any limit, and then it is called a Per- 
petuity. 

The Amount of an annuity, forborn for any number of 
years, is the sum arising from the addition of all the annui- 
ties for that number of^ears, together with the interest du^ 

upon each after it becomes due. 
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The Present Worth or Value of an annuity, w the price or 
sum which ought to be given for it, supposing it to be bought 
off) or paid all at once. 

Let a = the annuity, pension, or yearly rent 5 

n = the ^number of years forborn, or lent for ; 
R = the amount of 1/. for 1 year ; 
tn = the amount of the annuity ; 
V = its value, or its present worth. 
Now, 1 being the present value of the sum R, by propor- 
tion the present value of any other sum a, is thus found : 

a 
as R : 1 : : A : — the present value of a due 1 year hence. 

In like manner — is the present value of a due 2 years 

R 

a a ^ a u a 

hence ; for r : 1 : : — : -7. So also -^ — j^, — , &c, will 

R R R R R ' 

be the present values of tf, due at the end of 3, 4, 5, &c, 
years respectively. Consequently the sum of all these, or 
^ ^ ^.^.^ ,1.1.1.1*.* 

R R* R? R* ^R R* R* R* '^ 

continued to n terms, will be the present value of all tlie n 
years' annuities. And the value of the perpetuity, is the 
sum of the series to infinity. 

But this series, it is evident, is a geometrical progression, 
having — both for its first term and common ratio, and the 

R 

number of its terms n ; therefore the sum v of all the termSy 
or the present value of all the annual payments, will be 

JL— i- JL 

R R R" R" — 1 a 

V = r — X ^i, or = -\x — . 

' 1^ ' R r- 1' R° 

R 

When the annuity is a perpetuity ; n being infinite, M!^ • 

1 
is also infinite, and therefore the quantity — becomes = 0, 

R ' 

therefore— T X -z also = j consequently the expres- 
R — 1 r" 

sion becomes barely v = : 5 that is, any annuity divided 

R-^ 1 

by the interest of 1/. for I year, gives the value of the per- 
petuity. So, if the rate of interest be 5 per cent. 

Then 1 00a -r- 5 = 20a is the value of the perpetuity at 
5 per cent : Also IOOj -i- 4 = 25o is l\i^ nA\x^ oi nJc^^ "^y 
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petuity at 4 per cent : And lOOa -7- 3 == SS-Jii is the valuectf 

the perpetuity at 3 per cent : and so on. 

Again, because the amount of I/, in n years, is e", its 

increase in that time will be r" — i ; but its interest for one 

single year, or the annuity answering to that increase, is 

R ^ 1 5 therefore as R — 1 is to r** — i, so is « to jf»;' that 

r"— 1 
is, m =: — —J- X a. Hence, the several cases relating to 

Annuities in Arrear, will be resolved by the follqwing 
equations : 



tn = 



R — 

R"- 



V = 



R — 
R — 



= 



R"~ 



X ^7 = VK 



a m 



R 

log. ' 

log. tn — lop. V 

•"^ log.U ' ■* 



/I 



logr ^ 



i 



tog. R = 



lo^. m — I05:. V 



H 



1 1 V 



R" R ~ 1 

la this last theorem, r denotes the present value of an 

annuity in reversion, after p years, or not commencing till 

aifter the first ^ years'^ being fpimd by taking the difference 

r" *" 1 tf R^ — 1 a 

between the two values ■ — - x — - and r- x — ::,fpr 

R — 1 R" R — 1 1 rp* 

n years and p years. 

But th^ amount and present value of any annuity for any 
number of years, up tQ 21, will b^ most readily found by the 
two fbUo^ng tables. 
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TABLE I. 

Tht Amotint of in Annuity of 1/. at Componnd Interest, 



1 


atSperc. 


3t per c. 


4 per c. 


4t per c. 


5 per c. 6 per c. 


1-0000 


10000 


10000 


10000 


1-0000 


1-0000 


2 


2-0300 


20350 


2-0400 


2-0450 


20500 


20600 


3 


3^0909 


3-1062 


3-1216 


3-1370 


3-1525 


S-1836 


4 


4-1636 


4-2 14& 


4-2465 


4-2782 


4-3101 


4-3746 


5 


5-3091 


5-3625 


5-4163 


5-4707 


5-5256 


5-6371 


6 


6-4684 


6-5502 


6-6330 


6-7169 


6-8019 


69753 


7 


7'6025 


7.7794 


7*8983 


8-0192 


8-1420 


8-3933 


8 


88923 


p-0517 


9*2142 


9'3 800 


9S49I 


9-8975 


9 


10-15<>1 


10-3685 


10-5828 


10-8021 


1 1 -0266 


11-4913 


10 


11-4639 


11-7314 


12-0051 


12-2882 


12-5779 


131808 


11 


12-80/8 


13' 1420 


13-4864 


13-8412 


14-2(^8 


14*97|6 


12 


14- 1920 


i4-6020 


15-0258 


1 5-4640 


15-9171 


l6'B699 


13 


15-6178 


16-1130 


1 6-626S 


17-1599 


177130 


18-882a 


14 


1 7O863 


176770 


1 8-2919 


18-9321 


19-5986 


21-0151 


15 


18-5989 


19-2957 


20-3236 


20-7841 


21-5786 


23-2760 


16 


20- 1 56g 


20-9710 


21-8245 


22-7193 


23-6575 


25-6725 


17 


21-7616 


22-70.50 


23-6^75 


24-7417 


25-8404 


28-2129 


18 


23-4144 


24-4997 


25-6454 


26*8551 


28-1324 


30-9057 


19 


20-1169 


26-3572 


276712 


29-0636 


30-5390 


33-7600, 


•20 


26-8704 


28-2797 


297781 


31-3714 


33-0660 


36-7856 


21 2S- 0765 


30-2695 


31-9692 


33-7831 357193 


.39-9927 



TABLE u. The Present Value of an Annuity of iL 



Yrs. 



1 
2 
3 
4 
5 
6 
7 

8 

9 

10 

11 
12 

13 

14 
\5 
16 

17 

AS 

19 
20 



at3^rc 



09709 
1-9135 

2 8286 

37171 

4-5797 
5-4 J 72 

6-2303 
70197 

77861 

8-5302 

9-2526 

9-9540 

10-6350 

11-2961 

11-9379 
12-5611 
131661 
13*7535 
14-3238 
14-8775 



3-J- per c. 



0-9662 

1-8997 
2-8016 
3-673.1 
4-5151 
5*3286 
6-114^ 
6-8740 
7'6o77 
8-3166 
9-0116 
9-6633 

10-3027 
10-9205 
11-5174 
12-0941 
12-6513 
13-1897 
137098 
14-2124 



4 per c. 



0-9615 
1-8861 
2-775 1 
3-6299 
4'4518 
5-2421 
6-0020 
6-7327 
7-4353 
8*1109 
8-7605 
9*3851 
9-9857 
10-5631 
11-1184 
11-6523 

12-1657 
12-6593 
131339 
13^'590J 



4t per c- 



^'9569 

1-8727 
2-7490 
3-5875 
4*3900 

5-1-579 

5-8927 

6-5959 

7-268S 

7-9127 
8*5289 

9* 1 186 
9-6829 
LO-2228 
10-7396 
11-2340 
11-7072 
12-1600 
12-5933 
130079 



5 per c. 



l*MMi 



0-9524 
1-8594 
27233 
3-5460 
4-3295 
5-0757 
'5-7864 
6-4632 
7-1078 
7-72x7 
8-3054 
8-8633 
9-3936 
9*8986 

10-3797 
10-8378 
11-2741 
1 1 -6896 
12-0853 



6 per c. 



0-9434 
i-8334 
2-6730 
3*4651 
4-21244 
-4-9173 
5-5824 
6-2098 

6- 80 17 

7-3601 

7-8869 

8-3838 

8-8527 

92950 

9-7123 

10-1059 

10-4773 

10-8276 

111581 



.Vvv^^^*^ 

/ 21 I J 5- 4150 1 14-6930 1 402:^2 \ 13-4047 V\'2.»fta\'IVVVT5^A 
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264^ ALGEBRA. 

To find the Anunmt of any annuity firborn a certain ftumber jf 

years* 

Take out the amount of \L from the first table, for the 
proposed rate and time ; then multiply it by the given 
annuity \ and the product viiW be the amount, for the same 
number of years, and rate of interest. — And the converse to 
find the rate or time. 

Exam. To find how much an annuity of 50/. will amount 
to in 20 years, at 3^ per cent, compound interest. 

On the line of 20 years, and in the column of 3^ per cent, 
stands 28'2707, which is the amount of an annuity of I/, for 
the 20 years. Then 28-2797 x 50, gives 1413-985/. = 
1413/. 19/. 8rf. for the answer required. 

To find the Present Falue of any annuity for any number of 
years. — ^Proceed here by the 2d table, in the same manner as 
above for the 1st table, and the present worth required will 
be found. 

Exam. 1. To find the present value of an annuity of 50/. 
which is to continue 20 years, at l^i per cent. — ^By the table, 
the present value of 1/. for the given rate and time, is 
14-2124 ; therefore 14-2124 x 50 = 710-62/. or llOL 12/. 4i. 
is the present value required. 

Exam, 2. To find the present value of an annuity of 20/, 
to commence 10 years hence, and then to continue for 11 
years longer, or to terminate 2 1 years hence, at 4 per cent, 
interest. — In such cases a» this, we have to find the difiference 
between the present values of two equal annuities, for the 
two given times; which therefore will be done by subtract- 
ing the tabular value of tlie one period from that of the 
otlier, and then multiplying by the given annuity. Thus, 

tabular value for 21 years 14*X)292 

ditto for - 10 years 8' 1 J 09 

the difi'erence 5*9183 
multiplied by 20 



gives - 11 8-366/. 

or - - 1 1 8/. 7/. Sid. the answer. 



END OF THE ALGEBRA. 
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DEFINITIONS. 

1. J\ POINT is that which has position, 
but no magnitude, nor dimensions ; neither 
length, breadth) nor thicknes3. 

2. A Line is length, without breadth or 
thickness. 

3* A Surface or Superficies, is an extension 
or a figure of two dimensions, length and 
breadth ; but without thickness. , 

4. A Body or Solid, is a figure of thr^e di- 
mensions, namely, length, breadth, and depth, 
or thickness. 

' 5. Lines are either Rights or Curved, or 
Mixed of these two. 

6. A Right Line, or Straight Line, lies all 
in the same direction, between its extremities ; 
and is the shortest distance between two points. 

When a Line is mentioned simply, it means 
a Right Line. 

7. A Curv9 continually changes its direction 
between its extreme points. 

8. Lines are either Parallel, Oblique, Per- 
pendicular, or Tangential. 

9. Parallel Lines are always at the same per- 
pendicular distance; and they never meet, though 
ever so far produced. 

10. Oblique lines change their distance, and 
would meet, if produced on the side of the 
least distance. 



H. One line is Perpendicular to another, 
when it inclines not more on the cue dd^ 





i_ 
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than the ©ther, or when the angles on both 
sides of it are equal. 

12. A line or circle is Tangential, or « 
Tangent to a circle, or otTier curve, when it 
touches it, without cutting, when both are pro- 
duced. 

13. An Angle is the inclination or opening 
of two lines, having different directions, and 
meeting in a point. 

14. Angles are Right or Oblique, Acute or 
Obtuse. 

15. A Right Angle is that which is made by 
one line perpendicular to another. Or when 
the angles on each side are equal to one an^ 
other, th^Y are right angles. 

16. An Oblique Angle is that which is 
made by two oblique lines ^ and is either less 
or greater than a right angle. 

17. An Acute Angle is less than a right 
single. 

18. An Obtuse Angle is greater th^n a right 
angle. 

19. Superficies are either Plane or Curved. 

20. A Plane Superficies, or a Plane, is that with which 
a right line niay, every way, coincide- Or, if the line touch 
the plane in two points, it will touch it in every point. Buty 
if not, it is curved. 

21. Pl^e Figure? are bounded either by right lines or 
curves. 

22. Plane figures that are bounded by rigfit lines hav« 
names according to the number of their sides, or of their 
angles ; for they have as many sides as angles ; the least 
number being three. 

23. A figureof three sides and angles is called a Triangle, 
And it receives particular denominations from the relations 
of its sides and angles* 

24. An Equilateral Triangle \» th^t whose 
three ^es are all equal. 



A 



25.^ An Isosceles Triangle is that which ha> 
^wo sides equal. 
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26. A Scalene Triangle is that whose three 
sides are all unequal. ^ 

27. A Right-angled Triangle is that which 
has one right-angle. 

28. Other triangles are Oblique-angled, and 
'are either Obtuse or* A cute. 

29* An Obtuse-angled Triangle has one ob- 
tuse angle. 

30. An Acute-angled Triangle has all Its 
three angles acute. 

31. A figure of Four sides and angles is 
called a Quadrangle, or a Quadrilateral. 

32. AParallelogram is a quadrilateral which , 
has both its pairs of opposite sides parallel. 
And it takes the following particular names» 
viz. Rectangle, Square, Rhombus, Rhomboid. 

33. A Rectangle is a parallelogram haying 
a right angle. 

34-. A Square is an equilateral rectangle; 
having its length and breadth equal. 

35. A Rhomboid is an oblique-angled pa-. 
rallelograni, 

66. A Rhombus is an equilateral rhomboid ; 
having all its sides equal, but its angles ob- 
lique. 

37. A Trapezium ia a quadrilateral which 
hath not its opposite sides parallel. 

38. A Trapezoid has only one pau: of QppOi* 
site sides parallel. 

39. A Diagonal is a line joining any two 
ppposite angles of a quadrilateral. 

40. Plane figures that have more than four sides are, m 
general, called Polygons : and they receive other particular 
names, ^pcordii^g to the i^umb^r of th^ si4es or angles. 
Thus, 

41. A Pentagon is a polygon of five sides; a Hexs^on^ of 
six sides ; a Heptagon, seven ; an Octagon, eight ; a !^ 
nagon, nine ; a Decagon, ten \ an XJAd^^OUn 
P^ecagoni twf Ive sidcs^ 
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42. A Regular Polygon has all its sides and all its anf^cs 
equol. — If they are Act both equal, the polygon is Irregtilar. 

43. An Equilateral Triangle is also a Regular Figiire of 
three sides, and the Square is one of four ; the former bdng 
also called a Trigon, and the latter a Tetragon. 

4t. Any fii;»'-rc is equilateral, when all its sides are equal : 
and it b equiangular wiicn all its angles are equal. When 
both these are equal, it is a regular figure, 

♦6. A Circle is a plane figure bounded by 
3 curve line, called tiie Circumference, which 
ia every where equidistant from a certain point 
within, called its Centre. 

The circumference itself is often called a 
circle, and also %he Periphery. 

4t>. The Radius of a circle is a line drawn 
from the centre to the circumference. 

47. The Diameter of a circle is a line 
drawn through the centre, and terminating at 
the circumference on both sides. 



4**. An Arc of a circle is any part of the 
eircumicreuce. 



49. A Chord is a right line joining the 
Citrcmities of an arc. 



iO. A Segment is any part of a circle 
bounded by an arc and its chord. 

51. A Rcmirircle is half the circle, or a 
a^gmcih nit oft' by a diameter. 

ITie tiaJf circumference is sometimes called 
the Semicircle. 

52. A Sector is any pan of a circle which 
is bounded by an arc, and two radii drawn to 
its cxtremiliw. 

53. A Qiiadra 

a sector havinjr a 

«ch oilier. A quarti 



^^M»eacJ 
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54. The Height or Altitude of a figure is 
a perpendicular let fell from an angle, or its 
vertex, to the opposite side, called the base. 

55, . In a right-angled triangle, the side op- 
posite the right angle is called the Hypothe- 
nuse ; and the other two sides are caHed the 
Legs, and sometimes the Base and Perpendir- * 
cular. 

56. When an angle is denoted by three 
letters, of which one stands at the angular 
point, and the other two on the two sides, 
that which stands at the angular point is read 
in the middle. 

57. The circumference of every circle is 
supposed to be divided into 860 equal parts, 
called Degrees : and each degree into 60 Mi- 
nutes, each minute into 60 Seconds,and so on. 
Hence a semicircle contains 180 degrees, and 
a quadrant 90 degrees. 

58. The Measure of an angle, is an arc of 
any circle contained between the two lines 
which form that angle, the angular point being 
the centre; and it is estimated by the number V.,.^^ 
of degrees contained in -that ai*c. 

' 59. Lines, or chords, are said to be Equi- 
distant from the centre of a circle, when per- 
pendiculars drawn to them from the centre 
are equal. 

60. And theright line on whichthe Greater 
Perpendicular falls, is said to be farther from 
the centre. 

61. An Angle In a segment is that which 
is contained by two lines, drawn from any 
point in the arc of the segment, to the two 
extremities of that arc. 

62. An Angle On a segment, or an arc, is that which ^ 
contained by two lines, drawn from any point in the opposite 
or supplemental part' of the circumference, to the extremi- 
ties of the arc, and containing the arc between them. 

63. An angle at the cii\cumference, is that 
whose angular point is any where in the cir- 
cumference. And an angle at the centre, is 
that whose angular point is at the centre. 
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64. A riglit4ined figure is Inscribed In a 
circle, or the circle Circumscribes it, when 
all the angular points of the iigut^e are in the 
circumference of the circle* 

6.5. A right- lined figtire CirctHmscribes a 
circle. Or the circle is Inscribed in it, when all 
the sides of the figure touch tht circumference 
of the circle. 

66. One right-lined figure is Inscribed in 
another, or the latter Circumscribes the former, 
when all the angular points of the former 
are placed in the sides of the latter. 

67. A Secant is a line that cuts a circle^ 
-lying partly within, and partly without it. 



68. Two triangles, or other right-lined figures, are said to 
be mutually equilateral, when all the sides of the one are 
equal to the corresponding sides of the other, each to each : 
and they are said to be mutually equiangular, when the 
angles of the one are respectively equal to those of the other- 

69. Identical figures, are such as are both mutually equi- 
lateral and equiangular ; or that have all the sides and all the 
angles of the one, respectively equal to all the sides and all the 
angles of the other, each to each ; so that if the one figure 
were applied to, or laid upon the other, all the sides of the one 
would exactly fall upon and cover all the sides of the other; 
the two becoming as it were but one and the saraQ figure. 

70. Similar figures, are those that have all the angles of 
the one equal to all the ahgles of the other, each to each, and 
the sides about the equal angles proportional. ' 

71. The Perimeter of a figure, is the sum of all its sides 
t^ken together. 

72. A Proposition, is something which is either proposed 
to be done, or to be demonstrated, and is either a problem or 
a. theorem. 

73. A Problem is something proposed to be done. 

74. A Theorem, is something proposed to be demonstrated. 

75. A Lemm^ is something which is premised, or demon* 
strated, in order to render what follows more easy. 

76. A Corollary, is a consequent truth, gained immedi- 
ately from some preceding truth, or demonstration., 

77. A Scholium, is a remark or observation made upon 
something going before it. 
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AXIOMS- 

1. Things which are equ^l to the same thing are equal 
to each oUier. 

2. When equals are added to equals, the wholes are equal. 

3. When equals ar^ taken from equals^ the remains are 
equal. 

4. When equals are added to unequals, the wholes are 
unequal. 

5. When equals arc^ taken fironx unequals^ the remains are 
unequal. 

6. Things which are double of the same things or equal 
• things, are equal to each other. 

7. Things which are balyes of the same diing, are equal. 

8. Every whole is equal to all its parts taken together. 

9. Things which coincide, or fill the same spacej are lden« 
deal, or mutually equal in all their parts. 

10. All right angles are equal to one another. 

« 11. Angles that have equal measures, or arcs, are equal. 



THEOKEV I. 

If two Triangles have Two Sides and the Included Angle 
in the one, equal to Two Sides and the Included Angle 
in the other, the Triangles will be Identical, or equal in all 
respects. 

In )the two jtriangles abc, def, if 
the side ac be equal to the side df, 
and the side Bc equal to the side ef, 
and the angle c equ^ to th^ angle f ; 
then will the two triangles be identi- 
cal, or equal in all respects. 

For conceive the triangle ABC to be applied to, or placed 
on, the triangle defj in such a iQanner that the point c ma^ 




^ 
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coincide with the point f, and tlie side AC with the side DP, 
which is equal to it. 

Then, since the angle f b equal to the angle c (by hyp.), 
the side bc will fall on the side ef. Also, because ac is 
equal to df, and bc equal to ef (by hypO> the point A will 
coincide with the point d, and the point B with the point E ; 
consequently the side ab will coincide with the side de. 
Therefore the two triangles are identical, and have sdl their 
other corresponding parts equal (ax. 9), namely, the side ab 
equal to the side de, the angle a to the angle D, and ithe 
angle b to the angle e. q. b. d. 

, theorem II. 

When Two Triangles have Two Angles and the included 
Side in the one, equ^ to Two Angles and the included Side 
in the other, the Triangles are Identical, or have their other 

sides and angle equal. 

Let the two triangles abc, def, 
have the angle A equal to the angle 
x>, the angle b equal to the an'gle £, 
and the side ab equal to the side de; 
then these two triangles will be iden- 
tical. 

For, cenceive the triangle abc to be placed on the triangle 
def, in such manner that the side An may fall exactly on the 
equal side de. Then, since the angle a is equal to the angle 
d (by hyp.), the side ac must fall on the side df ; and, in 
like manner, because the angle b is equal to the angle £, the 
side BC must fall on the side ef. Thus the three sides of the 
triangle abc will be exactly placed on the three sides of the 
triangle def; consequently the two triangles are identical 
(ax. 9), having the other two sides Ac, bc, equal to the two 
df, ef, and the remaining angle c equal to the remaining 
angle f. (^ e. d. 

THEOREM III. 

In an Isosceles triangle, the Angles at the Ease are eqoaL 
Or, if a Triangle have Two Sides equal, their Opposite 
Angles will also be equal. 

If the triangle abc have the side ac equal C 

to the side bc: then will the angle b be 
equal to the angle A. 

For, conceive the angle c to be bisected, 
or divided into two equal parts, by the line 
cc^ making the angle acd ecyoik to the 

MDgle BCD. 
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Then, the two triangles acd, bcd, have two sides and 
the tohtained angle of the one, equal to two. sides and the 
contained angle of the other, viz. the side AC equal to bc, 
the angle acd eiqual to bcd, *^and the side cd common; 
therefore these two triangles are identical, or equal in all 
respects (th. l) ; and consequently the angle A equal to the 
angle b. q. £. D. 

Coroh 1. Hence the line which bisects the verticle angle 
of an isosceles triangle, bisects the base, and is also perpendi- 
cular to it. 

CoroL 2, Hence too it appears, that every equilateral tri- 
angle, is also equiangular, or has all its angles equal. 



THEOREM IV. 
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When a Triangle has Two of its Angles equal, the Sides 

Opposite to them are also equal. 

If the triangle abc, have the angle A c 

equal to the angle B, it will also have the side 
AC equal to the side Bc. 

For, conceive the side A B to be bisected 
in the point l>, making AD equal to DB ; 
and join do, dividing the whole triangle into ^ a' -» 
the two triangles acd, bcd. Also conceive 
the triangle acd to be turned over upon the 
triangle bcd, so that ad may fall on bd. 

Theni because the line At) is equal to the line db (by hyp.), 
the point A coincides with the point B, and the point D with 
the point d. Also, because the angle A is equal to the angle 
b (by hyp.), the line ac will fall on the line bc, and the ex- 
tremity c of the side ac will coincide with the extremity c 
of the side bc, because dc is common to both ; consequently 
the side AC is equal to BC. Q.-E. d. 

CoroL Hence every equiangular triangle is also equila« 
teral. 

THEOREM V. 

When Two Triangles have all the Three Sides in the one, 

equal to all the Thx'ee Sides in the other, the Triangles are 

. Identical, or have also their Three Angles equal, each to each. 

Let the two triangles abc, abd, C 

have their three skfes respectively 

equal, viz. the jAiti AB^tfffm tf a "^ "^ ) ^B 

4C to AD,ai»d IH^ iijC 

ibm two tria^ j,>.... 

tbatr ttek» * 
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that are opposite to the equal sides ; ^ 

nameljy the angle bac to the angle ^^^^^""^ 

BAD, the angle abc to the angle abd, A-e<:^!!!__J-^^ * 
and the angle c to the angle d- A<c~ : y^ 

For, conceive the two triangles to ^^^^''vj/^'^ 

be joined together by their longest I> 

equal sides, and draw the line cd. 

Then, in the triangle acd, because the side AC is equal 
to AD (byhyp.)* the angle acd is equal to the angle adc 
(th. 3). In like manner, inr the triangle BCD, the anf^e 
BCD is equal to the angle bdc, because the side bc is equal 
to BD. Hence then, the angle acd being equal to the angle 
ADC, and the angle bcd to the angle bdc, by equal addi- 
tions the sum of the two angles acd, bcd, is equal to the 
sum of the two adc^ bbc, (ax. 2), that is, the whole angle 
ACB equal to the whole angle adb. 

Since then, the two sides Ac, cb, are equal to the two 
rides AD, DB, each to each, (by hyp.), and their contained 
angles acd, adb, also equal, the two triangles abc, Ato, 
are identical (th. 1), and have the other angles equal, viz. 
the angle bac to the angle bad, and the angle abc to the 
angle abd, q. e. d. 

THEOREM VJ. 

When one Line meets another, the Angles which it 
makes on the Same Side of the other, are together equal to 
Two Right Angles. 

Let the line ab meet the line cd : then E A 

will the two angles abc, abd, taken to- 
gether, be equal to two right angles. 

For, first, when the two angles abc, ^t — 
ABD, are equal to each other, they are both ^ " 

of them right angles (def. 15). 

But when the angles are unequal, suppose be drawn per- 
pendicular to CD. Then, since the two angles ebc, ebd, 
are right angles (def. 15), and the angle ebd is equal to the 
two angles eb a, abd, together (ax. 8), the three angles, ebc^ 
pBA, and ABD, are equal to two right angles. 

But the two angles ebc, eba, are together equal to the 
angle abc (ax. 8). Consequently the two angles abc, abd, 
are also equal to two right angles, q. e, d. 

CoroL 1. Hence also, conversely, iF the two angles- AlC, 
ABD, on both sides of the line ab, make up tD«:^e;her two 
Af^t angles^ then cb and cd form one continued rigte 
//loe CD. 
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Corot. 2. Hence^ sAl the anjgles which can be tHade^ at 
any point B, by any number oT lines, oA the same side of 
the right line cd^ are, when taken all togeAer^ equal to two 
right angles. 

Coral. 9. And, as all the angles that can be made on the 
other side of the line cd are also equal to two right angles ; 
therefore all the angles that can be made quite round a point 
B, by any number of lines, are equal to four right angles. 

Cord. 4. Hence also the Whole circumfer- 
ence of a circle, being the sum of the mea- 
sures of all the 3tngles that can be made about 
the centre f (d^f. 57), is the measure of four 
right angles^. Consequently, a semicircle, or 
180 degrees, is the measure of two right 
angles ; and a quadrant, or 90 degrees, the meaisure of one 
right angle. 

THEOREM VII. 

When two Lines Intersect each other, the Opposite Angles 

are equal. 
Let the two lines ab, cd, intersect in 
the point £; then will the angle aec be 
equal to the angle bed,* and the angle 
aed equal to the angle ceb. 

For, since the line ce meets the line 
AB, the two angles aec, bec, taken 
together, are equal to two right angles (th. 6), 

In like manner, the line be, meeting the; line CD, ihsdkes 
the two angles bec, bed, equal to two right angles. 

Therefore the sum of the two angles aec, 9EC, is equaL 
to the sum of the two bec, i&ed (ax. 1). ^ 

And if the angle bec, which is common, be taken awaj 
from both these, the remaining angle aec will be equal to 
the remaining angle BSD (ax. 3). 

And in like manner it may be shown^ that the a^gle AJO^ 
is equal to the opposite angle bbc. 

THEOREM VIII. 

When One Side of a Triable is nrodaced, the OutvnaBd. 
Angle i< ©nwN* < tntoVicinotdLO^^Ifm^^ 
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Let ABC be a triangle, having the 
side AB produced to d ^ then^ wiU the 
outward angle cbd be greater than 
either of the inward opposite angles a 
or c. 

For, conceive the side bc to be bi- 
sected in the point E, and draw the line 
AE, producing it till ef be equal to ae ; 
and join bf. - ^ 

Then, since the two triangles akc, bef, have the side 
AE = the side ef, and the side ce = the side be (by suppos.) 
and the included or opposite angles at b abo^qnal (th. 7), 
therefore those two triangles are equal in all respects 
(th, 1), and have the angle c = £he corresponding angle 
ebf. But the angle cbd is greater than die; angle ebf5 
consequently the said outward angle cbd is also grieater than 
the angle c. 

In like manner, if cb be produced to G, and AB be bi- 
sected, it may be shown tliat the outward angle ABG, or its 
equal cbd, is greater than the other angle A. 

THEOREM rx. 

The Greater Side, of every Triangle, is opposite to 
the Greater Angle ; and the Greater Angle opposite to the 
Greater Side. 

Let ABC be a triangle, having the side 

'ab greater than the side AC ; then will 

the angle acb, opposite the greater side 

AB, be greater than the angle b, opposite 

the less side ac. 

For, on the greater side ab, take the 
part ad equal to the less side ac, and join cd. Then, since 
BCD is a triangle, the outward angle adc is greater than 
the inward opposite angle b (th. 8). But the ande acd 
is equal to the said outward angle adc, because ad is equal 
to AC (th. 3). Consequently the angle acd also is greater 
than the angle B. And since the angle acd is only a part 
of acb, much more must. the whole angle acb be greater 
than the angle B. q. e. d. 

Again, conversely, if the angle c be greater than the angle 
B, then will the side ab, opposite the former, be greater than 
the side Ac, opposite the latter. 

For, if AB be not greater than Ac, it must be either 
cquid to it, or less diau \t. ^ux. Vx. c^xi^t \>^ ^c^-aX^ iot 
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then the angle c wcmld be equal to the angle. B (th. 3), 
which It is not, by the supposition. Neither can it be less, 
for then the angle c would be less than the angle B, by the 
former part of this j whfch#is also contrary to the supposi^ 
tion. The side ab, then, being neither equal to AC, nor less 
than it, must necessarily be greater, q. £. p. 

THEOREM X. 

The Sum of any Two Sides of a Triangle is Greater than 

the third Side. 

Let ABC be a triangle ; then will the 
sum of 2my two of its sides be greater than 
the third side, as for instance, AC + cb 
greater than ab. 

For, produce AC till cd be equal to 
CB, or AD equal to the sum of the two 
AC 4" cb; and join BD:-.-rThen, because 
CD is equal to cb (by constr.), the angle D is equal to the 
angle CBD (th. 3). But the angle abd is greater than the 
angle <BP, consequently it must also be greater than the 
angle d. And, since the greater side of any triangle is op-r 
posite to the greater angle (th. 9), the side ad (of the tri- 
angle abd) is greater than the side ab. But ad is equal 
to AC and CD, or AC and cb, taken together (by constr.); 
therefore ac + cb is also greater than ab. q. e. d. 

CorffL The shortest distance between two points, is a single 
right line drawn from the one point to the oth^r, 

THEOREM XL 

The Difference of any Two Sides of a Triangle, is Less 

than the Third Side. 

Let ABC be a triangle ; then will the 
difference of any tWo sides, as ab — ac, 
be less than the third side bc. * 

For, produce the less side ac to d, 
till Ap be equal to the greater side ab, 
so that CD may be the difference of the 
two sides AB — AC; and join bd« 
Then, because ad is equal to ab (by c(mstr.)» the opposite 
angles d and 4BD are. equal (tl|* 9^- .ftit the mg^ CBi> 
is less than the angle abd^ an 
Hj^ e^ual sumgle D, And f 
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Is oppoute to the greater angle (th. 9)^ the side CD (of tbf 
triangle bcd) is less than the side bc. q. £• p. 
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When a Line Intersects two Parallel Lines^ it makes the 
Alternate Angles Equal to each other. 

Let the line ef cut the two parallel 
lines ABj CD.; then will the angle aef be ' 
equal to the alternate angle efd. 

For if they are not equals one of them 
must be greater than the other ; let it be 
ECD for instance which is the greater^ if 
possible \ and conceive the line fb to be 
drawn \ cfutting off the part or angle efb equal to the angle 
AEF ; and meeting the line ab in the point B. 

llienj since the outward angle aef^ of the triangle bef^ 
^is greater than the inward opposite angle £F9 (th. 8)} and 
since these two angles also are equal (by the constt.) it 
fellows, that those angles are both equal and unequal at the 
same time : which is impossible. Therefore the angle efd 
is *not unequal to the alternate angle aeFj that is^ they are 
equal to each oth^r. q. e. D. 

Carol. Right lines which are perpendicular to one, of two 
parallel lines, are also perpendicular to the other. 
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THEOREM XIII. 

When a Line, Cutting Two other Lines, makes the Al- 
ternate Angles Equal to each other, those two Lines are Pa* 
rallel. 

Let the line EF, cutting the two lines 
AB, CD, ipake the alternate angles aef, 
PF£, equal to each other \ then will ab 
be parallel to cd. 

For if they be not parallel, let some 
other line, as fg, be paraUel to ab. 
Then, because of these parallels, the 
angle aef is equal to the alternate angle efg (th. 12). But» 
the angle aef is equal to the angle efd (by hyp.) There* 
fore the angle efd is equal to the angle efo (ax. 1) ; that 
is, a part is equal to the whole, which is impossible. There<« 
fore no line but cd can be parallel to AB. (^ £. d, 

CwoL Those lines which are per|^eadic\|lar to the same 
line^ sure parallel to each other. 
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THEOREM XIV. 




Whe« a Line cuts two Parallel Lines, the Outward 
Angle is Equal to the Inward Opposite one, on the Same 
Side ; and the two Inward Angles, on the Same Side, equal 
to two Right Angles. 

Let the line ef cut the two parallel 
lines AB, CD; then will the outward angle 
EOB be equal to the inward opposite 
angle ghd, on the same side of the line 
£v; and the two inward angles bgh, 
GHDf taken together, will be equal to 
two right angles. 

For, since the two lines ab, cd, are 
parallel, the angle agh is equal to the alternate angle GKD^ 
(th. 12). But the angle agh is equal to the opposite angle 
EGB (th. 7). Therefore the angle £GB is also equal to me 
angle ghd (ax. L)* <^ e. D. 

Again, because the two adjacent angles £C3, bgh^ are 
together equal to ^wo right angles (th. 6) ; of which the 
angle egb has been shown to be equal to the angle ghd; 
therefore the two angles bgh, ghd^ taken together, are 
also equal to two right angles. 

CoroL 1. Atid, conversely, if one liiie meeting two other 
lines, make the angles on the isatne side of it equal, those 
two lines are parallels* 

Carol, 2* If a line, cutting two other lines, make the sum 
of the two inward angles, on the same side, less than two 
right angles, those two lines will not be parallel| but will 
meet each other when produced. 

THEOREM XV. 

Those Lines which are Parallel to the Same Line, are 

Parallel to each other. 

Let the Lines ab, cd, be each of 
them parallel to the line ef ; then shall A ^f B 

- — D 



the lines ab, cDj be parallel to each q r^ 

other. ' 



For, let the line ci be perpendicular E i ¥ 

to EF. Then will this line be also per** 
pendicular to both the lines ab, cd (corol. th. 12), and con«> 
secp^ntl^ the two lines ab, cd^ are parallels (corol. th. 13). 
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THEOREM XVr. 

When one Side of a Triangle is produced, the Outward 
Aiigle is equal to both the Inward Opposite Angles taken 
together. 

Let the side AB, of the triangle C E 

ABC, be produced to d; then will the 
outward angle cB0bc equal to the sum 
of the two inward opposite angles a 
and c. A- 

For, conceive be to be drawn pa- 
nllel to the side ac of the triangle. 

Then bc, meeting the two parallels AC, be, makes the 
alternate angles c and cbe equal (th. 12). And ai>, 
cutting the .«>ame two parallels AC, be, makes the inward 
and outward angles on the same side, A and ebd, equal to 
each other (th. 14). Therefore, bv equal addidons» the 
sum of the two angles a and c, is equal to the svan of the 
two cbe and ebd, that is^ to the whole angle cbd (by 
ax. 2)» (^ E. D. 

THEOREM XVII. 

In finy Triangle, the sum of all the Three Angles is ftqual 

to Two Right Angles. 

Let ABC be any plane triangle ; then c 

the sum of the three angles A + b + c /\ 

is equal to two right angles. / >y> 

For, let the side ab be produced to d. /- u"is 

Then the outward angle cbd is equal j> ^ 

to the sum of the two inward opposite 
angles a + c (th. 16"). To each of these equals add the 
inward angle b, then will the sum of the three inward 
angles a + b + c be equal to the sum of the two adjacent 
angles irBc-l-CBD (ax. 2). But the sum of these two last 
adjacent angles is equal to two right angles (th. 6). There- 
fore also the sum of the three angles orthe triangle a+b+c 
is equal to two right angles (ax. 1). (^ £. d. 

Corol. 1. If two angle? in one triangle, be equal to'tf&o 
angles in another triangle, the third angles will akott^pcinl 
(ax. 3), and the two triangles equiangular. ; - ^^^ 

Corol. 2. If one angle in one triangle, be e^ 
angle in another, the sums of the remaining' aD|j 
be equal (ax. 3). 
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f 

Ccroh 3. If one angle of a triangle be right, the sum of 
the other two will also be equal to a right angle, and each 
of them singly will be acute, or less than a right angle. 

Corol. 4. The two least angles of every triangle are acutej 
or each less than a right angle. 

*rHK0REM XVIII. 

In any Quadraiigle, the sum of all the Four Inward Angles^ 

is equal to Four Right Angles. 

Let ABCD be a quadrangle; then the 
sum of the four inward angles, A + B + 
c + D is equal to four right angles. 

Let the diagonal ac be drawn, dividing 
the quadrangle into two triangle, aec, adc. 
Then, because the sum of the three angles 
of each of these triangles is equal to two 
right angles (th. 17); it follows, that the sum of all the 
angles of both triangles, which make up the four angles of 
the quadrangle, must be equal to four right angles (ax. 2)* 

q. £. D* 

CoroL I. Hence, if three of the angles be right ones, the 
fourth will also be a right angle. 

Corot, 2. And, if the sura of two of the Tour angles be 
equal to two right angles, the sum of the remaining two will^ 
also be equal to two right angles. 

THEOREM XIX. 

In any figure whatever, the Sum of all the Inward Angles, 
taken together, is equal to Twice as many Right Angles, 
wanting four, as the Figure has Sides. 

Let abcde be any figure ; then the 
sum of all its inward angles, a + B + 
c + i> + E, is equal to twice as many 
right angles, wanting four, as the figure 
has sides. 

For, from any point p, within it, draw 
lines PAy PB, PC, &c, to all the angles, . 
dividing the pofyMn into as many tri- 
angles ,as it luui miskl' NoWthe''sum of the three angles of 
each' c^ ^'*^aia3t tb tw6 right angles (th. 17); 

li dP'flS the triangles is equal 
die figure has side?, but 
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many of the ingles of the trian^^les, but no part of the in* 
ward angles of the polygon, is equal to four right angles 
(corol. Sj th. 6), and must be deducted out of tbe former 
Sum. Hence it follows that the sum of all the inward angles 
of the polygon alone, a + b + c + D + e, is' equal to twi^e 
as many right angles as the figure has sides^ wanting the 
said four right angles, q. £. d. 

THEOREM XX* 

When every Side of any Figure is produced out, the 
Sum of all the Outward Angles thereby made^ is equal to 
four Right Angles. 

Let A, B, c> &c, be the outward 
angles of any polygon, made by pro- 
ducing all the sides ; then will the sum 
A+ B + c-f'D + E, of all those outward 
angles, be equal to four right angles. 

For every one of these outward angles, 
together with its adjacent inward angle^ 
make up two right angles, as A-f-^ equal 
to two right angles, being the two angles 
made by one line meeting another (th. 6). And there 
being as many outward, or inward angles, as the figure has 
sides ; therefore the sum of all the inward and outward 
angles, is equal to twice as many right angles as the figure 
has sides. But the sum of all the inward angles, with four 
right angles, is equal to twice as many right angles as the 
figure has sides (th. 19). Therefore the sum of all the in- 
ward and all the outward angles, is equal to the sum of all 
the inward angles and four ri^t angles (by ax. l). From 
each of these take away all the inward angles, and there 
remains all the outward angles equal to four right angles 
(by ^x. 3), 

THEOREM XXI. , -. 

A Perpendicular is the Shortest Line that can be drawn 
from a Given Point to an Indefinite Line. And, of any 
other Lines drawn from the same Point, those that are Nearest 
th^ Perpendicular, are Less than those More Remote. 

If AB, AC, AB, &c, be lines drawn from 
the given point A, to the indefinite line de, 
of which Afi is perpendicular. Then shall 
the perpendicular AB be less than AC, and Ac 
less than ad, &c. 

JVw> th^ angl^ b be\i\g a ti^Kt otve^ <be; 
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angle c b tcute (by cor. 3, th. 17)» and therefore less than 
the angle b. But thj^ less angle of a triangle is subtended 
by the less side (th. 9). Therefore the side ab is less than 
the side AC 

Again, the angle ACB being acute, as before, the adja- 
cent angle acd will be obtuse (by th. 6) ; consequently the 
angle d is acute (coroL S, th. 17), and therefore is less than 
the angle c. And'since the less side is opposite to the less 
angle, therefore the side AC is less than the side ad. 

' <^ B. n. 

CoroL A perpendicular is the least dista^|e of a gtvea 
point from a line. 

THEOREM XXII. 

The Opposite Sides and Angles of any Parallelogram are 
equal to each other ; and the Diagonal divides it into two 
Equal Triangles. 

Let ABCD be a parallelogram, of which 
the diagonal is bd ; then will its opposite 
sides and angles be equal to each other, 
and the diagonal BD will divide it into two 
equal parts, or triangles. 

For, since the sides ab and dc are pa- 
rallel, as also the sides ad and bc (denn. 
S2\ and the line bd meets them; therefore the alternate 
angles are equal (th. 12), namely, the angle abd to the angle 
CDB, and the angle adb to the angle cbd. Hence the two 
triangles^ having two angles in the one equal to two angles 
in the other, have also their third angles equal (cor. 1, th. 17), 
namely, the angle a equal to the angle c, which are two of 
the opposite angles of the parallelogram* 

Also, if to the equal angles abd, cdb, be added the 
equal angles cbp, adb, the wholes will be equal (ax. 2)^ 
namely, the whole angle abc to the whole ado, which 
are the Qlh«r two opposite angles of the parallelogram. 

Q^ B. d» 

Again, since the two triangles are mutually equiangular jj 
and have a side in each equal, viz. the common side bd; 
therefore the two triangles are identical (th. 2), or equal in 
all respects, namely, the side ab equal to the opposite side 
DC, and AD equal to the opposite side bc, and the whole 
triangle ABD ^qual to th^ whol^ triangle bcd. q. e. d. 
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CoroL 1. Ilcnce, if one angle of a parallelcJgrani be a figkt 
angle, all. the other three wUl also be right angles, and the 
parallelogram a rectangle. 

Coro!. 2, Hence also, the sum of any two adjacent angles 
of a parallelogram is equal to two right angles, 

THEOREM XXin. 

£v£RT Quadrilateral, whose Opposite Sides are Equal, is a 
Parallelogram, or has its Opposite Sides Parallel. 

Let ABCD 1^ a quadrangle, having the 
opposite sides equal, namely, the side ab 
equal to dc, and ad equal to bc ; then 
shall these equal sides be also parallel, and 
the figure a parallelogram. 

For, let the diagonal bd be drawn. 
Then, tLe triangles, abd, cbd, being 
mutually equilateral (by hyp.), they are 
also mutually equiangular (th. 5), or have their correspond< 
ing angles equals consequently the opposite sides are parallel 
(th. 13)^ viz. the side ab parallel to DC, and AD pandlelto 
BC, and the figure is a parallelogram. (^ £. D. 

THEOREM XXlV. 

Those Lines which join the Corresponding Extremes of 
two Equal and Parallel Lines, are themselves Equal and 
ParalleL 

Let AB, DC, be two equal and parallel lines; then will 
the lines ad, bc, which join their extremes, be also equal 
and parallel. [See the fig. above.] 

For, draw the diagonal bd. Then, because AB and oc are 
parallel (by hyp.), the angle abd is equal to ^e alternate 
angle bdc (th. 12). Hence then, the two triangles having 
two sides and the contained angles equal, viz. the side AB 
equal to the side dc, and the side BD common, and the con^ 
tained angle abd equal to the contained angle bdc^ they 
have the remaining sides and angles also respectively eqwu 
(th. l) ; consequently /to is equal to BC, and Usq panUct 

to it (th. 12). <^ E. D. ' . ' Ti 



■ml • 



THEOREM XXV. . . . fl , 

Parallelograms, as also Triangles, stanc&fe tKj||p 
Same Base, and between the Same rarallelsj are^e^ra^ 
wch other. » 
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Let ABCD, ABEF, be two paraUelo- 
gnms, and abc, abf, two « triangles, 
standing on the same base AB, and be- 
tween the same parallels ah, de ; then 
will the panllelogram abcd be equal to 
the parallelogram abef, and the triangle 
ABC equal to the triangle ABF. 

-For, since the line DE cuts the two 
parallels ae, be, and the two aD, bc, it makes the angle S 
equal to the angle AFD, and the angle d equal to the angle 
BCE (lb. 14) } the two triangles adf, bce, are (liorefore 
equiangular (cor. 1, th. 17); and having the two correspond- 
ing sides, AD, BC, equal (th. 22], being opposite sides of a. 
parallelogram, these two triangles are identical, or equal in 
all respects (th. 2). If each of these equal triangles then be 
taken from the whole space abed, there will remain the 
parallelogram abqf in the one case, equal to the parallel- 
ogram ABCD in the other (by ax. 3). 

Also the triangles abc, abf, on the same base ab, and 
between the same parallels, are equal, being the halves o£ 
the said equal parallelograms (th. 22). <^ E. D. 

Caro/. 1. Parallelograms, or triangles, having the stone 
base and altitude, are equal. For the altitude is the same as 
the perpendicular or distapce between the two parallels, which 
is every where equal, by the definition of parallels. 

Corai. 2. Parallelograms, or triangles, having equal bases 
and altitudes, are equal. . For, if the ong. figure be applied 
with its base en the other, the bases will coincide or be the 
same^ because they are equal : and so the two figures, having 
the same base and altitude, are equal. 

THEOREM IXVI. 

If a Parallelogram and a Triangle stand on the Same 
Base, and between the Same Parallels, the Parallelogram 
will be Double the Triangle, or the Triangle Half the Pa- 
ralleiogrvn. 

Let ABCD be a parallelogram, and abe 
a triangle, on the same base ab, and between 
ihe same parallels ab, de; then will the pa- 
rallelogiani abcd be double ihe irijngle 
ABE, or the triangle half the parallelogratn. 

For, draw the diagonal AC of tbc p8f«|. 
Jelograni, dividing il into ni^O Kpia! pir* 
(di. '22). Then because the uijnglt* • * : , 
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ABB» on the ssme base, and between the tane jmr^tSm, as 
equal (th. 25] ; and becatue the one triai^^ awc h fa>lf ifa 
parallelogram abcd (ih. S2), the other ec{ral tnangle a>ks 
also equal to half the same paralleiogmn abcd. «. e. bl 

Ccrai- i. Atriangle b eqoal to half aparaOelogTain of d* 
same base and altitude, because the altitude Is the peip ~ 
cular distance between the parallelsi whkh is every i 
equalj hj the definition of paralleb. 

Corel. 2. If the base of a parallelogram be half that cf a 
triangle, of the same altitude, or the base of the triai^Ie kc 
double that of the parallelogram, the two figures will he 
equal to each other. 

THEOKBH ZZVU. 

Rectangles that an contained hj Equal Lines, arc Tifii 

to each other. 

Let BD, f H, be two rectangles, having d c I 

the adet ab, bc, equal to the udes ef, 
VG» each to each i then will the rectanj^e 
ko be equal to the rectangle th. 

For, draw the two diagonals ac, eO) 
dividing the two parallelograms each into 
two equd parts. Thence two triangles 
ABC, Efo> are-eqtril to each other (th. I), because Aej 
have the two sicres ab, bc, and the contidned aii|^e i^ 
^qnal to the two aides ef, fo, and the contained ai^ f 
(tiy hyp). Bnt these equal triangles are the halves arth^ 
respective rectangles. And because tiie halves, or Ae t» 
angles, are equal> the wholes, or the rectangles db, bFi Me 
alto equal (by ax. 6). t^. e. o. 

Coro/. The squares on equal lines are also etpnl ) fiir 
every sqnare ii a species of rectangle. 

THBOKEM- XXVni. 

Trb Gom[dements of the Parallelbgrams,. vhidi arc 
about the Diagonal of any Parallelogram, are eqitd to cadi 
other. 

Let AC be a parallelogram, W » dia- 
gonal, £iF parallel to ab or dc^ and 
GiH parallel to ad or bc, making ai^ 
ic complements to the parallelograms 
EG, KF, which are about the di^nal 
DB : . then will the complonent ai be 
«^ual to<tfce complement ic. 
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For, since the diagonal db bisects the three parallelograms 

AC, EQ, HF (th. 22); therefcMre^ the whole triangle dab 
being equal to the whc^ triangle dcb, and the parts DBI9 
IHB> respectively equal to the parts DGI^ IFR, the remaining 
parts Ai, ic^ must also be equal (by ax. 3). q. e. d. 

THEOREM XXIX. 

A Trapezoid, or Trapezium having two Sides Parallel 
Is equal to Half a Parallelogram, whose Base is the Sum of 
those two Sides, and its Altitude the Perpendicular Distance 
between them. 

Let ABCD be the trapezoid, having its 
two sides AB,. dc, parallel; and in ab 
produced take BE equal to DC, so that 
4B may be the sum of the two parallel 
sides; produce DC also, and let ef, go, 
BH, be all three parallel to ad. Then is 
AF a parallelogram of the same altitude witb the trapezoid 
ABCD, having its base A£ equal to the sum of the parallel sides 
of the trapezoid; and it is to be proved that the trapezoid 
ABCD is equal to half the parallelogram af. 

* 

Now, since triangles, or parallelograms, of equal bases 
and altitude, are equal (corol. 2, th. 25), the pardlelogram 
dg is equal to the parallelogram he, and the triangle CGB 
equal to the triangle chb ; consequently the line BC bisects, 
or equally divides, the parallelogram af, and abcd is the 
half of it» a. e. d. 

THEOREM XXX. 

The Sum of all the Rectangles contained under one 
Whole Line, and the several Parts of another Line, any way^ 
divided, is Equal to the Rectanj^e contained under the Tipp 
Whole Lines. 

Let AD be the one line, and ab the ip y 31 (; 
other, divided into the parts ab; ef, 
fb 5 then will the rectangle contained by 

AD and ab, be equal to the sum of the J^ y — -n^ 

rectangles of ad and ae, and ad and ef, 
and AD and fb : thus expressed, ad . ab 

ssz AU* AE + AD. EF + AD. FB. 

For, make the rectangle AC of the two whole lines ad, 
ab; and draw eg, fh, perpendicular to ab, or parallel to 

AD, to which they are equal (th. 22). Then ^^ HiVift\R 
rectangle AC is made up of all the odiet TtcXMx^^ 
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ABEy on the same ... v, 
equal (th. 23) •, niul bv 
parallelogram a bci ) ( . " 
also equal to half the 

CoroL !• A tri?r 
same base and n--' 
cular distance ^■''■^ 
equal, by the ci '*. 

Corol, 2. If 
triangle, of * 

double T* 
cc]^ual ti 
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.3 is equal to tlic sum of all 

, .\ D . EF, AD . FB. (>. E. D. 

. . '. ^livided into any two parts ; the 
.'., !s equal to both the rectangles of 
/.; ji the parts. 
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. .0 Sum of two Lines, is greater than the 
' . i.ire?, by Twice the Rectangle of the said 
c "Square of a whole Line, is equal to the 
:v.o Parts, together with Twice the Rectangle 
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■ ^- ' . line AB be the sum of any two 

. CB : then will the square of ab 

' u ;o the squares of AC, CB, together 

. .t c the rectangle of Ac . cb. That 

. AC- + cb* + 2ac . cb. 

« '.cc viiDK be the square on the sum 
v" o line AB, and acfg the square 



H T > 
-I 



CB 



c v)ai"t AC. 



Produce cf and gf to the other sides at h 



oai the lines CH, Gi, which are equal, being each 

. io the sides of the square ab or bd (th. 22), take the 

% CF, OF, which are also equal, being the sides of the 

..'.0 AF, and there remains fh equal to fi, which are 

..» oviual to DH, di, being the opposite sides of a parallelo- 

.11. Hence the figure hi is equilateral: and it has all 

. iii^les right ones (corol. 1, th. 22); it is therefore a 

.^ aic on the line fi, or the square of its equal cb. Also 

</ iigures rf, fb, are equal to two rectangles under AC 

.1 cb, because gf is equal to ac, and fh or fi equal 

wB. But the whole square ad is made up of the four 

.^iircs, viz. the two squares af, fd, and the two equal rect- 

jlcs EF, fb. That is, the square of ab is equal to the 

. lUivs of AC, CB, together with twice the rectangle of AC^ 

i». K. d. 

^^/dJ. Hence, if a line be divided into two equal parts ^ 
v^- >v^uarc of the whole line, will be equal to four times the 
. ;(44 V ^ 1^ the line. 
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THEOREM XXXIU ' 

The Square of the Difference! of two fines, is less thaii 
tiie Suor of their Squares, by Twice the Rectangle of the 
said Lines. . ' 

Let AC, BC, be any two lines, and Ab 
their difference : then will the square of Ab 
be less than the!* squares of AC, bc, by 
twice the rect^gle of ac arid ^c. Or, 

AB* = Aq* + BC*-2AC . BC, 

For, let abde be the square on the dif"- 
ference ab, and acfc the square on the 
line Ac^ Produce ed to h ; also . produce 
db and Hc, and draw Ki, making bi the square of the 
other line bc. 

Now it is visible that the square AD is less than the two 
squares af, bi, by the two rectangles ef, bi. But cr is 
equal to the one line AC, and g£ or Frt is equal to the otlier 
.line BC ; consequently the rectangle feF, contained under EC' 
^nd GF, is equal to the rectangle of ac and bc 

Again, Fk being equal to ci or bc or bH, by adding the 
Gommoii part hc, the whole hi will be equal to the whole 
FC, or equal to ac ; arid consequently the figure Di is equal 
to the rectangle cont^ned by aC and bc. 

Hencd the two figures bf, di, are two fectangles 6f the 
two lines ac, bc ; and consequently the square of aB is 
less than the squares of AC| Bq, by t#ice the rectangle 

AC. BC. 02 ^* ^ 
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THEOREM XXSilU. 

TrtE Rettangle under th6 Sum arid Diffei'fence of two 
Lines, is equal to the Difference of the Sq;uares of those 

Lines. 

.■* 

Let AB, AC, be any two unequal lines ; 
then will the difference of the squares of 
AB, a6, be equal to a rectangle under 
iheir sum arid difference." '['hat is, 

ab* — AC*=AB + AC . AB — AC 

For, let ABDB be the^ square of ab, and 
ACFG the square of Ac. Produce db 
till BH be equal to ac ; draw rii parallel 
to AB or ED, and produce FC both ways 
to 1 and K. * 

Then the difference of the two sq\i«c^s a.t>» ky^ v^ «^^^ 
• Vol.!. U ^^^^^ 




fM GlOMXTftT. 

daily the two rectangles at, kb. But the rectangles tr, 

fi, are equal, being contained under equal lines ; for ek and 
H are each equal to AC| and ge b equal to cb, bong each 
equal to the cUScrcnce between ab and ac, or their equali 
AB and AC. Therefore the two zw, Sb, are equal to the two 
jis, Bi, or to the whole kh i and consequendy ica is aqual 
to the di^rence of the squares ad, af. But CH is a rect* 
angle contained hj DH, or the sum of ab apd ac> and by e^ 
or the difierence of ab and Ac% Therefore the dii^reoca of 
the squares of ab^ ac, is equal to the rectangle under fJieir 
sum aiid dij^rence. q,. e. d. 

THEORBM XXXtl!. 

In any Rig^t-angled Triangle, the Square of tJM Hypo- 
Aehuse, iscqualtotheSum oF^eSquartsoftheotbertvo . 
Sides. 

I^ ABC be a right-angled triangle, 
having the right angle c [ then will the 
squareofthehypothenuse AB, be equal 
to the luoi of the squares of Ae otilier 
two «dea AC, CD. Or Atf = AC* 

+ BC". 

For, on ab describe the square ae, 
and on ac, cb, the squares AC, an { 
then draw CK parallel to AO or bb; 
and join At, BF, CD, CB. 

Now; because the line ac meets the two cc, cb, so at t* 
maVe two right angles, these two form one straight line gb 
(corol. 1, th. 6). And because the angle fac is equal to the 
angle dab, being each a right angle, or the angle of a square ; 
to each of these equals add the common angle 2AC, w wHl 
the whole angle or sum fab, be equal to the whole angle o^ 
sum CAD. But the line fa is equal to the lineAC, and thq 
line ab to the line ad, being »des of the same square ; so 
that the two sides fa, ab, and their included angle fab, acq 
equal to the two sides ca, ad, and the contained an^e cAP) 
each to each; therefore the whole triangle afb is equal to 
the whole triangle acd (th. 1). 

But the square ag is double the triangle afb, on the 
same^ base fa, and between the same parallels fa, cb ^ 
(th. 26); in like manner, the parallelogram ak is douUt 
the triangle acd, on the same base A]>, and between the 
same parallels ad,- ck. And since the doubles of equal 
things, are equal (by ax. 6); therefore the square AG is equ^ 
to the parallelogram ak. 




'tmoMm, 



/, 



5^ 



in Vk^ mahner^ the oth^ square BEt is brewed ^qual to 
tixe other parallelogram bk. Consequently tne two sqiiaret' 
AG afid fit! together^ are ^tfal to the two parallelogrdicns kH 
and Bic together^or.to'the whole ^uare AS. That if, the 
^um of the two squares on the two less sidesy is equal to thr^ 
square on the greatest side. Q. E. Tf. 

Carol, 1. Hence, the square of eitiief of the two less sides^ 
3s equal to the difference of the squares of tiie hfpothentise' 
and the other side (ax. 3); or, equal to the rectangle con- 
tained by the sum and difference of the ssud hyftothenusi 
and other side (th. 33). 

CoroL 2. Hence also, if two right-angled triangles . h^e» 
two sides of the one eqilal to tVtro corresponding sides of 
tlie other; their third sideis will also be equals and the 
trianglps identical. 




THEOREM XXXV. 

In iriy Trian^ley the Difference of thfe Squ^di of tli^ 
two Sid^s, is Equal to the Diff*<^r6'nce of the Squares of the 
Segments of the Base, or of the two Lines, 6r Distances^' 
included between the Extrenbicfs df" the Base sind the Per{ravti 
dicular. 

Let Ab6 bcf aiiy triangle, having 
ct) perpendicular to ab j then wiU 
the diner^nctf of the squares of ac^, 
ic, be equal to the difference of 
the squares c^ ii^, \^TI ; that isy 
AC* - Bt* = aO* - BD*. 

For, skce A(^ is equal to Ai^ + cbM (jy th. 34) 5 
and BC* IS equal to bd* + en* ) ^ -^ ^ * 

Theref. the difference between Ad* and bc% 

is ^qual to the difference between ad* + cty* 

and Bb* + cd% 

6t equail to the difference between AD* and bd*, 

by taKng aVay the common square CD* <^s. x>« 

CorpL The rectangle of the sUni and difference of th^ 
two sides of any triangle^ is equal to the rectangle of the 
sum and difference of the distances between the perpendi-' 
cular and the two extremes of the base, or equal to th^j 
rectangle of the base and the difference or sum of the 
segments, according as the perpendicular falU v^vOc^asi ot 
wul^cmt tfiie triangle. 
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That IS, AC + BC . AC — BC = AD + BD . Ad — Al> 

^ "i^ " ' ^ ■ ■ I I. y ■ ■ ■■ ■ 

y Or, AG 4* BC . AC — BC = AB . AD — BD in the 2d ngufe. 
And AC -4^ BC . AC — BC = AB. AD^ + BD in the 1st figure^ 



TllEOR^M XXXVI. 

' tN any Of>ti!ise-angIed Triangle, the Square of fhe SiSde 
subtending the Obtuse Angle, is Greater than the Sum of 
tTie Sqtiai^es of the othet two Sides, by Twice the. Rectangle 
of the Base and the Distance of the Perpendicular from me 
Obtuse Angle. 

Let ABc.be a triangle, obtuse angled at b, and CD perpen- 
dicular to AB ; then will the square of AC be greater Aan the 
squares of ab, bc, by twice the rectangle of ab, bd.- That 
is, AC* = AB* + BC* + 2ab . bd. See the 1st fig. above, 
or below. 

For, since the square of the whole line ad is equal to the 
squares of the parts ab, bd, with twice the rectangle of 
the same parts ab, bd (th. 31); If to each of these equals 
there be added the square of cd, then the squares of ad, cp, 
will be equal to the squares of ab, bd, cd, with twice the 
rectangle of ab, bd (by ax. 2). 

But the squares of ad, cd, are equal to the square of ACi 
and the squares of BDy cd, equal to the square of bc (th. S4) ; 
therefore the square of ac is equal to the squares of ABt BC» 
tQgether with twice the rectangle of ab, bdw (^ b. d. 



THEOREM XXXVII. 

In any Triangle, the Square of the Side subtending an 
Acute Angle, is Less than the Squares of the Base and the 
other Side, by Twice the Rectangle of the Base and the 
Distance of the Perpendicular from the Acute Angle. 

Let ABC be a triangle^ having g ^ 

the angle a acute> and cd perpen- y 

dicular to ab y then will the square y^ j 

of Bc, be less than the squares of y f 

AB> AC, by twice the rectangle a ET) K ]T^ 
of .VB, AD. That is, bc* = ab"* 

+ AC* — 2A1 . AD. 
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For, hi fig. 1, AC* is = bc* + ab* + 2ab .-bd (th: 36^.. 
To each of these equab add the square of ab, . . v? 
then is ab* + ac* = bc* + 2 ab* + 2 ab . bd (ax. 2), ' , .fl ' 

or = BG* +'2Aa .;AD.(th. 3Q). . '" 

Again, in fig. 2, ac* is— AP* + DC* (th. 34), 
And AB* = ad'^ + DB* 4- 2ad . DB (th. 3l). ' 
Theref. AB* + ac* = bd* + pc* + 2at>* 4- 2ad •; db- (ax 2), 

or = BC* + 2ad* +^ad , PB (fh. 3;it), . 
or == BC* + 2ab . AD (th. 30). / / .-SL E- ^' 

THEOREM XXXVIII. 

In any Triangle, the Double of the Square of a Line 
drawn from the Verte:|t to the Middle of thp Base, together 
with Double the Square of the Half Base,, jis Pqualto the 
Sum of the Squares of the otha: Two Sides. . * '^ 

Let ABC be a triangle, and CD the line - 
4rawn from the vertex to the middle of 
the base ab, bisecting it into the two equal 
parts AD, DB ; then will the sum of the 
squares of AC, CB, be equal to twice the 
sum of the squares of CD, bd; or ac* + 
CB* = 2cD* -f- 2db*. 

For, let CE be perpendicular to the base A3. Then, 
since (by th. 36) ac* exceeds the sum of the two squares 
AD* and CD* (or bd* and cd*) by the double rectanglp 
2ad . DE (or 2bd . de) ; and since (by th. 37^ '3C^ is less 
than the same sum by the said double Rectangle J it is^iani- 
fest that both Ac* and bc* together, must be equaf to that 
sum twice taken ; the excess on the one part making up the 
defect en the other. <^ £. d. - 

theorem xxxix. . 

In an Isosceles Triangle; the Square of a Line drawir 
from the Vertex to any Point in the Base, together with.tbe 
Rectangle of the Segments of the Base, is equaL to' the 
Square of one of the Equal Sides or the Triangle, 

Let ABC be the isosceles triangle, and 
CD a line drawn from the vertex to any 
point D in the base : then will the square of . 
AC, be equal to the square of cd, together 
with the rectangle of ad and db. That iS| 
AC* = cp* + ad . DB. 
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'» i^ qB b%M£t ^e vertical aaogk ; then mVi h also 
t)ve b^se Afi fisrfmdicu!axiyf making ab ^ bb (cor. 1^ 
th. 3). . 

But, in tl\e triangle Acp» obtuse angled at p, the square 
lU* is 5F CD* + AJ9* + 2ap . DB (th. 36), 

or =r CD* + AO . AP + 2DJP (th, 30), 

or .== erf + AD r AJB + t>B, 

|0r = CP*' + AD . BB + P?> 

or s= CD* + Ap . p9* 

^ . ■ I • ■ » • 




q. JS. D. 
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Iv any ParaSelognimf the two Di^gpnab Bisejot each 
other ; and ^he St^i^ of their $qji^re8 is e<yial to, the &v9i 5^ 
the Squares o^a^ the Fouf Sides qt the Parall^ogx:a]^. . 

Let ABcp be a paralljelogranif whose 
diagonals intersect each , other in ^: then 
will A£ be equal to jsc, and bb to Ep ; 
and the sum of the squares of ac, bd, will 
be equal to the sum of t^ squares of AB, 
BC, CD, DA. That ^, * 

AE =s EC, and BE = ED, 

and AC* + bd* =2 ab^ + bc* + cd* + pA*. 

For, the triapgles aj^b, dec, are equiangular, becaasi^ 
they have the opposite angles at £ equal (th. 7), and<the two 
lines AC, pp, meeting the parallels ab, pc, make the 
angle ba]B equal to th# angle dce, and the angle abe equal 
to the angle CDp, and tl^ side ab equal to the side 9C 
(tht 22)-; therefore these two triangles are id^tical, and 
Jbave their corresponding aides equal (th. 2), viz. AE = EC, 
and BB = ED. 

Again, since A,c is bisected in e, the siun of the squar/?s 
l^' + i>p*gp^A?|* + 2Dj^\(th.38). ' ' ^ 

In ^ke manner, Ap* + bc* = 2ae* 4- 2be* or 2dp*. 
iTiercf AB'+Be+cp*+pA*55= 4aeH4de* (ax. 2). 

But, because the square of a w^ole line is equal to 4 
times the square of half the line (cor. th. 31), that is, AC* === 
f AE*, and bd* = 4db*. 

Theref. ab* + bc* + cp* + da» = ac* + bd' (ax. 1). 
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tHED&£ltf XLl. 

If a line, drtwn thi-ough or from the OCntre of a Circle; 
Bisect a Chord, it will be Perpendicular to it ; Or, if it be 
Perpendicular to the Chord, it wiii Bisect bcrt:h the Chord 
and the Arc at the Chord. 

Let AB be any chord in a circle, and CO 
a line drawn from the centre c to the 
chord.. Then, if the chord be bisected in 
the point o, cb vlU be perpendicular to 

AB. 

Fo^, draw tbt two radii C$9 CB. Then, 
the two , triangles acd, bcd^ haying CA , 
equal to CB (def* 44*), and CO common, also 
AD equal to i^B (^7 hyp*)» they haye all the three sides 
of the one« equal to aU thjc tliree sides of the other, and $q 
have their angles also equal (th. 5). Hence then, the angle 
ADC being .equal to the angle bqc, these angles are right 
angles, and th^ hj^e CD is perpendicular to ab ((^f. II). 

Again, if cd be perpendicular to ab, then will the chord 
AB be bisected at the point d, or have ad equal to DB ; and 
the arc aeb bisected in th^ ppint p, or have A£ equal ks. 

For, having drawn ca, ^q9» as before. Then, in the tri* 
angle abc, because the side ca is equal to the side CB, their 
opposite angles A and b are also eoiial (th. 3)« Hence then^ 
in the two triangles 4C0« Jicp, tne angle A is equal to the 
angle b, and the anglef at p are equal (def. 11)^ therefore 
their third angles Jire abo. equal (coroL* X, th. 17). An4. 
leaving the side cp common^ fhey h^ve alsp the side ao 
equal to the side DB (th. 2). 

Also, since the angle AC£ !$ equal to the angle bos, th# 
arc AE, which measures the former (def. 57), is equal to the 
arc BB, which measiu-es the tittjer, sinc2 ?qual angles must 
have equal measures. 

CoroL Hence a line bisecting any )chor4 at rigljyt ^mlefy 
p^ftsefs through the centre of the circle^ 

» 

THEOMX XLII. 

If More than Two Equal Lines can feiie drs^wi]^ f^om ajny 
Point within a XJircW to.the Circumference, ths^t Point vi\^ 
b^ the Centre/ 



* 
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Let ABC be a circle, and d a point 
within it : then if any three lines, DA, 
DB, DC, drawn from the point i) to the 
circumference, be equal to each Q^hef^ 
the point d will be the centre, 

1*0^, draw tie chords AB, Bc, which 
let be bisected in the jpoiiits £, f, and 

join DE, DF. 

Then, the two triangles, dae, dbe, 
have the side da equal to the side db by supgo^itioti, and 
the side ae equal to the side eb by hypothesis, also the side; 
DE common : therefore these two triangles are identical, and 
hare ^ the angles at e equal to each other (th. 5); conse^ 
quently DE is perpendicular to Ae middle of th^' chord ab. 
(def. 11), and therefore .'passes through the centre of the 
circle (corol. th. 41). • 

In like n^anner, it may be shown that df passes through * 
thp centre. Conscquenitly the point d is the centre of the 
circle, aod. the Jdiree. equal lines da, db, do, are radii. 

"'.:.. •-• . ■ : q. k. D, 






THEOREM XLIII. 



If two Circles-touch one ai/6ther Internally, the Centres of 
the Circles and the Point of t tSontact will be all in the 
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Same Right Line; 

Let the two circles abc, ade, totich 
one another interiially in the pdinf A vtheh 
wjll the point A and the centres if those 
circles be all in the sanie rightlihe^. ^ / 

Tor, let F be the centre of the circle 
ABC, through which draw the diameter 
A l^c. Then, if :the certtre of ■: the otlier 
circle can be biit of this line Ac, let it be 
supposed in some other pomt as g ; tliroiigh whicK draw th^ 
line FG cutting the two circles in b and d. 

rNeirr in- the triangle Afe, the sum of the.two sides fg, 
GA, is greater than the third side af (th. 10), or greatief than * 
its equal radius fb. From each of these take away the 
common part fg, and tte rcqwinder GA will be greater 
than the remainder gb. But the point G being supposed 
the centr^. o/thie ipner circle, its two radii, gA, gd, are 
equal to. eadxpthei**; consequently gd will 'also be greater 
than gb. But ade being the inner circle, gd is* necessarily • 

-. • * Vrs^ 
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less than cp. So that gd is both^gf^al^r ^nd less than gb; 
which is absurd. Consequently. the. |:eiitrf^>lE^ caQQOt be put 
of the line afc. q. e. d. 
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If two Circles Touch one another Externally, 'the Centres ' 
*of the Circles and the Point of Contact usill be all in 
the $ame Right Line. . , ^ , 

Let the two circles abc, ade, touch one 
anoj^er externally at the point a ; the|:}.))[ill 
the point dof contact a and the centres of the 
two circles ;be all in the same right line. 

• For, let F be the centre of the circle abjc, 
through which draw the diameter afc, and 
produce it to the other circle at e. Then, if 
the centre of the other circle ade can be out 
of the line fe, let it, if possible, be supposed 
in some other point as G^ and drair tfe lines 
AG, fbdg, cutting the two circles in b and d. 

Then,' in the triangle afg, th^ sum of l<he two'ides-AVf 
AG, is greater than the third side i^G (th. 10). But, F and G 
being th^ centres of the two circles, the two radii Ga, gd, 
are equal, as are also the two radii af> fb. Hence the sum , 
of ga, af, is equal to the sum of gd, BF;,'and. therefore.' 
this latter sum also, gd, bf, is greater than gf, which is 
absurd. Consequently the centre G cannot be out of the 
line ef. q. e. d. 




THEOREM XtV. 

Any Chords in a Circle, which ares Equally Distant from ' 
the Centre, are Equal to each other ; or if they be Equal 
to each other, they will be Equally Distant from the 
Centr^. * . 

Let ab, cd, be any two chords at equal 
distances from the centre G; then will 
these two chords ab, cD, be equal to each 
other. 

For, draw the two radii GA, GC, and 
the two perpendiculars ge, gf, which are 
the equal distances from the centre G. 
Then, the two right-angled triangles, GAE, gcf, having 
the side ga equal the side gCj and the s\d^ oi. ^0^*3^ ^^ 
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sidrGf, and the angfe it x equal to the 
aagte at p, tharcfere the two triangles 
GAJi, ecWy are identical (cor. !?, th. 84), 
ttid haiTie the line ab equal the line cf. 
But AB i^ the dou^e of ABy and cd is the 
dcMd>le c^ CF (th* 41); therefore ab is 
c^valto CD (by ax. €)• a« e. d. 

Againy if the diofd ab be equal ta the chord cd ; tbm 
wB their distances firom the centre^ oEj gf, also be eqnal to 
each other. 

For, since AB is Mpbd cd by supposition, the half ab is 
equal the half CF. Abo the radii ga, gc, being eqnaly aa 
wtU as the right angles £ and f, therefore the thinl «des 
«e equal (cor. 2, th* 34), or the distance gb equal the.&« 
tanoe GB. Q. b. d. 
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A line Perpendicular to the Extremity of a RacEe^- is 

Tangent to the Circle. 

Lbt the line adb be perpendicular to the 
dtus CD of a circle ; then shall ab touch 
the dicle in the point d only. 

For» from any other point £ in the line 
AB draw CFE to the centre^ cutting the 
circle in f. 

Th«i, because the angle d, of the triangle 
CDE;^ is a right angle, the angle at b is acute (th. 17, cor. S), 
and consequently less than the angle d. But the greater 
side is always opposite to the greater angle (th. 9); ther^ 
fore the side ce is greater than the side cD, or greatei* than 
Its equal of. Hence the point s is without the circle ; xHd 
the same lor every other point m the line ab. Consequently 
the whole line is without the circle, and meets it in thi 
poiptnonly. 
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THEOaSM XLVII. 

Vhen a Line is a Tangent to a Circle, a Radius drawn to 
the ^oint of Contacc i^ Perpendicular to the Tangent. 

Let the line Ab touch the circumference of a circle at the 
noint Di thea will the radius CD be perpendicular to the 
^^gent AB. [See the last figure.] 

For> the line ab being wholly without the circumference 
jexcept at the point d, every other line, as ce draivn from 
the centre C to the line ab, must pass out of the circle to 
l^ive at this line. The line cd is therefore the shortest that 
fflB be drawn from the point C to the line ab, and conse- 
quentiy (th. 21) it is perpendicular to tliat line. 

Carol, tience, conversely, a line drawn perpendicular to 
* tangent, at the point (tf contact, passes through the centre 
of the circle. 



THEOREM XL VIII. 

xhe Angle formed by a Tangent and Chord is Measured by 
Half the Arc of that Chord. 

Let ab be a tangent to a circle, and cd 
a chord drawn from the point of contact C ; 
then is the angle fiCD measured by half the 
arc CFD, and the angle acd measured by 
half the arc cgd. 

For, draw the radius ec to the point of 
contact, and the radius Ef perpendicular to 
the chord at h. 

Then, the radius EF, being perpendicular 
bisects the arc cfd (th. 41). Therefore * 

■C CFD. 

In the triangle CEM, the angle h being a right one, the 
sum of the two remaining angles Z and C is equal to a right 
angle (corol. 3, th, 17), which is equal to the angle BCB, 
because the radius ce is perpendicular to the tangent. From 
each of these equals take away the common part or angle C, 
and there remains the angle e equal to the angle bod. 
But the angle e is measured by the arc cf {def. 57), which 
js the half of cfd ; therefore the equal angl* BCD must 
also have the same measuri^, namely, half tlu arc cfd of 
the chord cd. 




r to the chord 
' is half the 



too 



geometrt: 




Again, the line gef, being perpendicular 
to the chord cd, bisects the- «fc Co© 
(th. 41). Therefore cg is half the arc 
CCD. ' Now, since the lihe c£, maStiAg 
FG,>niakes the sum of the turo angleis at £ 
equal to two right angles (th. 6), and .the . 
line CD inakes with.iB the sum of the. two 
angles at c equal to two right angles; if from these twa 
equal sums there be taken away the parts or angles ceh and 
BCH, wliich have been proved equal, there remams the angle 
CEG e<Jual to the aiigle' ach. But the former of these^ 
CEG. being an aiigle at the centre, is measured by the arc* 
CG (drf. 57) 5 consequently the equal ^ngle ACD miist also 
fiave die saoie measure CG> which is half tne arc cgd of the 
chord CD. q. E. b. 

C«fV...l. The sum of two fight angles isqieaiured by 
Iialf the circimiference. For the two angles BCD, jlcd^ 
which make up two right angles, are measured by the arcs 
CP, CG, which make up half the circiunference^ fg being 
a diameter. 

Carol. 2. Hence also one right fuigle piust have for it^ 
measure a quarter of the drcun^erence, or 90 degrees^ 
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An Angle at the Circumference of a Circle, is measured by 

Half the Arc that ^subtends it. 

Let BAG be an angle at the circumference j 
it has for its measure, half the arc bc wliich 
subtends it. . 

For, suppose the tangent de passing 
through the point of contact a. Then, the 1^ 
angle dac being me^iired by half the arc 
ABC, and the angle dab by half the arc ab • 
(th. 48) J it follows, by equal subtraction, that the difference, 
or angle bag, must be measured by half the arc bc, which 
it stands upon. q. £• d. 
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THEOREM t; , 

r . - . 

f ■"*.'" " • 

All Angles in the Same Segment of a Circle, or Standing, om 
the Same Arc, are Equal 10. each other« 

Let c and d be two* angles in the same " ^ 

segment acdb, or, which is the same thing", 
standing on the supplemental arc aeb 9 thqn 
will the angle c be equal to the angle fi. 

For each of these angles is measured by 
half the arc aeb ; and thus, having equal 
measures^ they are equal to each other (ax. 11)« 




fHEOkEM LI. 

An Angle at the Centre of a Circle is Double the Angle at 
the Circumference, when both stand on the Same Arc, 

Let c ' be an angle at the centre c, and 
D an angle at the circumference, both stand* 
ing on the same arc or same chord ab: then 
will the angle c be double of the angle is or 
tjie angle d equal to half the angle c. 

For, the angle at the centre c is measured 
by the whole arc aeb (def. 57), and the angle at the circusw* 
ference d is measured by half the same arc aeb (th* 49)) 
therefore the angle d is only half the angle c, or the angle 
c double the angle d. 




theorem lii. 



• * • ■ ■ . J 

An Angle in a Semicircle^ is a Right Angle* 

If ABC or adc be a Semicircle ; then 
any angle D in that semicircle, is a right 
angle. 

' For, the angle d, at the circumference, 
5s measured by half the arc abc (th. 49), 
that is, by a quadrant of the circumference. 
But a quadrant is the measure of a right 
angle (corol. 4, th. 6 5. or corol. 2; th. 48). Therefore the 
angle d is a right angle. . ^ ■. ; . 
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Again, the 
to t'/e li 

(th. 41). , .: :o a Grclcf and a Chord 

CGD. N. ^ . .ivcacz, is £qiiai to the Angle 

FG, r.u.kos tiiv .. - - .;. 

55"'^' "='■'• ... :ci chord, and 

""^- * :f.-::.«^e segment ADC ; 

.'•e ^qual Co the angle 



anp I . . <. ' ,^ ^^^^ Tq jIi^ angle 

■J.I .* 




- ( 



.: die drcomference, 
ju£ die arc aec (th. 49) ^ 
.-.-ic, made by the tangent and diofd, is also 
'le same half arc akc (th. 4S) ^ therefore these 
:aC ^4ual (asE. U). 




THEOREM LTV* 

;ia of any Two Opposite Angles of a Quadrangle 
iiciibed in a CHrcley is E^ual to Two Right Angles. 

ABCD be any quadrilateral inscribed 
•i-cle ; then shall the sum of the two 
.'%jCti angles a and c> or b 2nd u, be 
^ u ti> two right angles. 

\«4 ^he angle a is measured byhalf thef 

'v;b» which it stands on, and die angle 

>> half the arc dab (th. 49); therefore 

V ^um of the two angles A and c is measured by half the 

. ...I of these two arcs, that is, by half the circumference. 

i<^£ half the circumference is the measure of two rig^t 

(.t^!e« (corol. 4, th^r 6) ; therefore the sum of the two Of^XK 

.;c angles A and c is equal to two right afi^es. In like 

.,«:iincr It is shown, that the sum of the other two opposite 

...^les, D and b, is equal to two right angles. <^ E. D. 

THEOREM LV. 

t :iay Side of a Quadrangle, Inscribed in a Cirde, be 
Induced out, the Outwuxl Angle will be Equal to the 
luward Opposite Angle. 

h the side ab, of the quadrilateral 
. .V IS inscribed in a circle» be produced 
V 14 i the outward angle dae will be equal 
y lUc iuwdH-J opi^o^itc a!iglc c. 

£ il^ . 





'' For, the sum of die two Jiljum i ai^cs dab and dab m 
eqnal to two r^it an^es (th. 6)2 aod the sum of tbe two 
oppodte THk^Lts c and dab is abo equal to two lig^ »^^ 
(dL 54} ; theivfere tbe fonocr aam, of the two aii^es lus 
and DAB9 is equal to the latter sda, of die tww c and^j^AW 
(ax* 1). From eadi of dicse equals taking aw^ the coaa- 
men angle dab, ' there r c uiAiBS the ai^^ dae eqml de 
angle c. <^ £• D. 



THEOBEM LVI. 

Aay Two Parallel Chords Intercept £qu4 Arcs. 

Lrr the two chords ab, cd, be parallel : 
then will the arcs AC, bd, be equal; or 

AC = JBD. 

' For, draw the line BC. Then, because 
the lines ab, cd, are parallel, the alternate 
angles b and c are equal (th. 1 2). But the 
angle at the circumference B, is* measured by ha{f the arc 
AC (th. 49) ; and the other equal angle at the circum£erence 
C is measured by half the arc bd : therefere the halves of die 
arcs AC, BD, and consequendy the arcs themseh^es, are also 
equal, q. £. d. , * 

THEOREM LVf (• 

When a Tangent and Chord are Paralld to each otfaer^ they 

Intercept Eqtnd Arcs« 

Let the tangent abc be parallel to the 
chord DP ; then^are the arcs bd, bp, equal ^ 
that is, BD = BFr 

For, draw the chord bd. Tlien, be- 
cause the lines ab, df, are parallel, the al« 
temate angles D and B are equal (th. 12)» 
But the angle B, formed by a tangent and chord, is measured 
by half the arc bd (th. 48) ; and the other angle at the cir- 
cumference D is measured by half the arc bf (th. 49) ; there* 
fore the arcs sp, bI^, are equal* q. b. d. 
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THEOREM LVIII. 

The Angle formed. Within a Circle, by the Intersection of 
two Chords, is Measured by Half the Sum of the Two 
Intercepted Arcs» 

* Let the two chords ab, cd, intersect trt 
the point p : then the angle aec, or deb, is 
measured by half the sum of two arcs AC, 

DB. 

For, draw the chord af parallel to cd« 
Then, because the lines ap, cd, are parallel, 
and AH cuts them^ the angles oti the same 
side A and deb are equal (th. 14). But the angle at the 
circumference a is measured by half the arc bf, or of the 
sum of FD and db (th. 49) ; therefore the angle £ is also 
measured by half the sum of fd and db. 

Again, because the chords af, cd, are parallel^ the arcs AC, 
FD, are equal (th. 56) '^ therefore the sum of the two arcs Ap, 
db, is equal to the sum of the two fd, db; and consequently 
the angle e, which is measured by half the latter sum, is also 
)neasured by half the former, q. £. d* 




THEOREM LIX. ' 

*rhe Angle formed, Without a Circle, by two Secants, is 
Measured by Half the Difterence of the Intercepted 
Arcs. 

Let the angle B be formed by two se- 
cants E ab and ecd \ this angle is n^easured 
by half the difference of the two arcs 
Ac, DB, intercepted by the two secants. 

Draw the chord af parallel to CD. Then, 
becaise the lines af^ cd, are parallel, and 
AB cuts them, the angles on the same side a 
and BED are equal (th. 14). But the angle A, at the circum- 
ference, is measured by half the arc bf (th. 49), or of the 
difference of df and db : therefore the equal angle E is 
also measured by half the difference of df, db. 

Again, because the chords af, cd, are parallel, the arcs 
AC, fd, are equal (th. 56)5 therefore the difference of the 
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SOS 



tw6 arcs ac, db^ is equad ta the difference of the two df» 
PB. ; Consequently the angle ^, which is measured by half 
the latter difierencet is diso measured by half the former. 

<^ E* D; 



THEOREM LX. 




The Angle formed by Two Tangents, is Measured by Hilf 
the Difference of the two Intercepted AxCs. 

Let eb, ed, be two tangents to a cirde 
at tiie points a^ c; then the angle £ is 
iheasored by half the difference of the two 
vttci ckA, cga« 

. For, draw the chtord af parallel to Eir. 

Xhen, because; the lines af, ed, are pa^ 

ralliel, and eb meets them, the angles pn 

the sam(^ side a and £ are equal (th. l^). 

But the angle A, formed by the chord af and tangent AB,^ 

is measured by half the arc Af (th. 48} ; therefore the ^qi^al 

^gle e is also ineasured by half the same arc af, or half the 

iifference of the arcs cfa and cf, or cga (th. 57). 



CoroL In like liialrinef it is jirbved, that 
the angle e, formed by a tangent tcG, 
und a secant eAB, is nie^stkred by hati 
the difference of the two intercepted aWJS 
bA and (fts. 




THEORBUr LXI. 



When two Lines, ih^etiiig a. Circle each in two Points, GtrtJ 
one another, either Within it or Without it : the Rect- 
angle of the Parts of the one, is Equal to the Rectangle of 
the Parts "of the other; the Parts of each being measured 
from the point of meeting to the two intersections with 
the circumference. . 



\»vs: 
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f)se Square cf a Ece bwffring anr Ang^ of 9 Tnjii^;ip» 
togedber vith the Rec u a g le of die two Segments of Ae 
opposite SidCf is Equal to tlie Rectaig^ cftiie two 
Sndcs indodrng the Bssected Ai^^ 

Let CD bisect tlie angle c of the triangle 
ABC ; then the square cD^ + the rcctigl e 
AD . DB is =r thelrectan|^ AC . CB. 

For, let CD be produced to mtet the of* 
a»»crifaii«c>deatE,»djoa. 

Tbcn the two mangles acs 
oqoiaBgalar : lor the angles at < 
bj soppositioOy and the angles 

on tl^ same arc ac ( Ji« 50} ; conseqneotij the third anj^ 
SK A and D are equal (corc^ 1, th. 17): abo ac^ civ and 
ce, CBf are like or corresponcfiBg ades, bdi^ opposite to 
equal angles: therefin-e the rectan^e ac . cB b = the 
rectangle cd . ce (th* 62). Bat the latter rectai^le cd • c£ 
is = CD* -f the rectangle CD . de (th. 30}s Acre fc re also 
the former rectangle ac • cb is also = CD^ -f- CD . DB, or 
equal to CD^ + ad . db, since cd . de is = ad . DB (th.61). 

q. B. D. 

THEOREM LXT. 

The Rect^i^Ie of the two Diagonals of tboj QuBdrsmgle 
Inscribed m a Circle, is equal to the sun of the two Rect- 
angles of the Opposite Sides. 

Let abcd be any quadrilateral inscribed 
in a circle, and AC, bd, its two diagomds : 
then the rectangle ac . bd is = t^ rect- 
angle AB . DC + the rectangle ad • bc* 

For, let CE be drawn, making the angle 
BOB equal to the angle dca. Then the two 
triangles acd, bce, are equiangular; forthea^les A and 
B are equal, standing on the same arc DC ; and the an^e* 
dca, ece, are equal by supposition ; consequently the tibord 
angles adc, bec, are also equal : also, ac, bc, and ad, be» 
are like or corresponding sides, being opposite to the eqoal 
angles : therefore the rectangle AC • B£ is =s^ the rectangle 




THltoREMS. . 309 

Again, the two triangles abc, dec, are equiangular : for 
the angles bag, bdc, ore equal, standing on the same arc Bc^ 
and thf angle DC£ is equal to the angle BCA, by adding the 
common angle ace to the- two equal angles dca, BCfi) there- 
fore the third angles e and abc are also equal: but AC, DC, 
atid Afi, DE, are the like sides : therefore the rectangle Ac . 
t)E is = the rectangle ab . dc (th. 62). 

Hence, by equal additions, the sum of the rectangles 

AC . BE + AC . DE is = AD . BC + AB . DC. But the 

former sum of the rectangles ac . be + ac . de ^ = the 
rectangle Ac . bd (th. 30; : therefore the same rectangle 
AC . bd is equal to the latter sum, the rect. ad . Be + the 
feet. AIJ , PC (ax. 1). Q. E. D. 



OF RATIOS AND PROPORTIONS. 

DEFINITIONS. 

Def. 76. Ratio is the proportion or relation wMch one 
niagnitude bears to another magnitude of the same kind, 
with reject to quantity. 

Note. The measure, or quantity, of a ratio, is conceived, 
by considering what part or parts the leading quantity, <alled 
the Antecedent, is of the other, called the Consequent j or 
what part or parts the number expressing the quantity of the 
former, i^ of the number denoting in like manner the latter* 
So, the ratio of a quantity expressed by the nnmber 2, to a 
like quantity expressed by the number 6, is <l^oted by 6 
dirided by 2, or 4 or 3 : the number 2 being 3 tiflxes con- 
tained in 6, or the third part of it. In like manner, the ratio 
of the quantity 3 to 6, is raeaciired by ^ or 2 ; the ratio of 
4 to 6 is ^ or 1^ •, that of 6 to 4 Is | or '| ; inc. 

77. Proportion is an equality of ratios. Tims, 

7S. Three quantities are said to be Proportional, whexk the 
ratio pf the first to the second is equal to the ratio of t\w 
second to the third. As of the three quantities A (2), B (4), 
c (8), where $ = -J. = 2, both the same ratio. 

79. Four quantities are said to be Proportional, when the 
ratio of the first to the second, is the same as the ratio of the 
third to the fourth. As of the four, A (2), B (4), c (5), D (10), 
where ^ = ^-f = 2, both the same ratio^ 
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Note. To denote that four quantities, A, b, c, d^ are pra- 
portional, th^y are usually stated or placed thus, A : b : : c : d; 
and read thus, a is to b as c is to d. But when three 
quantities are proportional, the middle one is repeated, and 
they are written thus, a : B : : b : c. 

80. Of three proportional quantities, the middle one is 
. said to be a Mean Proportional between the other two j and 
the last, a Third Proportional to the first and second. 

81. Of four proportional quantities, the last is said to be 
"a Fourth Proportional to the other three, taken in order. 

82. Quantities are said to be Continually Proportional, or 
in Continued Proportion, when the ratio is the same between 
every two adjacent terms, viz. when the first is to the second, 
as the second to the thu'd, as the third to the fourth, as the 

* fourth to the fifth, and so on, all in the same common ratio. 

As in the quantities 1, 2, 4, 8, 16, &c j where the com- 
mon ratio is equal to 2. 

83. Of any number of quantities, A, B, c, D^ the ratio of 
the first A, to the last d, is said to be Compounded of the 
ratios of the ^rst to the s^condy of the second to the third, 
gnd so on to the last. 

S^. Inverse ratio is, when the antecedent is made the 
consequent; and the consequent the antecedent. — Thus, if 
1 : 2 : : 3 : 6 ; then inversely, 2:1 : : 6 : 3. 

S^. Alternate proportion is, when antecedent is compared 
with antecedent, and consequent with consequent. — As, if 
1 2 2 : : 3 : 6 ; then, by alternation, or permutation, it will be 
1 : 3 : : 2 : 6. 

SG. Compounded ratio is,, when the sum of .the antecedent 
^nd consequent is compared, either with the consequent, or 
with the antecedent.-^Thus, if 1 : 2 : : 3 : 6, then by compo* 
sition, 1 + 2 : 1 I ; 3 + 6 : 3, and 1 + 2 : 2 : : 3 + 6 : 6. 

87. Divided ratio, is when the difference of the antecedent 
and consequent is compared, either with the antecedent or 
with the consequent. — Thus, if 1 : 2 : : 3 : 6, then, by division, 
2-1 : 1 ::6-3 : 3, and 2—1 ; 2:: 6-3 : 6. 

Note. The term Divided, or Division, here means sub- 
tracting, or parting j being used in th^ sens^ opposed to com^ 
poundings Qx ^ddinjg;, in def. 86* 
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THEOREM LXVI. 

Equimultipks of any two Quantities have the same Ratio as 

the Quantities themselves. 

Let a and b be any two quantities, and wA, mB, any 
equimultiples of them, m being any number whatever : then 
will mA and mB have the same ratio as a and b, or 
A : B : : m\ : mB, 

^ fJtB B ^ 
ror — = — , the same ratio. 
mA A 

Cor^L Hence, like parts of quantities have the same ratio 
as the wholes ; because the wholes are equimultiples of the 
like partSi or A and b are like parts of mA and mB. 

THEOREM LXVII. 

If Four Quantities, of the Same Kind, be Proportionals; 
they will be in Proportion by Alternation or Permutation, 
or the Antecedents will have the Same Ratio as the Coa- 

sequents. 

Let a : b :: mA : mB'f then will a : mA :: b : fnB. 

„ WA mB , , . , 

r or = /w, and — = #w, both/Uie same ratio. 



THEOREM LXVm. 

If Four Quantities be Proportional ; they will be in Pro- 
portion by Inversion, or Inversely, 

Let a : b : : mA : mB \ then will" B : a : : wB : /»A. 

For — = — , both the same ratio. 
mB B 

theorem lxix. 

If Four Quantities be Proportional ; they will be in Pro?» 
portion, by Composition and Division. 

Let a : b : : mA : wb 5 . ^ 

Then will b ± a : A : : /wb ± 7»a i wa, 
and b ± a : b : : wb ± mA : mB. 
mA A mB B 

' mB±mA B ± a iwBimA li "i^; K 
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Coroi. It appears from hence, that the Sum of the Qreatest 
and Least of four proportional quantities, of the same kiiid^ 

exceeds the Sum of the Two Means. For, since 

A : A + B : : ivfA : mA + iwr,. where A is th? least, and 

fwA + fUB the greatest ; then iw + 1 . a + wb, the sum of 

fhe greatest and least, exceeds w + 1 . a + b the sum of 
the two means. 

THEOREM LXX. 

' ... 

If, of Four Proportional Quantities, there he 4taken any 
Equimultiples whatever of the two Aiiteceddnts, and any 
F^ujiwultiplies whatever of the two Consequents ; the 
quantities resulting will (till b^ piroportiooal. ' 

, Let a : m :t f»\ : mB'y also, let /a and pmA be any 
equimultiples of the two antecedents, and grB and grmR a^y 

•equimultiples of the two consctquents.; then will 

pA : qB : : pmA : qmB. • 

For —- ss: ~-,'botb die saaae ratio. 

\ pfHA /A . . 

' THEOREM LXXI. 

If there be Four Proportional Quantities, and the tw# 

' Consequents be either Augmented or Diminished bf 

Quantities that hav^tbe Same Ratio as the respective 

Antecedents; the Results and the Antecedents will stilt 

be Proportionals. 

Let a : b : : mA : ms, and tiA and fimA any t^o quan- 
tities having the same ratio as the two antecedents j then will 
X : B ± «A : : /wa : mB ± //mA. 

' m'B±ftmA B.±«A , , , 
ror '. — = ^. both the same ratio. 

fflA A . 



THEOREM LXXII. 

If any Number of Quantities be Proportional, then any 
one oJF the Antecedents will be to its Consequeltf, as the 
Sum of all the Antecedents is to the Sum of all the Con-* 
scquents. 

Let a :b :: niA : wb iiftA : nBp Sec ; theA will .•--.- 
A : B : : A + mA + ^A : : B + mB + »B, &c. 

• B + mB + «B B ■ 
For -—; r-z = — s the same rafcio. 

: A+WA+nA A 
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THEOREM LXXnX. 

Jf j^ ?K3iiple Magnitude be. to a ISTiole, *af a Par^ takpn Ifroai 

' ^ the first> is to a Part taken ^6m the other ; then. the "R^ 

inaihder will be to the Hesnaindery as the wliole to th^ 

whole. ' ...... .. . . V 

, mm 

Let a:b::— a:-*-b; 

^i_ -11* ^ ^ 

then wul AtB::A -a:b =^b. 

ji n 

B-^B B 

jFor ^ — .=; ---, both the same ratio- 

f ; A— J^A A ' . 



a 
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THEOREM LXXnr. 

If any Quantities be Proportional ; t^eir Squares^ or Cuhes^ 
or any Like Powers, or Roots, of them, will dso be Pro^ 
portional/ 

]Let a : b : : mK : otb; then will a° : b" : : iw^A** : «i"b". 

/w"b" b" 
Fo^ "ITTi = ~> ^oth tl^ same ratio. 

" l» A A 



THEOREM LXXV. 

Jf there be two Sets of Proportionals \ then the Products or 
Rectan^les'of the Cpmesponding Terms will alK) be Fj^ 
portionaL * 

Let a : b : : mK : mBy 

and QiTyiinCinT}'^ , 

then will AC : bd :: mtiKC : mtiBD. . x 

MlVi^l) BD 

For =s —J both the sanie ratio. 

T IW»AC ACT 



If Four Quantities be Proportional; the Rectangle or Product 
' of the ^o £?ctriembeS| will be £qual to the ReptaQgle ot 
Product of the two Means. And the converse. 

Let a : b : : mA : mB ; 

dien is A X mil :^ B X mA. ^ mkSy avis eiui 
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THEOREM l^XJiTU. 

If Three Quantities be Continued Proportionals ; the Rect- 
a?ip:!e or Product of the two Extremes, will be Equal to 
the Square of the Mean. And the converse. 

Let a, niAf m^k be three proportionals, 

or A : mk : : mk : m*X ; 

then is A X /»*A = /«' a% as is evident, 

THKOREM LXXVIII. 

U any Number of Quantities be Continued Proportionals j 
the liiitio of the First to the Third, will be duplicate or the 
Square of the Ratio of the First and Second 5 and the Ratio 
of the First and Fourth will be triplicate or the cube of 
that of the First and Second ; and so on. 

Let a, wa, /7/*a, m^A, &c, be proportionals ; 

. ^A , rn^A , , m^A , ^ 

then IS = m ; but = /» j and = rn^i &c 



theorem lxxix. 

Triangles, and also Parallelograms, having equal Altitudes, 

are to each other as their Bases. . 

Let the two triangles adc, def, have 
Ae same altitude, or be between ithe same 
parallels ae; cf ; then is the surface of 

the triangle adc, to the surface of the 

triangle def, as the base ad is to the A Ji D & H E 
base DE. Or, ad : de : : the triangle 
ADC : the triangle def. 

For, let the base ad be to the base d^, as any one num- 
ber m (2), to any other numbers (3)j and divide the respec- 
tive bases into those parts, ab, bd, dg, gh, he, all 
equal to one another ; and from the points of division draw 
the lines BC, FG, fh, to the vertices c and f. Then will 
these lilies divide the triangles adc, def, into the same 
number- of parts as their bases, each equal to the triangle 
ABC, because those triangular parts have equal bases and 
altitude (corol. 2, th. 25); namely, the triangle abc, equal 
to each of the triangles bdc, dfg, gfh^ . hee. So that 
the triangle adc> is to the triangle dfe, ys the number of 

^arts 
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parts m (2) of the former, to the number n (3) of the latter^ 
that is, as the base ad to the base DE.(def. 79).. 

In Hke manner, the parallelogram adki is to the parallel- 
ogram DEFK, as the base ad is to the base DE ; each of 
these having the same ratio as the number of their parts, 
m to //. c^ E. D. 



THEOREM LXXX. 

Triangles, and also Parallelograms, having Equal Bases, are 

to^each other as their Altitudes. 

Let ABC, BEF,. be two triangles 
having the equal bases ab, be, and 
whose altitudes are the perpendiculars 
CG, FH i then will the triangle ABC : 
the triangle bef : : cg : fh. 

•For, let BK be perpendicular to ab, 
and equal to CG; in which let there 
be taken bl = fh ; drawing 4K and AL. 

7'hen, triangles of equal bases and heights being equal 
(corol. 2, th. 25), the triangle abk is = ABC, and the tri-. 
angle abl = bef. But, considering now abK| abl, as two 
triangles on the bases bk, bl, and having the same altitude 
AB, these will be as their bases {thr'79), namely, the trian^e 
abk : tlte triangle abl : : bk : bl. 

But the triangle abk = abc, and the triangle abl = bef, 

also BK = CG, and bl = fh. , 

Theref. the triangle abc : triangle bef : : cG : fh. . 

And since parallelograms are the doubles of these triangles^ 
having the same bases and altitudes, they will likewise have 
to each other the same ratio as their altitudes. <^. E, d. 

CoroL Since, by this theorem, triangles and parallelograms^ 
when their bases are equal, are to each other as their alti- 
tudes ; and by the foregoing one, when their altitudes are 
equal, they are to each other as their bases ; therefore uni- 
versally, when neither are equal, they are to each other in* 
the compound ratio, or as the rectangle or product of thcar 
bases and altitudes. 
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THEOREM LXXXI. 

|f Four Lines be Proportio!:al j the Rectangle o£ the Ex- 
tremes win be Equal to the Rectangle of the Means. 
And, conversely, if the Rectangle of ibe Extremes, of four 
Lines, be equal to the Rectangle of the Means, the Four 
Lines, taken alternately, wili be ProportionaJr 

Let the four lines a, b, c, d, be 
yroporcionals, or a : b : : c : d ; 
then will the rectangle of a and Dbe 
equal to the rectangle of b and c y 
ipr the rectangle a . d = » . c. 
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For, let the four lines be placed 
unth their four extremities meeting 
in a common point, forming at that 

jpoint four right angles ; and draw lines panillel to them to 
complete the rectangles p, q, iif where p is the rectangle 
of A and D, Q^the rectangle of b and c, aii4 # the r^? 
j^gle of B and d. 

Then the rectangles p and r, being between the same 
parallels, are to each other as their bases a and h (th. 79); 
and the rects^ngles q and r, being between the ss^ne pa- 
raUelS) ^e to each other as their base$ c and p. ]iut the 
ratio of A to B, is the same as the ratio of c to p., by hjp^. 
thesis ; therefore the ratio of p to R, is the same as the ratio 
«f <^ to R ; and consequently the rectangles ? and ^ are 
equal, q. e. d. ' 

Again, if the rectangle of a and d, be equal to the 
rectangle of b and c ; these lines will be proportional^ or 
4 : B : : x; : D. 

For, the rectangles being placed the same as before : then^ 
^because parallelograms between the same parallels^ are to one 
another as their bases, the rectangle p : R : : a : b« ^d 
<^ : R : : c ; D. But as p and (^ are equal, by supposition, 
they have the same ratio to R, that is, uie ratio of 4 to B is 
iqu^l to the ratio of c to d, or a : B : : c : D. Q. E. D. 

Coro/. 1 . When the two means, namely^ the second and 

third terms, are equal, their rectangle becomes a square of 

the second term, which supplies the place of both the second 

and third. And hence it follows, thar when three lines are. 

jproportionals, the rect^mgle of xiie two ^x\tevaes is equal to 
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tlie square of the mean ; and, converselyt if the Feetan^e of 
the extremes be equal to the square of the meaa, the three 
lines are proportionals. 

' Corel, 2. Since it appears, by thef i*H!«fs of propoitkm' ia 
Arithmetic and Algebra, that when four quantities^ are pro^ 
portional, the product of the extremes is equal to* the product 
of the two means ; and, by this theorem, t4e rectaagl^ of the 
extremes is equ^ to the rectangle of the twe^ miestiis ; it fol- 
lows, that the area or space of a rectangle is- represented ^ 
expressed by the product of its length and breadth multiplied 
together. And, in general, a rectangle in geometry » simi- 
lar to the product of the measures of its two dimensions of 
> length and breadth, or baie and height. Also, a square b 
similai^ to, or represented by, the measure of its side multi-^ 
plied by itself. Sa that, what is shown of such products^ is 
to be understood of the squares and*rectangles. 

CoroL 3. Since the same reasoning, ^s in this theorem, 
holds for any parallelograms whatever,' as well as for the 
rectangles, the same property belongs to all kinds of paral- 
lelograms,^ having equal angles, and also to triangles, which 
are the halves of parallelograms; namfely, that if the sidfei 
about the equal angles of parallelograms, or triangles, }>e 
reciprocally proportional, the parallelograms or triangles 
will be equal \ and, conversely, if the ptirallelogr^ms or 
triangles be equal, their aides about the equal an^^es will be 
reciprocally proportionaL 

CoroL 4. Parallelograms, or triangles, having an angle lit 
each equal, are in proportion to each other as the rectangles 
of the sides which are about these equal angles. 



THEOREM LXXXII. 

If a Line be drawn in a Triangle Parallel to one of its 
sides,, it will cut the two other Sides Proportionally. 

Let de be parallel to the ade bc of the 
tri^gle ABC ; then will ad : DSt : ab : bc* 

For, draw be and CD. Then the tri- 
angles DBE, DGE, are equal to each ocher, 
because they have the same base DBy and . 
are between the same parallels dk^ bg 
(th. 25). But the two triangles ade, BBS, 
on the bases ad> j>^y ba^e the same akv« 
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tnde; and the two triangles ade, cde, 
on the bases ae, ec, have also the same . 
altitude; and because triangles of the same 
altitude are to each other as their bases, 
thereiore 

thef triangle ade : bde : : ad : db, 
; and triangle ADE : cde : : a£ : £C. 

But BDE is = CDE ; and equak must h^e to eqasAi the 
same ratio; therefore AD : db : : ae : £c. Q. c. d. 

Carol* Hence, also, the whole lines ab, ac, are propar^ 
tional to their corresponding proportional segment (ccroL 
th.66), 

viz. ab : AC : : ad : ae, 

and ab ; ac : : bd : C£* 



theorem ls:xxiii. 

A line which Bisects any Angle of a Triangle, divides the 
opposite Side into Two Segments, which are Proportional 
to the two other Adjacent Sides. 

Let the angle acb, of the triangle abc, ip 
be bisected by the line cd, making the 

angle r equal to the angle r: then will the C..^ 

segment ad be to the segm.ent db^ as the j/^^\ 

side AC is to the side cb. Or, - - — /^ ] ^ 

AD : db : : AC : CB. A b B 

For, let BE be parallel to cd, meeting 
AC produced at e. Then, because the line Bc cuts the two 
parallels cd, be, it makes the angle cbe equal to the alter- 
nate angle s (th. 12). and therefore also equal to the angle 
r, which is equal to s by the supposition. Again, becaose 
the line ae cuts the two parallels DC, be, it makes- the 
angle e equal to the angle r on the same side of it (th. 14). 
Hence, in the triangle bce, the angles b and e, being each 
equal to the angle r, are equal to each other, and conse- 
quently their opposite sides cb, ce, are also equal (th. 3). 

But now, in the triangle abe, the line cd^ being drawn 
parallel to the side be, cuts the two other sides ab, A£,pro- 
rtionally (th. 82), making AD to DB, as is AC to CE or to 
Lual CB. Q. £• D. 

.« 
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THEOREM LXXXIV. 

Equiangular Triangles are Similar, or have their Like Sides 

Proportional. 

Let ABC, DEF, be two equiangular tri- 

V angles, having the angle a equal to the 

angle d, the angle b to the angle e, and 

consequently the angle c to the angle fj 

then will ab : ac : : de : df. 

For, make dg = ab, and dh = ac, 
and join gh. Then the two triangles 
ABC, DGM, having the two sides ab, ac, 
equal to the two DC, dh, and the con- 
tained angles a and d also equal, are iden- 
tical, or equal in all respects (th. 1), namely, 
the angles b and c are equal to the angles G and H. But the 
angles b and c are equal to the angles e and f by the hypo- 
thesis ; therefore also the angles G 'and h are equal to the 
angles e and f (ax, 1), and consequently the line gh is pa- 
rallel to the side ef (cor. 1, th. 14). 

Hence then, in the triangle def, the Jine gh, being pa- 
rallel to the side ef, divides the two other sides propor- 
tionally, making DG : dh : : de : df (cor. th. 82). But 

DG and DH are equal to ab and ac ; therefore also 

IB : AC :: D£ : df* Q* e. d. . • 





theorem lxxxv. 

Triangles which have their Sides Proportional, are Equi- 
angular. 

In the two* triangles abc, def, if 
AB : DE : : ac : df : : bc : ef ; the two 
triangles will have their corresponding 
angles equal. \ 

For, if the triangle abc be not equian- 
gular with the triangle def, suppose some 
other triangle, as deg, to be equiangular 
with ABC. But this is impossible : for if 
the two triangles abc, deg, were equi- 
angular, their sides would^ be proportional 
(th. 84-). So thaf, ab being to de as ac 
to HQ^ and ab to de as bc to eg, it follows that dg and 
%o, being fourth proportionals to the sam^ tbr^^ c^?t\x>L\NAR."H 
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as well as th<^ two d>} £f, the former dg, EC, would be 
^ual to the latter, i>f, fit. Thus jtb^n, the two triangles 

?BF, DEG,. having their three sides equal, would be identical 
In 5); whitii is absnrd> since their singles ar^ Qiit^quaL 



THEOREM txx^VI. 

I 

♦ ; . ' - , 

Inaligles, which &ave ah Angle in the one Squat to an An^lH 
in the other^ and the Sides about these angles Proportions^^ 
are Equiangular* 

L£T ABC, DEE, be twD triangles, haTing 
the angle A = the suigle D, and the sides 
Afi, AC, proportional to the »des de, df : 
then, win the triangle abc be equiangular 
with the triangle dev. 

For, make 0G = ab, and dh := Ac, 
and jdn oh. 

Tien, A6 two triangle abc, dgb', 
having two sides equal, and the contained' 
angles A anfl t> equal, are identical and 
equiangular (th* l)^ having the angles g 
and H equal to the angles B and c. But, $inc«°f th<$ ivde^ 
BG, DH, are proportional to the .ides t>z^ df, the line Gfi isT 
parallel to Wf (th. 82); hence the an^es b and Fare equal td 
the angles c and h (th« 14), and coni^equently tatheif equsd^ 
B and c« Q. B. D. 

ttlEOREM LXXXVIT^ 

In a Right- Angled Triangle, a^ Perpendicular from th,e Right 
Angle, is a Mean Proportional between the Segments^of 
the Hypothenuse ; and each of the Sides,, about the llighi 
Angle, is a Mean Proportional between the Hfpolhenase 
and the adjacent segment. 

Let ABC be a right-angled triangle^ and 
<^D a perpendicular from the right ang^ 
G to the hypothenuse ab$ theti will A 

CD be a mean proportianil between ad and DB^jf 
AC a m<an proportional betweein ab an^ Aff ;. 
bc a mean proportLonid between^ ab and bb« 

QrS AD : CD : : CD' : i» ^ and AB :Mc i: VQ:m>f mi^ 
^s^;Afe::AC : ta^ 
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Vdtj the two triangles abc, ado, having the right aiiglea 
at c and d equal, and the angle a commonj have their third, 
angles equal, and are equiangular (cor. 1, th. 17). In like 
manner, the two triangles abc, bdc, having the right 
angles at c and d equal, and the angle b common, have 
their third angles equal, and are equiangular. 

Hence then, all the three triangles abc, adc^ Bdc^ 
being equiangular, will have their like si4es proportional 
(th. 84) ; 



viz. 
and 


AD : CD : : CD 


: DB| 

< * 

: ad; 


and 


AB m dC • • JdC 


: BD. 



(^ £• D* 

CoroL Because the angle in a semicircle is a right angle 
(th. 52) ; it follows, that if, from any point c in the peri- 
phery of the semicircle, a perpendicular be drawn to ibA 
diameter ab j and the two chords ca, cb, be drawn to 
the extremities of the diameter: then are ac, bc, cd, the 
mean proportionals as in this theorem, or (by th. 77), - - ^ 
CD* = ad . db} AC* ^ ab . At); and bc* = ab , bix 



TklfiORfiM LXX^VIIl* 

Equiangular or Similar Triangles, are to each other as the 

' Squared of their Like Sides. 

Let ABC, DEF, bc two equi- 
angular triangles, ab and de 
being two like sides : then will 
the triangle abc be to the tri- 
angle DEF, as the square of ab 
is to the square of de, or as 
4b* to de*. 

For, let At and dn be the 
squares on ab and de; also draw their diagonals bK, em, and 
the perpendiculars co, fh, of the two triangles. 

Then, since equiangular triangles have their like sides 
proportional (th. 84), in the two equiangular triangles abc^ 
DEF, the side ac : df : : ab : de ; and in the two aCGj 
DFM, the side ac : df : : co : fh ; therefore, by equality 
CO : FH : : AB : de, or cg : ab : : fh : de. 




But because triangles on equal bases are to each other as 
their altitudes, the triangles abc, abk, on the same base 
AB, are to each other, as their adtitudes qg, ak, or ab : 

Vol. L Y «^^" 
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and the triangles def, dem, oit the same base dX) treastfacir 
attitudes FH> D^M> or ds; 

that is, triangle abc : triangle abk : : cg : ABf 
and triangle dbf : triangle cem : : fh : dk. 

But It has beep shown that cg r ae : : fh : D£ ; 
theref. of equality A abc ; aabk : : adef : adbm^ 
of alternately, as A abc : adep : : a abk: Adem, 

But the squares al, dn, being the double of the triangles 
iTBK, DEM, have the same ratio with them ; 
therefore the A-abc : adbf : : square az : s({uare dn* 

TKEOEESI LXXXIX. 

AUSimHar Figures are to each other, as th» Squares of thes* 

Like Sides. 

Let abcde, fghik, be _ r 

tpy two similar figures, the ^^ 

like sides being ab, fg, aftd' \"^^ 
BC, GH,and so on in the same \ ••.. 
^ order : then will the figure \ — -^ \ : / 

ABCDEbe to the figure fghik, 1'' ^ 

as the square or ab to the 
•quare of fg, cr as ab* to fg*. 

For, draw ee, bd> gk, gt, dividing the figures Into air 
equal number of triangles, by lines from two equal angles 
b and G. 

The two figures being similar (by suppos.), t&ey are equi* 
angular, and have their like sides proportional (def. 67)* 

, Then, since the angle A is = the angle f, and the sides 
AB, AE, proportional to the sides fg, fk, the triangles 
ABE, fgk, are equiangular (th. 86). In like manner, the 
two triangles bcd, ghi, having the angle c ±: the angle ir, 
and the sides bc, cd, proportional to the sides gh, hi, are 
also equiangular. Also, if from the equal angles aed, fkf^ 
there be takwi the equal angles ae», fkg, there wiH remain 
the equals bed> gki ; and^if frooi the equal angles cpe^ 
HiK, be taken away the equals cdb, hig,. there ^ill remain 
the equals bdb, gik 5 so that the two triangles bde, qvl^ 
having two angles equal, are also equiangular. Hence eachr 
triangle of the one figure, is equiangular with e^ch corrc^ 
sponding triangle of the other. 

But equiangular triangles are similar, and are proportional' 
tQ the squares of th«ic lilU sides (ilu ^%.]^ 



Th'ertfofe thd A ABk : A fOk :: AB^ t ta\ 
and A BCD : A 6fi[X :1 fiC* : GH*, 
and A BDS : A gik : : de^ : ik^ 

But as the two polygons are simQar, their like sides are pro- 
portional, and consequently their squares also proportional ^ 
so that all the ratios ab* to fg*, and BC* to gh*, and De* t6 
2K*, are equal among themselves, and consequently the cdt- 
responding triangles also, abe to Fgk, and bcd to ghi, and 
BBE to ciK, have all the same ratio, viz. that of ab'^ to fg' : 
and hence all the antecedents, or the figure Abcde, have to 
»11 the consequents, or the figure fqhik, still the same ratio| 
riz. that of ab* to FO* (th. 72). u. e. d. 





THBORBM XC. 

Similat Figures Inscribed in Circles, haTe their Like Sidesi 
and also their Whole Perimeters, in the Same Ratio as th^ 
Diameters bf the Circles in which they are Inscribed^ 

Let abcde, fghik, 
be two similar figures, 
inscribed in the circles 
whose diameters are al 
and i^m; then will each 
side ab, bc, &c, of the 
one figure be to the like 
side Gt, CBf &c, of the 
other figure, or the whole perimeter Aft + bc + &c, of the 
one figure, to the whole perimeter fo + gh -j- &c, of the 
other figure, as the diameter al to the diameter fm. 

JFor, draw the two corresponding diagonals AC, FH, as 
lalso the lines bl, Cm. Then, since the polygons are similar, 
they are equiangular|. and their like isides have the same ratio 
(def. 67) ; therefore the two triangles abc, fgh, have the 
angle b = the angle G, and the sides ab, bc, proportional 
to the two sides FG, CH, consequently these two triangles 
fire equiangular (th. 86), and haTe the angle acb sc fhg. 
But the angle acb = alb, standing on the same trc ab; 
and the angle fhg = tuGy standing on the same arc FG; 
therefore the angle alb =r vmg (ax. I). And since the 
angle a&L At fgm, being both right angles, becatise in a 
semicircle; therefore the two triangles abl, fgKi, havvd^i^ 
two angUf 9QWi, w^ equiangulat i aild cdft&^^sNKit^ *&«« 

Y2 "s^^ 
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like I sides are proportional (th. 84) 5 Kence ab : ig : : th# 
diameter al : the diameter fm. 

In like manner, each side bc, cd, &c, has to each side 
GH, HI, &c, the same ratio of AL to fm ; aiid consequently 
the sums of them are still in the same ratio; viz, ab + bc •+• 
CD, &c : FG + GH + HI, &c : : the diam. al : the diam^ 
FM (th. 72). Q. ^. D. 



THEOREM xcr; 

Similar Figures Inscribed in Circles, are to each other as 
the Squares of the Diameters of those Circles. 

Let abcde, fghik, 
be two similar figures, in- 
scribed in the circles 
whose diameters are al 
and FM ', then the surface 
of the polygon abcde 
will be to the surface of 
the polygon fghik, as al* to fm*. 

For, the figures being similar, are to each other as the 
squares of their like sides, ab* to fg* (th, 88)^ But, by 
the last theorem, the sides ab, fg, are as the diameters AL5 
FM ; and therefore the squares of the sides ab^ to fg*, as the 
squares of the diameters al* to fm* (tlx. 74). Consequently 
the polygons abcde, fghik, are also to each other as the 
squares of the diameters al* to fm^ (ax. !)• q. e. d. 



theorem xcii. 

The Circumferences of all Circles are to each other as their 

Diameters. 

Let d, df denote the diameters of two circles, and c, c, 
their circumferences ; 

then will J^ : d :: c : c, or d : c : : d : c. 

For (by theor. 90), sin^lar polygons inscribed in circles 
have their perimeters in the same ratio as the diameters of 
tkose circles. . . 

Now, as this property belongs to all polygons, whatever 
the number of the sides may be $ conceive the number of the 
^es to be indefinitely great, and the length^ of each inde- 
MoUclysmiilp till they coincide with the circumference of 
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the circlei and be equal to it, indefinitely near. Then the 
perimeter of the polygon of an infinite nutnber of sides, is 
the same thing as the circumference of the circle. Hence it 
appears that the circumferences of tl^ circles, being the ssune 
as the perimeters of such }x>lygons, are to each o|Jber in th« 
same ratio as the diameters of the circles* q. £. d. 

THEOREM XCIII. 

The Areas or Spaces of Circles, are to each otlier as the 
Squares of their Diameters, or of their Radii, 

Let a, a^ denote the areas or spaces of two circles, and 
p, </, their diameters; then a : « : : d* : i/*. 

For (by theorem 91) similar polygons inscribed in circles , 
are to each other as the squares of the diameters of the 
circles. 

Hence, conceiving the number of the sides of the poly- 
gons to be increased more and more, or the length of the 
sides to become less and less, the polygon approaches nearer 
and nearer to the circle, till at length, by an infinite ap- 
proach, they coincide, and become in effect equal ; and then 
it follows, that the spaces of the circles, which are the same 
as of the polygons, will be to each other as the squares of the 
diametersof the circles. <^ £. d. 

CoroL The spaces pf circles are ^o to each other as the 
squares of the circumferences ; since the circumferences are 
^1 the same ratio as the diameters (by theorem 92). 

THEOREM XCIV. 

The Area of any Orcle, is Equal to the Rectangle of Half 
its Circumference and Half its Diameter. 

Conceive a regular polygon to be /'^f^^^^ 

inscribed in the circle ; and radii drawn to // \ i /V 

all the angular points, dividing it into as r ex a 

many equal triangles as the^ polygon has ^T yfT ^ 

sides, one of which is abc, of which the \/ ^ v^ 
altitude is the peiT>endicular cp from the AHli^-^ 

centre to the base ab. 

Then the triangle abc, being equal to 
a rectangle of half the base and equal altitude (th. 26, cor. 2)^ 
is equal to the rectangle of the half base ad axidiV^ ^vvxoA^c^s 
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consequently the whole polygon, or all ^^ f^^p^v . 

the triangles added together which com- // \ j /\ 

pose it, is equal to the rectangle of the [ ex I 

common altitude cd, and the halves of all V\ 7j\ ~^ 

the sidesi or the half perimeter of the po- \/ ; \/ /^ 

lygon. A^HF^5 

Now, 'conceive the number of sides of the polygon to be 
indefinitely increased ; then will its perimeter coincide with 
the circumference of the circle, and consequently the alti- 
tude CD will become equal to the radius, and the whole 
polygon equal to the circle* Consequently the space of the 
circle, or of the polygon in that sts^te, is equal to the rect« 
angle of the radiua an4 half tbe circumference* % £• ^* 
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OF PLANES AND SOLIDS. 



DCnKITIONS. 

DiF, 88. The Common Section of twq Planes, is the 
line in which they meet, to cut each other* 

89. A Line is Perpendicular to a Plane, when it is perr 
pendicular to every line in that plane which meets it* 

00. One Plane is Perpendicular to Another, when every 
Kne of the one, which is perpendicular to the line of their 
common section, is perpendicular to the other. 

91. The Inclination of one Plan? to another, or the angle 
they form between them, is the angle cont^ned by two 
lines, drawn from any point in the common section, and at 
right angles to the same, one of these lines in each j^ane* 

92. Parallel Plan^, are such as being produced ever m 
far both ways, will never meet, or which are every where *t 
an equal perpendicular distance. 

93. A Solid Angle, is that which is made by three or 
'e plane angles, meeting each Qther in the same ppint. 

^^» Similar 
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>*. Similar Solids, contained by plane figures, are such as 
Have all their solid angles equal, «ach to each, and are bouncU 
ed by the same number of similar planes, alike pbced. 

95. A Prism, is a st>lid whose ends are parallel, equal, :knd 
tike plane figures, and its sides, connecting those ends, art 

parallelograms. 

96. A Prism takes particular names according. to the figuri 
of its base or ends, whether triangular, square, rectangular, 
pentagonal, hexagonal, &c. 

07. A Right or Upright Prism, is that which has the 
planes of the sides perpendicular to the plsmep of tlbie ends 
or base. 

98. A Parallelopiped^ or Paralldopipedon, is 
1 prism bounded by six parallelograms, erery 
opposite two of which are equal, alike, and pa« 
rallel. 

99. A Rectangular Parallelopipedon, is that whose bound- 
ing planes are all z^ctangles, which are perpendicular to each 
«ther. 

100. A Cube, is a square prism, being bounded 
by six equal square sides or »ces, and are perpen- 
dicular to each other. 
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101. A Cylinder is a round prism, having cir- 
cles for its ends; and is conceived to be formed 
by the rotation of a right line about the circum- 
ferences of two equal and parallel circles, alwaiys 
parallel to the axis. 

1 02. The Axis of a Cylinder, is the right line 
joining the centres of the two parallel circles, about which 
the figure is described. 

103»« A Pyramid, is a solid, whose base is any 
right-lined plane, figure, and its sides triangles^ 
having all their vertices meeting together in a 
point above the base, called the Vertex of the 
pyramid. 

104. A pyramid, like the prism, takes particular names 
from the figure of the base. 

105, A Cone, is a. round pyramid, having a cir- 
cular base, and is conceived to be generated by 
the rotation of a right line about the circum- 
ference of a circle, one end of which is fixed at 
n point above ^ phme of th«t circle. 
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J 06. The Axis of a cone, is the right line, joining the 
vertexf or fixed point, and the centre of the circle about 
which the figure is described. 

107. Similar Cones and Cylinders, are such as have their 
altitudes and the diameters of their bases proportional. 

108. A Sphere, is a solid bounded by one curve surface, 
V frhich is every where equally distant from a certain point 

within, called, the. Centre. It is conceived to be generated 
by the rotation of a semicircle about its diameter, which re- 
mains fix^. 

109. The Axis of a Sphere, is the tight line about which 
the semicircle revolves; and the centre is the same as that of 
the revolving semicircle. ' 

110. The Diameter of a Sphere, is any right line passing 
through the centre, and terminated both ways by the surface. 

111. The Altitude of a Solid, is the perpendicular drttwn 
from the vertex to the opposite side or base. 

THEOREM XCV. 

A Perpendicular is the Shortest Line which can be drawA 

from any Point to a Plane. 

Let ab be perpendicular to the plane a^ 

de; ; then any other line, as ac, drawn \ 

firom the same point a to the plane, will 
be longer than the line ajb. 

In the plane djpaw the line Bc, joining 
the points b, c. 

Then, because the line ab is perpendi- 
cular to the plane de, the angle B is a right, angle (def. 90), 
and consequently greater than the angle c; therefore the 
line AB, opposite to the less angle, is less than any other line 

AC, opposite the greater angle (th. 21). Q. e. p. 

• 

theorem xcvi. 

I 

A Perpendicular Measures the Distance of any Point from a 

Plane. , 

The distance of one point from another is measured by % 
right line joining them, because this is the shortest line which 
can be drawn from one point to another. So, also, the 
distance from a point to a line, is measured by a perpendi^ 
cujar, because this line is the shortest which can be drawn 

from 
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from the point to the line. In like manner, the distance 
from a point to a plane, must be measured by a perpendicular 
drawn from that point to the plane) because this is the 
shortest line which can be drawn from the point to die 
plane. 



THEOHEU XCVIl; 



The Common Section of Two Planes, is a Right IJne> 

Let acbda, aebfa, be two planes 
cutting each others and a, b, two points 
in which the two planes meet ; drawing 
die line ab, this line will be the common 
intersection of the two planes. 

For, because the right line ab touches 
the two planes in the points a and's, it 
touches them in all other points (def. 20): 
thb line is therefore common- to the two planes: That i^ 
the cc»nmon intersection of the two planes is a right line. 

q^ E. B. 




THEOREM XCVIIl. 



If a Line be Perpendicular to two other Linea, at th«r 
Common Point of Meeting ; it will be Perpendicular, to 
the Plane of those Lines. 

Let the line ab make right angles with 
tl^e lines \c, ad ; then will it be per- 
pendicular to the plane cde which passes 
through these lines. 

If the line ab were not perpendicular to 
the plane cde, another plane might pass 
through the point a, to which the line ab 
■would be perpendicular. But this is im- 
possible i for, since the angles bac, bad, are right aQgIe% 
this other plane must pass through the points c, D. Henc^ 
Uiis plane passing through the two points a> c, of the line 
AC, and through the two points a, d, of the line As, it will 
pass through both these two lines, and therefore be the same 
plane with the former, t^ e. d. 
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If Two IJnes be Perneiwliciilar to the S»me Plane, theywill 
be Parallel to each other. 
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Let the two lines ab, cd, be both per- 
pendicular to the same plane'sBiv } then 
will AB be panlled to CD. " 

For, jcnn B, D, bjr the line bd ia the 
plane. Then, because the lines AB, CD, 
are perpendicular to the plane ef, they are 
both perpendicular to the line bd (de£ 90) in tbM plame-, 
and consefjuently they are parallel to eadi other (corot 
th. 13). Q. e. D. 

Coiil. If two Maes, be parallel, and ii onr of th em fat 
perpendicular to any plane, (he other will jdio be perpmdi- 
cular to the same pUiie. 



THEOREM C, 

If Two Planes Cut each other at Right Angles, and a Line 
be drawn in one of the Planes Perpendtcidar to their 
Common Intersection, it will be Perp>endicalar to the 
other Plane. 

Let the two planes acbd, abbf, cut 
each other at right angles; and the line 
CG be perpendicular to their common sec- 
tion AB ; then will cg be also perpendicular 
to the other plane aebp. 

For, draw eo perpendicular to ab. 
Then, because the two lines cc, ge, are 
perpendicular to the common intersection 
AB, the angle cge is the angle of inclination of the two 
planes (def. 9i). But since the two planes cat each other 
perpendici^ariy, the anrie .of inclination CGS is a right 
angle. And since the Itne cc is perpendicular to the two 
lines CA, at, in the [Jane aebf, it is therefore perpendi- 
cular to that plane (th> 98). O: s- b- 
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Theorem cl 

If one Plane Meet another Plane^ it will make Angles 
with that other Plane, whkh are together equal to two 
Right Angles, 

Let the plane acbp meet the plane aebf; these planes 
^ake with each other two angles whose sum is equal to two 
right angles. 

For, through any point g, in the icomnion section ab, 
draw CD, ef, perpendicular fo ab. Then, the line cg 
makes with EFtwo angles together equal to two right angles. 
But these two angles are (by def. 92) the angles of inclina- 
tion of the two planes. Therefore the two planes make 
angles with each other, which are together equal to two 
right angles^ 

CoroL In like manner, it may be demonstrated, that planes 
which intersect, have their vertical or opposite angles equal; 
also, that parallel planes have their alternate angles equal; 
^n4 so on, as in parallel lines? 



THIOREM CII. 

Jf.Two Planes be Parallel to each other 5 a Line which is 
Perpendicular to one of the Planes, will also be Perpendi- 
cular to the other. 

Let the two planes cd, ef, be parallel, 
and let the line Af be perpendicular to the 
plane cd ; then shall it also be perpendi- 
cular to the other plane ef. 

For, from any point G, in the plane ef, 
draw GH perpendicular to the plane <iD, and qj^ ic^u)^ 
draw AH, pg. ^ ^ 

Then, because ba, gh, are both perpendicular to the 
plane cd, fhe angles a and h are both right angles. And 
because the planes cd, ef, are parallel, the perpendiculars 
BA, gh, are equal (def. 93). Hence it follows that" the 
lines bg, ah, are parallel (def. 9). And the line AB beinjr 
perpendicular to the line ah, is also perpendicular to the 
parallel line bg (cor..th. 12). 

In like manner it is proved, that the line ab is perpen- 
dicular to all other lin^ts which can b« draNm (traix^i^ ^\tv\^ 




vx 



li* plnne EF. Therefore the line ab is perpendicular U 
>'.jM)!e plane Ef (def, 90). q; E. d. 
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'.'wo Lines be Parallel to a Third line, thocgh not ia the 
same flane nith it ; they will be Parallel to each other. 

Let the lines IB, cd, be each of them 
par^telto the third line ef, though not in 
the same plane with it ; then will ab be pa- 
rallel to CD. 

For, frsm any point G in the line ef, let 
GB, Gi| be each perpendicular to ee, in the 
planes eb, ed, of the proposed parallels. 

Then, since the line ee is perpendicular 
to the two lines gh, gi, it is perpendicular 
to the plane ghi of those lines (th. 98)1 And because ef 
. is perpendicular to the plane ghi, its parallel ab is also, per- 
pendicular to that plane (cor, th. 99). For the sitae reason, 
the line en is perpendicular to the same plane ghi. Hence, 
because the t«-u lines ab, cd, are perpendicular to the same 
plane, these two lines are parallel (th. 99). q. e. D. 



a 



theorem civ. 



If Two Lines, that meet each other, be Parallel to Two 
other Lines that meet each other, though not in the same 
Plane with them i the Angles contained by those Lines 
will be equal. 

Let the two lines ab, bc, be parallel to 
the two lines de, ef ; then will the angle 
ASc be equal to the angle def. 

For, make the lines ab, bc, de, ef, all 
equal to each other, and join Ac, df, ad, 

BS, CF. 

Then, the lines ad, be, joining the equal 
and parallel lines ab, de, are equal and 
parallel <th. 24). For the same reason', cf, be, are equal 
and parallel. Therefore AD, cf, are equal and parallel 
(th. 15) i and consequently also AC, df (th. 2*). Hence, 
ihe two triangles abc, def, having all their sides equal, 

wch 
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each to each, have their angles also equal, and consequently 
the angle abc = the angle def. q. jb. d« ' 




TUEOREM CV. 1 

The Sections made by a Plane cutting two other Parallel 
Planes, are also Parallel to each other. 

Let the two parallel planes ab, cd, be 
cut by the third plane efhGj in the lines [nJI L^Kk 

EF, GH : these two sections ef, gh, will ' '^^ ^ 

be parallel. 

Suppose EG, FH, be drawn parallel to 
each other in the plane efhg -, also let 
EI, FK, be perpendicular to the plane cd ; 
and let iG, kh, be joined. 

Then eg, fh, being parallels, and Ei, fk, being both 
perpendicular to the plane cd, are also parallel to each other 
(th. 99) J consequently the angle hfk is equal to the angle 
Gei (th. 104). But the angle fkh is also equal to the angle 
EiG, being both right angles; therefore the two triangles are 
equiangular (cor. 1 th. 17)j and the sides fk, ei, being 
the equal distances between the parallel planes (def. 93), it 
follows that the sides fh, 5G, are also equal (th. 2). But 
these two lines are parallel (by suppos.j, as well as equal; 
consequently the two lines ef, gh, joining those equal pa- 
rallels, are also parallel (th. 24). q. £, d. 



theorem cvi. 



If any Prism be cut by a Plane Parallel to ii;s Base, the Section 
will be Equal and Like to the Base. 
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Let AG be any prism, and IL a plane 
parallel to the base ac j then will the plane 
IL be equal and like to the. base ac, or, the 
two planes will have all their sides and all 
their angles equal. 

For, the two planes AC, iL, being paral- 
lel, by hypothesis ; and two parallel planes, 
cut by a third plane, having parallel sections 
(th* 105) 5 therefore IK is parallel to ab, and kl to BC, and 
LM to CD, and im to ad. But ai and bk are parallels 
(by def. 95) ; consequently ak is a parallelogram \ 'xoA xJaa 
opposite sides ab^ xjk, are equal {x\x. 22V ^^ ^SiS^L^ tQax)»Kt> 
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it is siiown that CL b ^= BC, and lm = en, 

and III = AD, or the two planes ac, IL, are' 

mutually e<)uilateral. But these two planes, 

havingt heir corresponding sides parallel, have 

the angles contained by them also equal 

(th. 10^, namely, the angle a = the angle i, 

the angle b = the angle k, the angle c ^ the 

angle i^ and the angle a = the angle m. So 

that the two planes AC, il, have all thcii* comspd^iag 

sides and angles eqtialj or they arc equal and tike, ti^ fi. D. 

THEORBU Cvii. 

If » Cylinder be cnt by a Plane Parallel to its Base* the 
Seciion will be a Circle, Equal to the Base. 

Let af be a cylinder, and ghi any 
section parallel to the base ABC; then will 
«Hi be a circle, equal to abc. 

For, let the planes kb, kp, pass through 
the axis of the cylinder mk, and meet the 
section cm in the three points H, i» L i 
and join the points as In the figure. 

Then, since kl, ci, are parallel (by 
def. 102); and the plane kj, meeting the 
' two parallel planes ABC, ghi, makes the two sections KC^'lt^ 
parallel (th. 105] ; the figure klic is therefore a paral* 
leloffram, and consequently has the opposite sides LI, EC, 
equal, where kc is a radius of the circular base. 

In like manner, it is shown that lh is eqnal to the radhts 
KB ; and that any other lines, drawn from the poiht L to 
the circumference of the soction ghi, are all equal to ra£i 
•f the base ; consequently GHi is a circle, and equal to ABC. 

THEOREM CVIII. 

All Prisms and Cylinders, of Equal Bases and Altitudeih an 
Equal to each other. 

Let AC, or, be two 
prisms, and a cylinder, 
on equal bases ab, de, 
and having equal alti- 
tudes BC, FF ; then will 
the solids AC, DF, be 
•qnaL 

For, let PQt RSt be 
aaj 
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any two sectioiu parallel to the bases, and equiJistxnt from 
them. Then, by the last two theorems, the section pq_ is 
equal to the- base ab, and the section rs equal to the base, 
oe. But the bases ab, dE, are equal, by the hypothesis; 
therefore the sections pct, as, are equal also. In like manner, 
it may be shown, that any other correspondmg section* are 
equal to one another. 

Since then every section in the prism Ac, i^equal to its 
corresponding section in the prism or cylilidflr Di, the prism* 
and cylinder themselves, which are composed of an equal 
number or all these equal sections, must also be equal q,.B.D. 

Conl. Every prism, or cylinder, is equal to a rectangular 
' parallelopipedon, of an equal baee and altitude. 
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Rectangular Farallelopipedons, of Equal Altitude^, ; 
each other as their Bases. 

Let AC, EC, be two rectan- 
gular parallelopipedons, having 
the equal altitudes ad, eh ; 
then will the solid AC be to the 
solid EG, as the bas3 AB is to 
the base £f. 

For, let the (»xiportion of the 
base AB to the bace bp, be that 
of anyone number m {ii) to any 

other number n (2). And conceive ab tcbe divided Into m 
equal parts, or rectangles, ai, i.k, uit (by dividii^ an into 
that number of equal parts, and drawing il, km, parallel 
to B»). And let ef be divided, in like manner, into n equal 
parts, or rectangles, so, pf : all of these parts of both bases 
being mutually equal among themselves. And througb the 
titles of diTition let the pUne sections ls, ws, pv, pass 
parallel to aq, ET. 

Tlien, the paralldopipedons ax, ls, mc, et, pg, are all' 
equal, having equal bases and altitudes. Therefore the solid 
AC is to the solid EO, as the number of parts tn the former, 
jto the number of equal parts in the latter ; or as the number 
of parts in AS to the number of equd pans in EP, that is, a> 
the base ab to the base sv. q. e. d. 

Cartl. Tzomx this theoreiD, and the coroltary to tb' ' 
appews, ttiat all pritms ^ad cylinders «£ «qinL^ 
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to each other as their bases ; every prism and cylinder bemg 
equal to a rectangular parallelopipedon of an equal base and 
altitudt. 

THEOREM ex. 

Rectangular Parallelopipedons, of Equal Bases, are to each 

other as their Altitudes. 

Let ab, cd^ be two rectan- 
gular parallelopipedons, stand- 
ing on the equal bases a£» cf; 
then will the solid ab be to the 
solid CD, as the altitude £B is tp 
the altitude fd. 

For, let AG be a rectangular 
parallelopipedon bn the base A£» 
and its altitude eg equal to the altitude fd of the solid CD. 

Then AG and cd are equal, being prisms of equal bases 
and altitudes. But if hb, hg, be considered as bases, the 
solids AB, AGi of equal altitude ah, will be to each other 
as those bases hb, hg. But these bases hb, hg, being 
parallelograms of equal altitude he, are to each other as 
their bases eb, eg ; therefore the two prisms ab, ag, are 
to each other as the lines eb, eg. But ag is equ^ to 
CD, and EG equal to fd ; consequently the prisms Ac, CD, 
are to each other as their altitudes eb, fd; that is, - - - 
ab : CD : : eb : fd. q^ £. d. 

CoroL 1. Fron> this theorem, and the corollary to theorem 
108, it appears, that all prisms and cylinders, of equal bases, 
are to one another as their altitudes. 

Corol. 2. Because, by corollary 1, prisms and cylinders art 
as thdr altitudes, when their bases are equal. And, by the 
corollary to the last theorem, they are as their bases, when 
their altitudes are equal. Therefore, universally, when nei- 
ther are equal, they are to one another as the product of their 
bases and altitudes. And hence also these products are the 
proper numeral measures of their quantities or magnitudes. 

THEOREM CXI. 

Similar Prisms and Cylinders are to each other, as the 
Cubes of their Altitudes, or of any other Like Linear Di- 
mensions. 

Let abcd, efgh, be two similar prisms i then will the 
prism CJ^ be to the pdna <aH)«& ik^ xot.^^ ^ &b' to eh'. • 
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For the solids are to each other as 
the product of their bases and alti- 
tudes (th. 110, cor. 2), that is, as 
AC • a6 to EG . EH. But the bases, 
being similar planes, are to each 
other as the squares of their like 
sides, that is, AC to eg as ab^ to 
EF* 5 therefore the solid cd is to 
the solid gh, as ab* . ad to ff* . eh. 

But BD and fh, being similar planes, have their like sides 
proportional, that is, ab : EF : : ad : eh, ------ 

or AB* : EF* :: ad*:eh* : therefore ab*. ad : ef*. eh : : 1b' : ef% 
or : : ad^ : eh' ; conseq. the solid CD : solid gh : : ab' : 
ef' : : AD* : eh', q. e. p. 




theorem cxii. 




In any Pyramid, a Section Parallel to the Base is sin^lar to 
the Base ; and these two planes are to each other as the 
Squares of their Distances from the y ertex. 

Let abcd be a pyramid, and efg a sec- 
tion parallel to the base bcd, also aih a 
line perpendicular to the two planes at h and 
I : then will bo, EG, be two similar planes, 
and the plane bd will be to the plane eg, as 
ah* to AI*. 

For, join ch, fi. Then, because a plane 
cutting two parallel planes, makes parallel 
sections (th. 105), therefore the plane Abc, 
meeting the two parallel planes bd, eg, makes the sections 
Be, £F, parallel : In like manner, the plane acd makes 
the sections cd, fg, parallel. Again, because two pair of 
parallel lines make equal angles (th. 104), the two £f> fg, 
which, are parallel to bc, cd, make the angle efg equal 
the angle bcd. And in like manner it is shown, thai; 
each angle in the plane eg is equal to each angle in the 
plane bd, and consequently those two planes are equian- 
gular. 

Aeain, the three lines ab, ac, ad, making with the 
parallels bc, ef, and cd, fg, equal angles (th. 14), and 
the angles at a being common, the two triangles abc, aef, 
^e equiangular, as also the two triangles aci^) k^o^ ^tA 
have therefore their like sides propoittoiui> u^rcift\^) -- - 

Vol. I Z 
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AC : AF :: Bc : EP : : CD : fg. And in 
like manner it may be shown, that all the 
lines in the plane fg^ are proportional to all 
the corresponding lines^ in the base bd. 
Hence these two planes, having their angles 
equal, and their sides proportional, are 
similar, by def. 68. ^ 

But, similar planes being to each other as the squares of 
their like sides, the plane Bt) : eg :: BC* : EF*, or :: AC* : 
AF*, by what is shown above. Also, the two triangles 
ahjC, aif, having the angles h and i right ones (th. 98), 
and the angle A comnion, are equiangular, and have there- 
fore their like sides proportional, namely, ac : af : : ar : ai^ 
Qr AC' : AF* : : AH* : ai*. Consequently the two planes 
BD, EG, which are as the former squares AC*, af*, will 
be also as the latter squares ah% ai', that is, - - -^ . . 
BD : EG :: ah* : ai*. q. e. d. 




THEOREM CXIII. 

In a Cone, any Section Parallel to the Base is a Circle ; and 
this Section is to the Base, as the Squares of their Distances 
from the Vertex. 

Let abcd b^ a cone, and ghi a section 
parallel to the base bcd ; tjien will ghi 
be a circle, and bcd, ghi, will be to each 
other, as the squares of their distances 
from the vertex. 

For, draw alf perpendicular to the 
two parallel planes; and let the planes 
ACE, ade, pass through the axis of the 
cone AKE, meeting the section in the three 
points h, I, K. 

Then, since the section ghi is parallel to the base bcd, and 
the planes CK, DK, meet them, hk is parallel to ce, and 
IK to DE (th. 105). And because the triangles formed by 
these lines are equiangular, kh : EC : : ak : ae : : Ki : ed. 
But EC is equal to £d, being radii of the same circle j there- 
fore KI is also equal to kh. And the same may be shown of 
any other lines drawn from the point K to the .perimeter of 
the section ghi, which is therefore a circle (def. 44). 

Again, by similar triangles, al : af : : ak 
:: Kt : ed, hence al^ : af* :: ki* : ed*; but Ki* 
circle ghi : circle bcd (th. 93) •, therefore Ah'' : 
circle cm . : circle bcd, ^ ^. t, ly. 
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THEOREM CXI7, 

All Pyramids, and Cones, of Equal Bases and Altitudes, are 
Equal to one another.' 

L&T ABC, DEF, 

be any pyramids and 
cone, of equal bases 
BC, EF, and equal 
altitudes AG, dR : 
then will the pyra- 
mids and cone aBC 
and DEF, be equal. 
For, parallel to the 
bases and at equal distances ak, do, from the vertices, 
suppose the planes IK, l^, to be drawn- 
Then, by the two preceding theorems, -------- 

DO* ; DH* : : LM : ef, and 
an' : AG' : : IE : BC. 
But since an', ag', are equal to do*, dh', 
therefore iK : Bc: : lm : ef. But bc ii equal to cf, 
by hypothesis ; therefore ik is also equal to LM. 

In like manner it is shown, that any other sections, at 
equal distance from -the vertex, are equal to each other. 

Since then, every section in the cone, is equal to the cor- 
responding section in the pyramids, and ^e heights are equals 
the solids abc, def, composed of all those lections, must be 
^ual also. Q. E. d. 
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4 THEOREM CXV. 

Every Pyramid is the Third Part of a Prism of the Same 
Base and Altitude. 
Let ABCDEI* be a prism, and bDEP a » 

jmaoiid, on the same triangular base DBF: 
then vill the pyramid bde^ be a third part 
of the prism abcdeFi 

' For, in the planes o£ the three sides of th« 
prism, draw the diagonals BF, Bd, cd. 
Then the two planes bdf, bcd, divide the 
whole prism into the three pyramids bdeF, diBc> DBct, 
which are proved to be all equal to one another, as follows. 

Since the opposite ends of the prism are equal to eachoth«, 
the pyramid whose base is abc an<lvert«D»» eop'ii. Vi •&«. 
Z 2 -^rMBaa- 
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pyramid whose base is def and vertex B 
(th. 114), being pyramids of equal base 
anfl altitude. 

But the latter pyramid, whose base is 
DEF and vertex b, is the same solid as the 
pyramid whose base is bef and vertex d, 
and this is equal te the third pyramid 
whose ba«e is bcf and vertex d, being py- 
ramids of the same altitude and equal bases 

BEF, BCF. 

. Consequently all thp three pyramids, which compose the 
prism, are equal to each other, and each pyramid is the 
third part of the prism, or the prism is triple of the pyra- 
mid. Q^ E. D. 

. Hence also, every pyramid, whatever its figure may be, is 
the third part of a prism of the same base and altitude ; 
since the base of the prism, whatever be its figure, may be 
divided into triangles, and the whole solid into triangular 
prisms and pyramids. 

Corol. Any cone is the third part of a cylinder, or of a 
prism, of equal base and altitude ; since it has been proved 
that a cylinder is equal to a prism, and a cone equal to 
a pyramid, of equal base and altitude. 

Scholium, Whatever has been demonstrated of the propor- 
tionality of prisms, or cylinders, holds equally true of pyra* 
mids, or cones 5 the former being always triple the latter ; 
viz. that similar pyramids or cones are as the cubes of their 
like linear sides, or diameters, or altitudes, &c. And the 
same for all similar solids whatever, viz. that they are in pro- 
portion to each other, as the cubes of their like linear dimen- 
sions, since they are composed of pyramids every way similar. 



THEOREM CXVt. 

If a Sphere be cut by a Plane, the Section will be a Circle. 

Let the sphere aebf be cut by the 
plane adb ; then will the section adb 
be a circle. 

Draw the chord ab, or diameter of 
the section ; perpendicular to which, or 
to the section adb, draw the axis of the 
sphere ecgf, through the centre c, 
which will bisect the chord ab in the 
pdfnt G (th. 41). Also, jolu CA, cb^ ^ • ' 
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and draw cD, gd, to any point d in the perimeter of th* 
section adb.. 

Then, because CG is perpendicular to the plane adb, it 
is perpendicular both to ga and gd (def. 90). So that cga, 
CGD are two right-angled triangles, having the perpendicular 
CG common, and the two hypothenuses ca, cd, equal, being 
both radii of the sphere ; therefore the third sides ga, gd, 
are also equal (cor. 2, th. 34), In like manner it is shown, 
that any other line, drawn from the centre G to the circum- 
ference of the section adb, is equal to ga or go i conse- 
quently that section is a circle. 

CoroL The section through the centre, is a circle having 
the same centre and diameter as the sphere, and is called si 
great circle of the sphere ; the other plane sections beityi 
little circles. 
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Every Sphere is Two-Thirds of its Circumscribing Cylinder. 

Let a BCD be a cylinder, circum- 
scribing the sphere efghj then will 
the sphere efgh be two-thirds of the 
cylinder abcd. ' 

For, let the plane AC be a section of 
the sphere and cylinder through the 
centre i. Join Ai, rii. Also, let fih 
be parallel to ad or bc, and eig and 
KL parallel to AB or DC, the base of 
the cylinder •, the latter line KL meeting Bi in M, and the 
circular section of the sphere in n. 

Then, if the whole plane hfbc be conceived to revolve 
about the line hf as an axis, the square fg will describe 
a cylinder ag, and the quadrant ifg will describe a hemi- 
sphere efg, and the triangle jfb will describe a cone iab. - 
Also, in the rotation, the three lines or parts kl, kn, km, as 
radii, will describe corresponding circular sections of those 
solids, namely, kl a section of the cylinder, kn a section of 
the sphere, and km a section of the cone. 

Now, fb being equal to fi or ig, and kl parallel to 
FB, then by similar triangles ik is equal to km (th. 82). And 
since, in the right-angled triangle ikn, in* is e<\ual to .ik* 
+ kn* (th. 34) J and because kl is equ^\ xo x!d<i x^*iA>»* ^^ 
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or IN» and KM = ik, therefore ki/ is 
equal to km* + kn*, or the square of 
the lojig^est radiusi of the said circular 
sectioos, is equal to the sum of the 
squares of the two others. And' be- 
cause circles ar^ to each other as the 
squares of their diameters, or of their 
radii) therrfore the circle described by 
KL is equal to both the circles de- 
scribed by KM and ^n ; or the section of the cylinder, h 
equal to both the corresponding sections of the sphere and 
cone. And as this is always the case in every paralld poa- 
tion of KL, it follows, that the cylinder eb, which is com- 
posed of all the former sections, is equal to the he mwpiifT e 
£s and cone iab, which are composed of all the latter 
tions. 

But the cone iab is a third part of the cylinder £B 
(cor. 2, th. 115) ; consequently the hemisphere efg is equal 
to the remaining two>thirds ; or the whole sphere ,epgh 
equal to two-thirds of the whole cylinder abcd. <^ e. d. 

Cm/. 1. A cone, hemisphere, and cylinder of the same 
base and altitude, are to each other ^s the numbers 1, 3, S. 

Cdfti. 2. All spheres are to each other as the cubes of their 
lUametcrs i all these being like parts of their cL 
cyUnders. 

CcvW. S. From the £:u^egoing demonstration it also ap- 
pears, that the spherical zone or fiiistrum egnp, is eqim 
to the difference between the cylin4er eglo and the cone 
iMv^ all of the same common height IK. And that the 
spherical segment pfn, is equal to the difib-ence betweoi 
the cylinder ablo and the conic frnstrom aqmb, all of the 
same conunon altitude fk. 
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PROBLEM I. 



To Bisect a Line AB ; that is, to divide it into two Equal ' 

Parts. 



^ 



Ar 



£ — ^B 



^ 



From the two centres a and b, with 
any equal radii, describe arcs of circles, in- 
tersecting each other in c and D; and 
draw the line cd, which will bisect the 
given line ab in the point e. 

For, draw the radii AC, bc, ad, bd. 
Then, because all these four radii are equal, 
and the side cd common, the two triangles 
Acp, BCD, are mutually equilateral : consequently they are 
also mutually equiangular (th. 5), and have the angle 'ace 
equal to the angle bce. 

Hence, the two triangles ace, bce, having the two sides 
AC, cE, equal to the two sides bc, ce, and their contained 
angles equal, are identical (th. I), and therefore h^v^ the 
side A£ equal to eb. c^ e. d. 



PROBLEM 11, 

To Bisect an Angle bac. 

From the centre a, with any radius, de- 
scribe an arc, cutting off the equal lines 
ad, aB; and from the two centres D, e, 
with the same radius, describe arcs intersect- 
ing in f\ then draw af, which will bisect 
the angle a as required. 

For, join dp, ef. Then the two tri- 
angles ADP, AEF, having the two sides 
Ap, DF, equal to the two AE, ef (being equal radii), and 
Ihe side af common, they are mutually equilateral 5 conse- 
quently they are also mutually equiangular (th. 5), and have 
^le angle bap equal to the angle oaf. 

Mum. In the same manner is an arc of a c\vq\% hv- 




^^'^■^V^Vi. 
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PROBLEM III. 

At a Civen Point c, in a Line ab, to Erect a Perpendicular* 

From the given point c, with any radius, 
cut off any equal parts CD, CE, of the given 
line ; and, from the two centres jd and e, 
with anyone radius, describe arcs intersecting 
in F ; then join cp, which will be perpendi- -^^ 
cular as required. 

For, draw the two equal radii df, ep. Then the two 
triangles cdf, cef, having the two sides cd, dp, equal to 
the two CE, EF, and of common, are mutually equilateral; 
consequently they are also mutually equiangular (th. 5), and, 
have the two adjacent angles at c equal to each other; there- 
fore the line cf is perpendicular to ab (def. 11). 

Other^wise. 

When the Given Point c is near the End of the line* 

From any point d, assumed above the 
line, as a centre, through the given point 
c describe a circle, cutting the given line 
at £ \ and through e and the centre d, 
draw the diameter edf ; then join cf, 
which will be the perpendicular required. 

For the angle at c, being an angle in a semicircle, is a 
right angle, and therefore the line cf is a perpendicular 
(by def. 15). 

PROBLEM IV. 

From a Given Point <4, to let fall a Perpendicular on a 

given Line bc. 

From the given point A as a centre, with ^ 

any convenient radius, describe an arc, cut- 
ting the giving line at the two points d and 
E \ and from the two centres d, e, with 
any radius, describe two arcs, intersecting 
at f ; then draw agf, which will be per- 
pendicular to fic as required. 

For, draw the equal radii ad, ae, and 
DP, EF. Then the two triangles adf, aef, having the two 
sides AJ)> DF} equal to the two ae, ef, and af common, are 
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mutually equilateral; consequently they are also mutually 
equiangular (th. 5), and have the angle dag equal the angfe 
BAG, Hence then, the two triangles adg^ aeg, havin? 
the two sides ad, ag, equal to the two ae', ag, and their 
included anglea equal, are therefore equiangular (th. 1), and 
have the angles at G equal ; consequently ag is perpendkular 
to BC (def. 11). 

.Otherwise, 

When the Given Point is nearly Opposite the end of the 

Linb. 

From any point d, in the given line 
BC, as a centre, describe the arc of a / 

circle through the giveti point A, cutting -^ _^'^ 
BC in B ; and from the centre £, with tl^^ "•••.. \ f^ 

radius ea, describe another arc, cutting ''y^ 

the former in f 5 then draw a of, which * 

will be perpendicular to BC as required. 

For, draw the eqilal radii da, df, and EA, ef. Then the 
two triangles dae, dfe^ will be mutually equilateral ; conse- 
quently they are also mutually equiangular (th. 5), and have 
the angles at d equal. Hence> the two triangles dag, DFGy 
having the two sides da, dg, equal to the two df, dg, and 
the included angles at d equal, . have also the angles at G 
equal (th. l); consequently those angles at G are right 
angles, and the line AG is perpendicular to dg« 



PROBLEM V* 

At a Given Point a, in a Line ab, to make an Angle Equal 

to a Given Angle c. 

From the centres A and c, with any one 
radius, describe the arcs de, fg. Then, 
with radius D£, and certtre f, describe an 
arc, cutting fg in G. Through G draw 
the line AG, and it will Form the angle re- 
quired. 

For, conceive the equal lines or radii, 
DE, fg, to be drawn. Then the two triangles cde^ afg, 
being mutually equilateral are mutually equiangular (th. 5), 
and have the angle at A equal to the angle c. 
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PROBLESC TI. 

Through a Given Point a, to draw a Line Parallel to a 

Given Line Be. 

From the given point A^draw a line ad 
to any point in the given line bc. Then 
draw the line eaf making the angle at A 
equal to the angle at d (by prob. 3); so 
shall £F be parallel to bc as required. 

For, the angle D being equal to the alternate angle a, the 
lines BC| EF, are parallel, by th. IS, 

PROBLEM Vri. 

* To Divide a Line ab into any proposed Number of "Equal 

Parts. 

Draw any other line ac, forming any 
angle with the given line ab ; .on which 
set off as many of any equal parts, ad, db> 
XF, FC, as the line ab is to be divided into. 
Join bc ; parallel to which draw the other 
lines FG, £H, di : then these will divide 
AB in the manner as required.— For those parallel lines di- 
vide both the sides ab, ac, proportionally, by th* 8^, ^ 

PROBLEM VIII. 

To find a Third Proportional to Two given Lines ab,'^ac* 

P4LACE the two given lines ab, ac, 

forming any angle at a j and in AB take A— ^ it 

also AD equal to ac Join bc, and A C 

draw de parallel to it i so will ae be ' C 

the third proportional sought. ^*'^^\ 

for, because of the parallels bc, de, ^'^ ^Ti 

the two lines ab, ac, are cut propor- 
tionally (th. 82) ; so that ab : ac : : AD or Ac : AE ; there* 
fore AE is the third proportional to ab, ac 

PROBLEM IX. 

To find a Fourth Proportional to three Lines ab, ac, ad. 

Place two of the given lines ab, ac, making any 
Y it A I also place ad on ab. Join bc ^ and parallel 

to- 
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to It draw dx : so slyall ae be the fourth 
proportional as required. 

For, because of the parallels bc, de, 
the two sides ab, ac, are cut propor- 
tionally (th. 82) 5 so that - - - - 




AB : AC 






AD : A£. 



PROBLEM X. 

To find a Mean Proportional between Two Lines ab, mo. 

Place ab, bc, joined in one straight a — 3 

line Ac: on wl^ichj as a diameter, describe ij — c 

the semicircle Adc ; to meet which erect p 

the perpendicular bd ; and it will be the 

mean proportional sought, between AB / 

and BC (by cor. th. 87). JT" iJ B Q 



t 




PROBLEM XI, 

To find the Centre of a Circle, 

Draw any chord ab ; and bisect it per- 
pendicularly with the line CD, which will be 
a diameter (th. 41, cor.), . Therefore CD 
bisected in o, will give the centre, as re- 
quired. 

PROBLEM XII. 

To describe the Circumference of a Circle through Three 

Given Points a, b, c. 

From the middle point b draw chords 
BA, BC, to the two other points, and bi- 
sect these chords perpendicularly by lines 
meeting in o, which will be the centre. 
Then from the centre o, at the distance 
of any one of the points, as OA, . describe 
a circle, and it will pass through the two 
other points b, c, as required. 

For, the two right-angled triangles oad, obd, having the . 
sides AD, DB, equal (by constr.), and od common with 
the included right angles at d equal, have their third sid« • 
OA, OB, also equal (th. l). And in like manner it is shown, 
that oc is equal to oB or OA. So that all the three oa, 0B9 
Of, being equal^ will be radii of the same circle. 
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PRO^BLEM XIII. 

To draw a Tangent to a Circle, through a Givein P<fent A. 

When the given point a is in the cir- 
cu^erence of the circle : Join a and the 
centre o ; perpendicular to which draw 
bAc, and it will be the tangent, by th. 4-6. 

But when the given point a is out of 
the circle: Draw ao to the centre o; 
oh which as a diameter describe a semi- 
circle, cutting the given circumference in 
d; through which draw badc, which 
will be the tangent as required. 

For, join do. Then the angle ado, 
in a semicircle, is a right angle, and con- 
sequently AD is perpendicular to the ra- 
dius DO, or is a tangent to the circle (th. 46). 

PROBLEM XIV. 

On a Given Line b to describe a Segment of a Circle, to 

Contain a Given Angle c. 

At the ends of the given line make 
angles dab, dba, each equal to the 
given angle c. Then draw ae, be, 
perpendicular to ad, bd ; and with the 
centre £, and radius ea or eb, describe 
a circle ; so shall afb be the segment 
required, as any angle f made in it will 
be equal' to the given angle c. 

For, the two lines ad, bd, being 
perpendicular to the radii ka, eb (by constr.)> are tangents 
to the circle (th. 46) ; and the angle A or b, which is equal 
to the given angle c by construction, is equal to the angle f 
in the adtemate segment afb (th. 53). 

problem XV. 

To Cut off a Segment from a Circle, that shall Contain a 

Given Angle c 

Draw any tangent ab to the given 
circle ; and a chord ad to make the 
angle dab equal to the given angle c ;. 
then DEA will be the segment required, 
any angle e made in it being equal to 
iiriven angle c. 
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For the angle A, made by the tangent and chord, which 
is equal to the given angk c by construction, is also equal 
to any angle E in the alternate segment (th. 53). 

PkOBLEM XVI. 

To make an Equilateral Triangle on a Given Line Aiu 

From the centres a and b, with the 
distance ab, describe arcs, intersecting in c. 
Draw AC, BC, and abc will be the equi- 
lateral triangle. 

For the equal radii ac, bc, are, each of 
them, equal to ab. 



PROBLEM XVII.' 

To make a Triangle with Three Given Lines ab, ac, Ba 

With the centre a, and distance ac, 
describe an arc. With the centre B, and 
distance bc, describe another arc, cutting 
the former, in c. Draw ac, bc, and 
ABC will be the triangle required. ' A C 

For the radii, or sides of the triangle, B . C 

AC, BC, are equal to the given lines AC, 
BC, by construction. 

PROBLEM XVJII. 

To make a Square on a Given Line AB. 
Raise ad, jbc, each perpendicular and j) q 





equal to AB ; and join do ; so shall ABCD 
be the square sought. 

For all the three sides ab, ad, bc, are 
equal, by the construction, and dc is equal 
and parallel to ab (by th. 24); so that all the 
four sides are equal, and the opposite ones are parallel. 
Again, the angle a or b, of the parallelogram, being a right 
angle, the angles are all right ones (cor. 1, th. 22). Hence, 
then, the figure, having aU its sides equal, and all its angles 
right, is a square (def. 34). 
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PROBLJSM XIX. 

Toioake a Rectangle^ or a Parallelogram, of a Given Lengm 

and Breadth, ab, bc. 

EitECT AD, bc, perpendicular to AB, and 
etch equal to bc i then join dc, and it is 
done. 

The demonstration is the same as the last 
problem. 

And in the same manner is described any oblique paral-» 
lelogram, only drawing ad and bc to make the given ob- 
lique angle with AB, instead of perpendicular to it^ 

PROBLEM XX. 

. To Inscribe a Circle in a Given Triangle abc^ 

BisscT any two angles a and b, with 
Ae two lines a d, bd. From the inter- 
section D, which will be the centre of 
the circle, draw the perpendiculars de, 
DF, dg, and they will be the radii of the 
circle required. 

For, since the angle dak is equal to 
the angle dag, and the angled at £, g, 

right angles (by constr.), the two triangles ADE, adg, are 
equiangular ; and, having also the side ad common, they are 
identical, and have the sides de, dg, equal (th. 2). In like 
manner it is shown, that df is equal to de or dg. 

Therefore, if with the centre d, and distance de, a 
circle be described, it will pass through all the three points 
E, F, G, in which points also it will touch the three sides of 
the triangle (th. 46), because the radii de, df, dg, are per- 
pendicular to them. 

PROBLEM XXI. 

To Describe a Circle about a Given Triangle ABC» 

Bisect any two sides with two of the 
perpendiculars de, df, dg, and D will be 
the centre. 

For, join da, db, dc. Then the two 
right-angled triangles DAE,DBE,have thcs 
two sides de, ea, eqi;al to the two de, 
EB, and the included angles at e equal : 
tho^Q Xxfo triangles are therefore identical 
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(th. 1), and have the side da equal to DB. In like manner 
it is shown, that DC is also equal to da or DB. So that all 
the three pA, db> dc, being equals they are radii of a circle 
parsing through a, b^ and c* 



PROBLEM XXII. 

To Inscribe an Equilateral Triangle in a Given Circle* 

Through the centre c draw any dia- 
meter AB. From the point B as a centre, 
with the radius BC of the given circle, 
describe an arc dce. Join ad, ae, dk, 
and ADE is the equilateral triangle sought. 

For, join db, dc, eb, eg. Then dcb 
is an equilateral triangle, having each 
side equalto the radius of the given cir- 
cle. In like manner, EC£ is an equilateral triangle. But 
the angle ide is equal to the angle abs or cbe, standing 
on the same arc ae;^ also the angle aed is equal to the 
angle cbd, on the same arc ad ; hence the triangle dae has 
two of its angles, ade, aed, equal to the angles of an 
equilateral triangle, and therefore the third angle at A is 
also equal to the same ; so that triangle is equiangularj and 
therefore equilateral. 




PROBLEM XXIII. 

To Inscribe a Square in a Given Circle. 

Draw two diameters ac, bd, crossing 
at right angles in the centre E. Then 
join the four extremities a, b, c, Df with 
right lines, and. these will form the in- 
scribed square abcd» 

For the four right-angled triangles 
AEB, bec, ced, dea, are identical, be- 
cause tliey have the sides ea, eb, ec, ed, 
all equal, being radii of the circle, and the 
four included angles at s all equal, be- 
ing right angles, by the construction. Therefore all their 
third sides ab, bc, cd, da, are equal to one another, and the 
figure abcd is equilateral. Also, all its four angles, a, b, c, p, 
are right ones,; being angles in a semicircle. Consequently 
the figure is a square. 
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PROBLEM XXIV. 

To Describe a Square about a Given Circle; 

Draw two diameters ac, bd, crossing 
at right angles in the centre e. Then 
through their four extremities draw fg, 
xHy parallel to ac» and ft, gh, parallel 
to BD| and they will form the square 

FGHI. 

For, the opposite sides of parallelo- 
grams being equal, fg and ih are each 
equal to the diameter ac, and fi and oh each equal to the 
diameter bd ; so that the figure is equilateral. Again, be- 
cause the opposite angles ot parallelograms are ^ual, aU the 
feur angles f, G, h, i, are right angles, being equal to die 
opposite angles at £• So that the figure fghi, having its 
sides equal, and its angles right ones, is a square, and its sides 
touch the circle at the four points a, b, c, d, b^g popoi- 
dicular to the radii drawn to those points. 

PROBLEM XXV. 

To Inscribe a Circle in a Given Square. 

Bisect the two sides fg, fi, in the pcunts A and B 
(last fig.). Then through these two points draw ac parallel 
to fg or iH, and bd parallel to fi or gh. Then the point 
of intersection e will be the centre, and the £xir lines ea^ 
£B% sc» ED, radii of the inscribed circle. 

For, because che firar parallelograms ef, eg, eh, ei, have 
their opposite sides and angles equal, therefore all the fear 
lines FA, EB, EC, ed, are equal, being each equal to half a 
side of the square. So that a cirde described firom the ccntie 
E, with the distance £A, will pass through all the pobrts 
Ajk F« c, P% azKi will be inscribed in the square^ or vOl touch 
its fs>^ur :$ivles iu those points, because the ai^es dioc are 

To Describe a dde abeot a Grren Sqoare^ 

r>i< wv the dlx§ora!!s ac« epv ^zbd their intcnectiQii K 

>\>r t!;e tJLi.x;co^ajcL$ of Ji s^^cxre bciect eidh odwr ^di. 40), 
nuVu'.: rju e-^^ sc« ez^ ^ ev^!£il« xai cozsseqiBefltlf these 
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.To Cut a Oivem Line m Extreme and Mean Ratio* 

LXT ab be the given line to be divided 
in extreme and mean ratio, that isj so as 
that the nv^hole line may be to the greater 
part, as the greater part i) to the less part. 

Draw BC pcrpendiciular to ab, and equal 
to bal/ aB. Join ac ; and with centre c 
and distance CB, describe the circle BD; 
then with centre A and distance ad, de*^ 
scribe the arc D£ ; so shall ab be divided in ^ 
£ in extreme and mean ratio, or so that' 




For, produce Ac to the cirf^omference at i^. Then, adt 
being a secant, and ab a tangent, because B is a right angl^: 
therefore the rectangle A f. ad is equal to ab* (jcor. 1 th. f}i)p 
consequently the means and jextremes of these are proportional 
(th. 17), viz. AB : af or ad + df : : ad : ab. But as 
is ec^ual to ad by construction^ and ab = 2bc = dp ; 
therefore, ab : ae + ab : : ak 

and by division, ab : ae : : ae : xb. 



AB 



PROBLEM ICXTITI. 

To Inscribe an Isosceles Triangle in a Given Circle, that 
shall have each of the Angles at the Base Double the 
Angle at the Vertex. 

Dbaw any diameter ab of the given 
circle } and divide the radius cd, in the 
point D, in extreme and mean ratio, by the 
^st problem. From the point b apply the 
chonls BB, BF, each equal to the greater 
part CD. Then join as, ap, sf ; and aeb 
will be the triangle required. 

For, the chords B£, bf, being equals 
their. arcs are equal-, therefore the supplemental arcs 2Xki 
chords AS| AF, are alsd equal ; consequently the triangle Att 
is isosceles, and has the angle £ equal to the angle i^ ; also 
the angles at G are right angles. 

Draw CP and DF. Thon, BC : CD : : CD : BD^ or 
BC : BF : : bf : bd by constr. And ba : bf : : bv ;. BG 
(by th. 87). But BC = ^ba; therefore bg st ^bo » od % 
therefore the two triangles GBf» QDT| axe \4ftii^^ici^ V^- VV» 

Vol. I. A a w^ 
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and each equiangular to ABf and >gf (th. 87). ^ Therefore 
their doubles^ ^fd, afe, are isosceles and equiangular^ as 
well as the triangle bcf; having the two sides^c,^ CF, equal, 
and the angle b common with the triangle bfd. But cD 
is = df or BF ; therefore the angle ' c = the angle dfc 
(th. 4) ; consequently the angle bdf, which is equal to the 
sum of these two equal angles (th. 16)^ is double of one of 
them c*» or the equal angle • or cfb double the angle c^ 
So that cbf is an isosceles triangle, having each of its two 
equal angles double of the third angle c. Consequently the 
triangle arf (which it has been shown is equiangular to the 
triangle cbf) has also each of its^ angles at the base double 
the angle a at the vertex* 

PUOBtEM XXIX. 

To Iifttt-ibe a Regular Pentagon in a Given Circle* 

Inscribe the isosceles triangle abc 
having each of the angles abc, acb, 
double the angle bag (prob. 28). Then 
bisect the two arcs adb, aec, in the 
points i>, E ; and draw the chords ad, db, 
AR, EC, so shall ADBCB be the inscribed 
equilateral pentagon required. 

For, because equal angles stand on equal arcs, and double 
angles on double arcs, also the angles abc, acb, being each 
double the angle bac, therefore the arcs adb, abc, subtending 
tl>e two former angles, one each double the arcs Bc subtending 
the latter. And since the two former arcs ate bisected in D 
and E, it follows that all the. five arcs ad, db, BC,,ce, ba, 

, are eijual to each other, and consequently the chords also 
which subtend them, or the five sides of the pentagon, are 

« all equal. 

NoU. In the construction, the points d and e are most 
easily foimd, by applyiug bd and cii each equal to BC. ' 

PROBLEM XXX. 

To .Inscribe a Regular Hexagon in a Circle. 

•Avvvf the radius ao of the given circle 
as i\ chord, ab, bc, cj), e'er, quite round the 
circumference, and it will complete the re- 
ijular hexaeoH abcubf. 

■For, di*aw.the radii ao, bo, co, no, Eo, 
" h'O, completing' - six^ equal triangles ; of 
which any r>»e,.as arq^ beiu^ ec^uila^eral 
i ^ ... (^"^ 
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fBy tdnsth) its thre^ angles are hll equal Obot. 2, th. 3), jmd 
any one of them, as aob, is one-third of the whofet ordF tw<? 
right angles (th. 17), or one-sixth of four rieht angles. But 
the whole circumference js the measure of four rrght angles 
(cor. 4, th."6). There'ford th6 arc ife is one-sixth of the 
circumferenc€L;of the circle, and consequently it# chord ab 
one side* o^"* an ieqiiilateftl hexagon inscribed in the circle. 
And the ?ame of the other chcnxTs; 



-» •♦ 



CoroL The siiie of a regular heiagon is equal ta the fadxiil 
of the circumscribing circle, or id the chotd of one^sixth* 
part of the^ircumfereflce. 
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PROBLElii XXXI. 

To describe a Regular Pentagon or Heptagon about a Cifcle; 

In the given cirde inscribe a regular 
polygon of the same name or uumber 

?>f smes, .as abcde,. by. one of the 
oregoing problems.. Then to all its 
angular points draw tangents (ty 
prob. 13), and these will form the cir- ' 
^cumscribing polygon required. 

For, all the chords, or sides of 
the inscribing figure,. «aB', bc, &c, being equal, and all the 
radii oa, ob, &c, being equal, all the vertical angles about the 
point o-are 'e^aj* But the* angles x>ep, oaf, oag, obg, 
made by the tangents and radii, are right angles; therefore 
OEF -f OAF = two tight angles, apd oag -|- obg =i= two. 
right angles ; ^.consequently, also, aoe -j- ape =s two right' 
angles, and aob + agb =± two right angles (cor. 2, th. 18). 
Hence, 'then, the angles aoe + afe being = aob + agb, 
of which aob is == Aoe ; consequently the remaining angles 
F and G are also equal. lii the same manner it is shown, 
that all the angles f, g, h, i, k, are equaj. 
r» Again, the tangents from the same point fe, fa, are equal, 
as'alsb the tangents ag, gb (cor. 2, th. 61,) ; and the angles 
^F^and G of the isosceles triangles afe, agb, are equal, as 
well as their opposite sides Ae, ab ; consequently those two' 
triangles are identical (th. 1), and have their other sides 
}£,¥', FA, AG, GB, all equal, and fg equal to the double of 
any one of them. In like manner it is shown, that all the 
other sides gH| hi, ik, kf, are equal to fg, or double of the 
taagents gb, bh, &c. 

. Hence, then, the circumscribed figure is both equilateral 
.;md equiangular, which iras to be show¥i. 
r Aa 2 C«r<A^ 



MS 



OEOMETRT. 



C9r9i. The insofiiedciixle touches the tmddles of tkt^idcs 
tf the polygon. 



To Inscribe t Gtdt in a Regular Poljgoii 

BrsBOT any two si^es of tfae'polygmi 
Vj the pespendicillars go, rOf and their 
mterseaion o will be the centre of the 
inscribed circle, and oc or of will be 
the radius. 

For the perpendioslars to the tangents 
ATf AG, pass through the centre (cor. 
tk. 47); aind tlie inscribed drde touches . 
the middle pointu f, g, by the last corollary. . Also^ the tw» 
sides AG, iio, of the right-angled triangle aog, being equal 
to the two sides af, ao, of the right-angled triangle AO? , tho 
third sides of, og, will also be equal (cor. th. 45). Therefore 
the circle described with the centre o and radius oGj will 
pass through f, and will touch the sides in the points g and 
F. And the same for all the other sides of the figure. 





PROBLEM XXXIII. 

To Describe a Circle about a Regular Polygon* 

Bisect any two of the angles, c and d, - 
with the lines co, do ; then their inter- 
section o will be the centre of the cir- 
cumscribing circle ; and oC| or od, will 
be the radius. 

For, draw ob, oa, oe, &c, to t^e 

angular points of the given polygoni 
Then the triangle oco is isosceles, having the angles at c 
and D equal, being the halves of the equal angl^ of th^ 
polygon BCD, CD£ ; therefore their oppoate sides Co, Do> 
are equal (th. 4)« But the two trian^es OCD^ ocb, having 
the two sides oc, cd, equal to the two oc, CB, and the n- 
eluded angles ocp, ocb, also equal, will be identical (th. l), 
and have their third sides jBo, OD, equaL In like manner it 
is shown, that all the lines oa, ob, oc, OD, 0£, are equal. 
Consequently a circle described with the centre o and radius 
qA| will pass through all the other angular points^ B, c, D, 
&c, 2nd will circmnscribe t\xe ^Vy^iv* 
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PROBLEM XXXIV. 

To make a Square Equal to the Sum of two or more Given 

Squares./' 

Let ab and ic be the sides -of two 
ipyen squares. Draw two indefinite 
lines AP, AQy at right aingles to each 
other ; in which place the sides ab^ AG| 
of the given squares i join bc; then a 
square described on bc will be equal to 
the sum of the tf^ squares described on 
ab and AC (th. 34). 

In the same mann^r^ t square may be made equal to the 
sum of the thx^ee or more given squares. Fori if ab^ ac^ aBj 
be taken as the sides of the given squares, then, makiii|^ 
AE = BC, AD = AD, and drawing D£, it is evident that the 
square on de will be equal to the sum of the three squares 
en AB, AC, AD. And so on for more squares. 

PROBLEM XXXV. 

To make a Square Equal to the Diflerenee of two Given 

Squares. 

Let ab and ac>' taken in the same 
straight line, be equal to the sides of the 
two given squares.— From the centre a, 
with the distance ab, describe a circle y and 
make cd perpendicular to ab> n^eeting the 
circumference in d : so shall a square described on cd be 
equal to Ajy^*^ AC^, or alB^ — ac% as required^ (cor. th* 34). 

PROBLEM xrm. 

\ 

To make a Trbngle Equal to a Given Quadrangle ABCB. 

Draw the diagonal ac, and parall^ 
to it Dir, meeting ba produced at s, aiul 
join CB \ then will the triang^ C££ be 
equal to the giren qu^idrilateral abcd. 

For, the two triangles ace, acd, be- 
ing on the same base ac, and between 
the same parallels ac, de, are equal (th. 25); therefore, 
if ABC be added to each, it will make bce equal to abcd 
(ax- 2). 
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PROBLEM XXXVII. 

* 

To make a Triangle Equal to a Given Pentagon ibcde. 

Draw di 9:id db, and also sf> 
ec, parallel to them, meeting ab pro* 
duced at f and G ; then dra# df and 
DC ; so shallJthe triangle dfg be equal 
to the given pentagon abcde. 

For the triangle dfa = dea^ and 
the triangle dob ^ ncB (tb. 25)^ 
therefore^ by adding dab to the equals, 
the sums are eqoid (ax. 2), that is, dab + daf + 
p: DAB + pAE + wc, pv the triangle dfg s= to 
pentagDi^ ABCDJgf 




dbg 

th^ 



PROBLEM XXXVIU. 



To make a Rectangle ]Cqual to a Given Triangle abc. 



. Bisect the base ab m d ; then raise 
D£ and BF perpendicular to AB, and 
meeting cf parallel to Ap, at e and f : 
so shall DP be the rectangle equal to the 
given triangle "Xbc (by cor. 2, th. 26). 



C 3£ 




PROBLEM XXXIX. 

■ < 

To make a Square Equal to a Given Rectangle- abcd. 

Produce one side ab, till be be 
equal to the other side bc. On ae as 
a diameter describe a circle, meeting 
bc produced at f : then will bf be th^ 
side of the square bfgh, equal to the 
given rectangle bd, as required ; as apr 
pears by cor. th. 87, and th. 77. 
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APPLICATION OF ALGEBRA 

TO 

GEOMETRY. 

W H E N It IS proposed to resolve a gcjon^etrkal problem 
algebraically, or by algebra, it is proper, in the first place, 
to draw a figure that shall represent the several parts pr con- 
ditions of the problem, and to suppose that figure to be the 
true one. Then, having considered attentively the nature of 
the problem, the figure is next to be prepared for a solution, 
if necessary, by producing or drawing such lines in it as ap- 

Eear most conducive to th,at ^nd. This done, the Usual sym- 
ols or letters, for known and unknown (juantities, are em- 
ployed to denote the several parts of the figure, both the 
known and unknown parts, or as many of them as necessary, 
as also such unknown line or lines as may be easiest found) 
whether required or not. Then proceed to the operation, 
by observing the relations that the several parts of .the figure 
have to each other ; from which, and the proper theorems 
in the foregoing element* of geometry, make out as Aany 
equations independent of each other, as there are unknown 
quantities employed in them : the resolution of which equa- 
^tions, in the same manner as in arithmetical problems, will 
determine the unknown quantities, and res.olve the problem 
proposed. 

As no general rule can be given for drawing the lines, and 
selecting the fittest quantities to substitute for, to as always 
to bring out the most simple conclusions, because diSerent 
problems require difierent modes of solution; tbe best way to 
. gain experience, is to try the solution of the same probleni 
m difierent ways, and then apply that which succeeds bestj 
to oiher eases of the same kind, when they afterwards occur, 
rhe following particular directions, however, may be of 
some use. 

Istf In preparing the figure, by drawing lines, let them be 
cither parallel or perpendicular to other lines in the figure, 
or so ias to form similar triangles. And if an angle be given^ 
it will be proper to let the perpendicular be opposite to that 
anglei and to fall from one end of a given linei if possible. 
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2ii In selecting the quantities proper to substitute for^ 
those are to be chosen, whether required or not, which lie 
nearest the known or %\vtti parts of the figure, and by means 
of which the next adjacent parts maybe expressed by addi- 
tion and subtraction only, without using surds. 

3i/, When two lines or quantities are alike related to other 
jMots of the figure or problem, the best way is, not to make 
use of either of them separately, but to substitute for their 
sum, or difference, or rectangle, or the sum of their alternate 
quotients, or for some line or lines, in the figture, to which 
tney have both the same relation. 

4ithy When the area^ or the perimeter, of a figure, is given, 
or such parts of it as have only a remote relation to the 
parts required : it is sometimes of use to assume another 
figure similar to the proposed one, having one side equal to 
unity, or some other known quantity. For, hence the other 
parts of the figure may be found, by the known proportions 
of the like siaes, or parts, and so an equation be obtained* 
For examples, take thi^ follpwing problems. 

PROBLEM I. 

Jn a RighUan^ed Triangle^ having given the Base (3), and the 
Sum of the jSypathenuse and perpendicular (9) ; tQ find both 
these tvjo Sides. 

Let ajic represent the proposed triangle, 
right-angled at b. Put the base ab == S = 3, 
and the sum Ac -|- bc of the hypothenuse 
and perpendicular = 9 = jj also, let jr de- 
note the hypothenuse AC, and y the perpen-^ 
dicular 9c« 

Then by the question - ^ - x-Hy=/> 

and by theorem 34, - - - - :r* s= ^* + ^» 

By transpos. y in the 1st equ. gives x ^ s ^ y^ 
This value of x substi. in the 2d, 

gives - . . • . J*- 2jy-|-/ =/ + *», 

Takingawayy^onbothsidesleaves r — 2sy =J*, 

By transpos. %fy and ^, give$ * j* — ^* = ^sy, 

f — h^ 

And dividing by 2/, gives - r — -z — = ^ = 4=bc. 

Hence a? = j~j?=5=:Ac. 

N. B. In this solution, and the follo^wng ones, the i^ta* 
Uon is made by using as many unknown letters^ 3^ and y^ as 
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tliere are unknown sides of the triangle, a separate letter for 
each y in preference to using only one vnknbwn letter for 
on-e side, and expressing the other unknown side ii^ term^j 
of that letter and the given sum or difference of the sides ; 
though this latter way would render the solution shorter and 
sooner ; because the former way gives occasion for more and 
better practice in reducing equations, which is the very end 
and reason for which these problems are ^veu at all.^ 



PROBLEM II. 

I/i a Right-angled Triangle ^ having given the Hypothenuse (5) ; 
and the Sum of the Base and Perpendicular (7) j to find holi 
/ these two Sides. 

Let ABC represent the proposed triangle, right-anglfed at 
Bi Put the given hypothenuse Ac =: 5 =: /i, and the sum 
AB + BC of the base and perpendicular = 7 = / j also let jr 
denote the base ab, and y the perpendicular bc» 

Then by the question - - - x -{• y=^ s 

and by theorem 34? - - - - ^* + / = a' 

By transpos. y in the 1st, gives x :=> s — y 

Bysubstitu. thisvalu. for *r, gives s^ — 2sy + 2v* = fl* 

By transposing /% gives - - 2^ — 2sy =.«*-'/* 

By dividing by 2, gives - - f — sy zz. ia\ — \s^ 

By completing the square, gives ^* -.- /y -f -J^j* = 4^* — ij* 

By extracting the root, gives - y — is :=z^ia^ — ^* 

— ' ^ 
By transposing -yX, gives - - jy = -yx ± v/-i^'' — -J/ = 

4 and 3, the values of x and y. 



PROBLEM III. 



Jn a Rectangle^ having given the Diagonal (10), and the Perime" 
ter^ or Sum of all ih Four Sides (28) ; to find each of the Sides 
jeverally. 

Let abcd be the proposed rectangle ; 
and pu^ the diagonal AC = 10 = t/, and 
half the perimeter ab + BC or ad + 
I>c = 14 = ^ ; also put one side ab = x, 
and the other side BC =5 ^ Hence, by 
right-angled triangles, - * - r. .r" -|- j?* = fif* 
And by the question ^ ^ - - x -{- y =^ 9 
Then by transposing;^ in the 2d, gives .r = ^j — j^ 
This value substifcuted in the Jlst, jives a^ - '2a j -V ^f ^ ^^ 
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Transposing «*» gives - - - 2;* — ^ay zz d* -- a^ 

And dividing by 2, gives - - y^" ~ ay = 4^ — 4^* 

By completing the square, it is / — flfy + j a^ .= jd^ ^ J«' 

And extracting the root, gives y — 4^ = V'i^ — i'** 

And transposing 4^, gives - y == 4^ ± v^4^ — ^fl* =5 
or 6> the values 01 x and y. 



PROBLEM IV. 

Having given the Biise and Perpendicular of any Triangle; H 
Jind the Side of a Square Inscribed in the same^ 

Let ABC represent the given triangle, 
and EFGH its inscribed square. Put the 
base AB = (, the perpendicular cd = tf, 
and the. side of the square gf or gh =k 
wr= x\ then will ci = cd — di =r 

Then, because the like lines in the 
sirailar triangles abc, gfc, are propor- 
tional (by theor. 84, Geom.)> ab : cd : : ge : ci, that 
\sy i \ a \ \ X \ a — X. Hence, by multiplying extremes 
and means, ah — hx =• ax^ and transposing bx^ gives a^sz ox 

ab 
+ bx ; then dividing by a + ^, gives x = = OF 

or GH the side of the inscribed square : which therefore is 
of the same magnitude, whatever the species or the angles of 
the triangles may be. 




PROBLEM V. 



/// an Eqtdlateral Triangle j having given the lengths ofthe$hret 
Perpendiculars^ drawn front a certain Point ivitbin^ on the 
three Sides i to determine the Sides. • • 

Let ABC represent the equilateral tri-- 
angle, and de, dp, dg, the given per- 
pendiculars frdm the point d. Draw the 
lines DAj DB, DC, to the three angular 
points; and let fall the perpendicular CH 
on the base ab. Put the three ^ven per- 
gendiculars de zza^ DP = ^ DG = f , 
and put jr =E AH or bh, half the side of \ 
the equilateral triangle. Then is AC or BC =2 g x, tik|Tr|r' 

right »angled t riangles the perpendicular CH » </AA?7^.JBflf. 
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^ Now, since the area or space of a rectangle, vis ^expressed 
by the product of the base and height (cor. 2, th. 81 Geom.)f 
and that a triangle is equal to half a rectangle of equal base 
and height (cor. 1, th. 26), it follows that, 

the whole trir>ngle abc is =i^B x ch =x x .r^S =x*v^3, 
the triangle abd =^ -J ab x v>g = .r x c = cx^ 
the triangle bcd = -Jbc x de = ^ x a = jx, 
the triangle acd = J^Ag x df = :i' x 3 = i^x. 

But the three last triangles make up, or are equal to, the 
whole former, or great triangle \ 

that is, x's/''^ -=. ax ■\' hx '\' cx\ hence, dividing by jr, gives 
X v'3 zz fl + i + ^j and dividing by ^/^^ givcB 

X = — — , half the side of the triangle sought. ^ 

Also, since the whole perpendicular ch is i= :rv/3, it is 
therefore = «•'+ b + c. That is, the whole perpendicular 
CH, is just equal to the sum of all the three smaller perpen- 
diculars DE + DF + DG taken together, wherever the point 
D is situated. 

PROBLEM VI. j 

I 

In a Right-angled Triangle, having given the Base (3), 
and the DiflFerence between the Hypothenuse and Perpendi- ^ 

cular (1) ; to find both these two Sides. 

PROBLEM VII. 

In a Right-angled Triangle, having given the Hypothenuse 
(5), and the Difference between the Base and Perpendicular 
(1) 5 to determine both these two Sides. 

PROBLEM VIII. :' 

Hav^jg given the Area, or Measure of the Space, of a 
Rectangle, inscribed in a given Triangle ; to determine the 
Sides of the Rectangle. 

PROBLEM IX. 

In a Triai^gle^ Having given the Ratio of the two Sidas^ 
together .with both the Segments of the Base^ made hj a 
!PerpendicuIar finom the Vertical Angle ; to deterxmne the 
Sides of the IVian^y 

•' - A FBlTIiTliTi 

- I* a^niuilik^ lte!#Siojr jritn die' Bibe» A* Sam of tlii« 
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Vertical Angle to the IVCdcQe of the Base y to find the side$ 
of the Triangle. 

PttOBLEM XI. 

In a Triangle, having giveu the two Sides about the 
Vertical Angle, with the Line bisecting that Angle, and ter-* 
minating in the Base ; to find the Base. 

PROBLEM Xn. 

To determine a Right-angled Triangle ; having given the 
Lengths of t vo Lines drawn from the acute angles, to the 
Middle of the opposite Sides. 

PROBLEM XIII. 

To determine a Right-angled Trianele ; having giv^i the 
Perimetc^, and the Radius of its Inscribed Circle. 

PROBLEM XIV. 

To determine a Triangle ; having given the Base, the 
Perpendicular, and the Ratio of th^ two Sides. 

PROBLEM XV. 

To determine a Right-angled Triangle ; having given the 
^Uypothenuse, and the Side of the Itiscribed Square. 

PROBLEM XVI. 

To determine the Radii of three Equal Circles, described 
in a given Circle, to touch each other and also tfee Circum- 
ference of the given Circle. 

PROBLEM XVII. 

In a Right-angled Triangle, having given the Perimeter, or 
Rum of all the Sides, and the Perpendicular let JFall fi^om the 
Right Angle on the Hypothenuse ; to determine the Tri- 
Sitl^e, that is, its Sides. 

PROBLEM XVIII. 

To determine a Right-^pgled Triangle ; having given the 
Hypothenuse, and the Difference of two Lines dr^wn from 
^be two acute angles to the Centre of the Inscribed Circle* 

YULOBLBM 
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PROBLEM inx. 



To determine a Triangle; having given the Base, the Per- ' 
pendicular, and tj:iB Difference of the two other Sides. 



PROBLEM XX. 



To determine a Triangle; having given the Base, the Pcr- 
^ndicular, and the Rectangle or Product of the two Sides. 



PROBLEM XXI. 



To determine a Triangle ; having given the Lengths of 
three Lines drawn from the three Angles, to the Middle of 
the opposite Sides. 



PROBLEM XXIX. 



Ik a Triangle, having given all the three Sides i to fi&4 
the Radius of the Inscribed Circle. 

PROBLEM XXIII. 

To determine a Right-angled Triangle; having wen the 
Side of the Inscribed Square, and the Radius of the Inscribed 
Circle. 

PROBLEM XXIV. 

To determine a Triangle, and the Radius of the Inscribed 
Circle; having, given the Lengths of three Lines drawn 
from the three Angles, to the Centre of that Circle. 

PROBLEM XXV. 

To determine a Right-angled Triangle ; having given the 
Hypothenuse^ and the Radius of the Inscribed Circle. 

PROBLEM XXVI. 

To determine a Triangle; having given the Base, the 
Lii^ bisecting the Vertical Angle, and the Diaipeter of the 
Circumscribing Circle. 
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LOGARITHMS 



OF THE 



NUMBERS 



VB.OH 

I to 1000. 



N.f Log. 


N. 


Log. 


N. 
51 


Log. 


N. 
.76 
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26 
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I '8808 1 4 


2 
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27 
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52 
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77 
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3 


0-477121 


28 
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53 
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29 


1-462398 


54 


1-732394 


79 


1-897627 


*5 


0-6^970- 


130 


1-477121 


55 
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31 
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7 
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32 
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57 
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82 
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8 
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33 
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58 


1-763428 
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1-919078. 


9 


0-954243 


;S4 


1-53J479 


59 


1-770852 


84 


1-924279 


\o 
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1-544068 


60 


1-778151 
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n 


1-041393 
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86 
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r2 
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62 
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87 


1-939519 


\s 
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14 


f-146128 


[-39 

1 


1-591065 


64 


1 -806 1 SO 


89 


1-949390 


15 


1-176091 


|40 


1-602060 


65 


1-812913 


90 


1-954243 


te 
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67 


1*826075 


92 
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IS 
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4S 


1-633468 


68 


1-832509 


93 


1-968483 


19 


1-278754 


44 


1-643453 


69 


1-888849 


94 
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20 


1-301030. 


45 
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• 


70 


1-845098 


95 
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22 
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1-672098 
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1-986.772 


2S 
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99 
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50 


1-698970 


75 
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2-000000 



N. B. In the following table, in the last nine columos of each page, where 
the 6r8t or leading tiuures change from 9*« to 0*8, large dots are now m- 
ftroduiCd instead i^ ^e O's iVirougVv tVve te^v ol \Vie>&u«> vo ^'«itf^\!bk« «^«^ 
•«nd ronndicate fhar from thence the coTTe%v^n^ci»^T»xx3««\.'»^Tx^«t\xv 
the Srst column stands in the next \oY^eT \\tve, an^ V» w&s:sfe4 %s«. x:«fk 
igure^ of the Logarithm in the second cwwnn* 
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9905 


•258 


• 611 


•963 


1315 


I66T 


2018 


2370 


2731 


3071 


0934:^2 


3772 


4122 


4471 


4820 


5169 


5518 


5866 


6215 


6562 


C£>10 


7257 


7604 


7951 


8298 


8644 


8990 


9335 


9681 


•026 


100371 


0715 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


3462 


3804 


4146 


4487 


4828 


5169 


'5510 


5851 


6191 


6531 


6871 


7210 


7549 


7888 


6227 


8565 


8903 


9241 


9579 


9916 


.253 


110590 


0926 


1263 


1599 


1934 


2270 


2605 


2940 


3275 


3609 


3943 


4277 


4611 


4944 


5278 


5611 


5943 


6276 


6608 


6940 


7371 


7603 


7934 


82S5 


8595 


8926 


9256 


9586 


9915 


.245 


120574 


0903 


1231 


1560 


1888 


22 !G 


2544 


2871 


3198 


3525 


3852 


4178 


4504 


4830 


5156 


5481 


5806 


6131 


6456 


6781 


7105 


7429 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


■ •12 


130334 


0655 


0977 


1298 


1619 


1939 


2260 


2580 


2900 


3219 


3539 


3833 


4177 


4496 


4814 


513H 


5451 


5769 


6086 


6403 


6721 


7037 


7354 


7671 


7987 


8303 


8618 


8934 


9249 


9564 


9879 


• 194 


• 503 


• 822 


1136 


1450 


1763 


2076 


2389 


2702 


143015 


3:i27 


3639 


3951 


4263 


4574 


4885 


5196 


5507 


5818 


6123 


6438 


6748 


7058 


7367 


7676 


7985 


8294 


8603 


3911 


9219 


9527 


9835 


• 142 


■ 449 


.75ti 


1063 


1370 


1676 


1982 


1522S8 


2594 


2900 


3205 


3510 


3815 


4120 


4424 


4728 


5032 


533t> 


5640 


5943 


6246 


6549 


6852 


7154 


7457 


7759 


8061 


8i62 


8664 


8965 


9266 


9567 


9868 


.168 


•469 


.769 


1068 


161368 


1667 


1967 


2266 


2564 


28G3 


316] 


34G0 


3758 


4055 


4353 


4650 


4947 


■5244 


5541 


5838 


6134 


6430 


6725 


^tOi'iV 


7317 7613 


7908 


8203 


8497 


8792 ^oSilj\a^&(i\^'i'^■^V3fe'*■ 


170262 0555 


0848 


1141 


14341 n2G\20\4\l-iV\\'i6y'i\W.'* 


,3136 [3*78 j 3169 


4060 


4351 1 'V641.\ *91'l\ 5'Z'i'A^'j 


V1N&« 



LOGARITHMS. 



N. 





1 


2 


6959 


4 


5 


« 


7 


a 


9 




t.TO 


1760?! 


6381 


6670 


7248 


7536 


7825 


8113 


8401 


8689 




151 


8917 


9'J6-i' 


9552 


9839 


• 126 


•413 


•699 


• 986 


1272 


15S8 




152 


181844 


2129 


2415 


2700 


2985 


3270 


3555 


3839 


4123 


4407 




153 


4691 


4975 


5259 


5542 


58J5 


6108 


6391 


6674 


6956 


7239 




154 


7521 


7S03 


sost 


8366 


8647 


8928 


9209 


9490 


9771 


••51 




155 


190:t32 


Ool2 


U892 


1171 


1451 


1730 


2010 


2289 


2567 


2S46 




156 


31^5 


3403 


3681 


3959 


4237 


451414792 


5069 


5346 


5623 




Tr7 


5899 


6176 


6453 


6729 


7005 


728117356 


7832 


8107 


83B3 




158 


8657 


8932 


9206 


9481 


9755 


—29 1,303 


■ 577 


• 850 


1124 




159 


201397 


1670 


1943 


2216 


2488 


276113033 


3305 


357713348 




ICO 


4120 


4391 


4663 


4934 


5204 


5475 ; 5746 


6016 


6286 6556 




161 


6826 


7096 


7365 


7634 


7904 


8173; 8441 


8710 


5979 1 9247 




162 


»515 


9783 


• ■51 


.319 


•586 


•853 i 1I2I 


1388 


16541192! 




IC3 


212188 


24.H 


2720 


29S6 


3252 


3518 13783 


4049 


431414579 




164 


4R44 


5109 


5373 


5638 


5902 


6166 


6430 


6694 


695717221 




16J 


7484 


7747 


8010 


8273 


8536 


8798 


9060 


9323 


9585; 9846 




166 


220108 


0370 


Oti3l 


0892 


1153 


1414 


1675 


1936 


2 1 96 1 2456 




167 


2716 


2976 


3236 


3496 


:)755 


4015 


4274 '4533 


4792 ! 5051 




16S 


5309 


5i6K 


5'»26 


6084 


0342 


6600 


6358 171 15 


7372:7630 




169 


7887 


8144 


8400 


8657 


8913 


9170 


9426 


9682 


9938; .193 




no 


230449 


0704 


0960 


1215 


1470 


1724 


1979 


2234 


2438 


2742 




m 


29<'.i 


3250 


3.^0-1 


3757 


4011 


4264 


4517 


4770 


5023 


5216 




172 


552fi 


5781 


6C33 


6285 


6537 


6789 


7041 


72;i2 


7544 


7793 




113 


8046 


32;>7 


S-HS 


8799 


90*9 


9299 


9550 


9%0 


• •50 


•300 




174 


24().';49 


079:> 


vnn 


12n7 


1546 


1795 


2044 


2293 


2541 


3790 




ITS 


303S 


3286 


3534 


3782 


4030 


4277 


4525 


4772 


5019 


5266 




ne 


5il3 


5759 


6006 


G2.V2 


6499 


6745 


6991 


7237 


7482 


1728 




r' 


7973 


8219 


8464 


87(19-8954 


9198 


9443 


9687 


9932 


• 176 




IS 


2.>n420 


06ti4 


0!)08 


1151 1395 


16:>K 


1881 


2125 


2308 


2610 




179 


2853 


3096 


3338 


3580 3822 


4064 


4306 


4543 


4790 


5031 




130 


5273 


A.) 14 


,>75.i 


5996 6237 


6477 j 6718 


6958 


7198 


7439 




ISl 


7679 


7!' 18 


8158 


8398 


8637 


8877 191 16 


9355 


9594 


9833 




l3:i 


260071 


0310 


0548 


0787 


1025 


I263;ij0t 


1739 


1976 


2214 




ISJ 


2451 


2688 


2925 


3162 


3399 


3636 i 3373 


4109 


4346 


4532 




184 


48 IS 


5054 


5290 


5525 


5761 


5996 


6232 


6467 


6702 


6937 




185 


7172 


7406 


7<iH 


7875 


8110 


8344 


8580 


8812 


9046 


9279 




186 


fl.H:i;9746 


9980 


•213 


•446 


• 679 


• 912 


1144 


1377 


1609 




1ST 


271842 


2074 


2:;o6 


2533 


2770 


3001 


3233 


3464 


3696 


3927 




1S8 


4158 


4389 


4620 


4850 


5031 


5311 


5542 


5772 


6002 


6232 




Ih!) 


6462 


6692 


6921 


7151 


7380 


7609 


7838 


8067 


8296 


8525 




190 


g-54 


8982 


9211 


9439 


9667 


9395 


• 123 


• 351 


.578 


•806 




15*1 


281033 


1261 


1488 


1715 


1942 


2169 


239G 


2622 


2849 


3015 




192 


3301 


3527 


3753 


3979 


4205 


4431 


4656 


4832 


5107 


5332 




193 


S:.57 


5782 


6007 


6232 


6456 


6681 


6905 


71 30 


7354 


7578 




W4 


7802 


8026 


8249 


8473 


8696 


8920 


9143 


&366 


9589 


9312 




195 


290035 


025'i 


0480 


0702 


0925 


1147 


1369 


1591 


1813 


2034 




■9e 


2256 


2478 


2699 


■zy20 


3141 


3363 


3584 


3304 


4025 


4246 




7/ 4466 


4687 


4901 5^2^\5^4■^\55ft^\&■^V^ 


\%W\V'i'l1S 


6446 




'/ 6665 


6884 


7104.\1^2^\*15*^\"^'^*A'^^'^^\*"^^A'*V.-A'»>«^ 


S 


7 8853 


9071 


92a9\95U 


n\9'\5 


b\39 


M*V 


o\\»y 


Vi!.\.S= 


<>>»■». 


■o 



OF NUMBERS. 3fi9 




■ N. 





I 


2 


3 


4 

1898 


5 

21)4 


6 


7 


8 


y 




200 


301030 


1247 


1464 


1681 


issT 


2547 


2164 


BSS'O 


- 201 


3196 


3412 


3628 


3844 


4059 


4275 


4491 


4706 


4921 


5136 




202 


5351 


5566 


5781 


5996 


6211 


6*425 


6639 


6854 


7068 


7282 




203 


7+96 


7710 


7924 


8137 


8351 


8564 


8778 


8991 


9204 


9417 




204 


9630 


9843 


..56 


268 


481 


693 


.906 


1118 


1330 


1542 




205 


J11754 


1966 


2177 


2389 


2600 


2812 


3023 


3i34 


3445 


3656 




206 


3867, 


4078 


4289 


4499 


4710 


4920 


5130 


S:J40 


5551 


3760 




20T 


5970 


6180 


6390 


6C99 


6809 


7018 


7227 


1436 


7646 


7854 




208 


8063 


8272 


8481 


8689 


8898 


9106 


9314 


9522 


B730 


9938 




209 


320146 


0354 


0562 


0769 


0977 


1184 


1391 


1598 


1805 


2012 




210 


2219 


2426 


2633 


2339 


3046 


3252 


3458 


3665 


3371 


4077 




211 


42H2 


4488 


4694 


4899 


5105 


5310 


5516 


5721 


5926 


61BI 




212 


6336 


6541 


6745 


6950 


71.55 


7359 


7563 


77G7 


7972 


8176 




213 


8380 


8583 


8787 


8991 


9194 


9398 


9601 


9805 


...a 


.211 




314. 


330414 


0617 


0819 


1022 


1225 


14Z7 


1630 


1S3S 


2034 


2236 




215 


2438 


2640 


2842 


3044 


3246 


3447 


3649 


3950 


4051 


4253 




216 


4454 


4655 


4856 


5057 


5257 


5458 


5658 


5859 


6059 


6260 




211 


6460 


6660 


6860 


7060 


7260 


7459 


7659 


7853 


8058 


8257 




218 


8456 


8656 


8855 


9054 


9253 


9451 


9650 


9849 


..47 


.246 




219 


340444 


0642 


0841 


1039 


1237 


1435 


1632 


1830 


2028 


2225 


220 


2423 


2620 


2817 


3014 


3212 


3409 


3606 


3802 


3999 


4196 


221 


4392 


4589 


4785 


4981 


5178 


5374 


5570 


5766 


5962 


6157 




222 


6353 


6549 


6744 


6939 


7135 


7330 


7525 


7720 


79! 5 


8110 




223 


8305 


8500 


8694 


8889 


9083 


9278 


9472 


9666 


9860 


..5> 




224 


350Z48 


0442 


0636 


0829 


1023 


1216 


1410 


1603 


1796 


1989 




225 


218;i 


2375 


2568 


276J 


2954 


3147 


3339 


3532 


3124 


3916 




226 


4103 


4301 


4493 


4685 


4876 


5068 


5260 


5452 


5643 


5S34 




237 


6026 


6217 


6408 


6599 


6790 


6981 


7172 


7363 


1554 


1744 




228 


7935 


8125 


8316 


8506 


8696 


8886 


9076 


9266 


94S6 


9646 




229 


9335 


..25 


.215 


.404 


.593 


.7S3 


.972 


1161 


1350 


1539 




230 


361728 


1917 


2105 


2294 


2482 


2671 


2859 


3048 


3236 


3424 




231 


3612 


3800 


3988 


4176 


4363 


4551 


4789 


4926 


5113 


oZOl 




232 


5433 


5675 


58G2 


6049 


6236 


6423 


6610 


6796 


6983 


1169 




233 


7356 


7542 


7729 


7915 


8101 


8287 


8473 


8659 


8845 


yo30 




S34 


9216 


9401 


9587 


9772 


9958 


. 143 


.328 


.513 


.698 


■ 883 




235 


371068 


1253 


1437 


1622 


1806 


1991 


2175 


2360 


2544 


2728 




23$ 
33T 


2912 


3096 


3280 
5115 


3464 
5298 


3647 
5481 


3831 
5664 


4015 

5846 


4193 
60^9 


4382 
6212 


4565 
6394 




4748 


4932 


23? 


6577 


6759 


6942 


7124 


7306 


7488 


7670 


7852 


8034 


8216 




339 


8398 


8530 


8761 


8943 


9124 


9306 


9437 


9668 


9849 


..30 




249 


380211 


0392 


0573 


0754 


0934 


1115 


1296 


141t. 


1656 


1837 




241 


20n 


2197 


2371 


2557 


2737 


2917 


3097 


3277 


3456 


3636 




242 


3815 


3995 


4174 


4353 


4533 


4712 


4891 


507( 


5249 


5423 




2*5 


56U6 


5785 


5964 


6142 


6321 


649i 


6677 


68'56 


10^4 


1212 




2*4 7390 


7558 


7746 


7923 


8101 


8279 


8+56 


8634 


^811 


8989 




245 9i6f> 


9343 


9520 


9698 


9875 


..51 


.228 


.4051.583 


.759 




246 390935 


lll!2 


1288 


1464 


1641 


I8V7 


lag^j 


l,^\f>'^\1.'iA5iVi.'.i^-s\ 


g*7 2697 


5873 


3043 


3224 


340QVa57 5VS'\&\\*9'i&\'»<VaAVl^'\^ 


fSiS iiS2l4627 


4802 


4977 


51.'>2\ 5326\ 5&oA5«aA^'*'^^V^! 


H 


61991 €314 hsiS 


67221 fiH!:^fi\^O^v\^^*5\'^'^^^^V 


\^^^.\TV- 


Vo 


ZTT — ' vTw 7^^^ 









.i-,i} LOGARITHMS ^ 




N. 





1 


2 


3 


4 


5 

8808 


6 


7 


8" 




250 


a97y*o 


t(ll4 


8287 


8461 


6634 


8981 


9154 


9328 






251 


9674 


yS47 


..20 


.192 


.365 


,538 


.711 


.883 


1056 






252 


401401 


1573 


1745 


1917 


2089 


2261 


2433 


2605 


2777 






233 


3121 


3292 


3464 


363S 


3807 


3978 


4149 


4320 


4492 






254 


4834 


5O05 


5176 


5346 


5517 


5(>38 


5858 


6029 


6199 






25b 


6540 


6710 


6881 


7051 


7221 


7391 


7561 


7731 


7901 






256 


8240 


8410 


8579 


8749 


8918 


9087 


9257 


9436 


9535 






261 


9333 


. 102 


.2TI 


.440 


.609 


.777 


.946 


1114 


12S3 






258 


411620 


1788 


1956 


2124 


2293 


2461 


2629 


2796 


2964 






239 


3300 


3467 


S635 


3803 


3970 


4131 


4305 


4472 


4639 






260 


4973 


5140 


5307 


5474 


5641 


5808 


5974 


6141 


630S 






261 


6€4I 


6807 


697S 


7139 


7306 


7+72 


7638 


78U4 


7970 






262 


8301 


8467 


8633 


8798 


8964 


9129 


9295 


9460 


9625 






863 


9956 


.121 


.28G 


.451 


.615 


.781 


.945 


UIO 


1275 






264 


421604 


1768 


1933 


2097 


2261 


2426 


2590 


275* 


2918 






265 


3246 


3410 


3574 


3737 


3901 


4065 


4228 


4392 


4555 






266 


4882 


50+5 


5208 


5371 


5534 


5697 


5860 


6023 


6186 






267 


«SI1 


6674 


6836 


6999 


7161 


7324 


7486 


7648 


7811 






268 


8135 


8297 


8459 


8621 


8783 


8944 


9106 


9268 


9+29 






269 


9758 


»ai4 


..75 


.236 


.398 


.559 


.720 


.881 


1 043 




■ 


270 


431364 


1525 


1685 


1846 


2007 


2167 


2928 


2488 


2649 




1 


271 


2969 


3130 


3290 


3450 


3610 


3770 


3930 


4090 


4249 




■ 


272 


4569 


4729 


4888 


.5048 


5207 


5367 


5526 


5685 


5844 




■ 


273 


6163 


6322 


6481 


6640 


6800 


6957 


7116 


7275 


7433 






274 


7751 


7909 


8067 


8226 


8384 


8542 


8101 


3859 


9017 






275 


9333 


9491 


9648 


9806 


9964 


. 122 


.279 


.437 


.594 






276 


440909 


1066 


1224 


1381 


1533 


1695 


1852 


2009 


2166 






277 


2480 


2637 


2793 


2950 


3106 


3263 


3419 


3576 


3732 






278 


4045 


4201 


4357 


4513 


4669 


4825 


4981 


5137 


5293 






279 


5604 


5760 


5915 


6071 


6226 


6382 


6537 


6692 


6848 






280 


7158 


7313 


7468 


7623 


7778 


7933 


8088 


8242 


8397 






281 


8706 


8861 


9015 


9170 


9324 


9478 


9633 


9787 


9941 






282 


45024!) 


0403 


0557 


0711 


0865 


1018 


1172 


1326 


1479 






283 


1786 


1940 


2093 


2247 


2400 


2553 


2706 


2859 


30] 2 






284 


3318 


3471 


3624 


3777 


3930 


4082 


4235 


4387 


4540 






285 


4845 


4997 


5150 


5302 


5*54 


5606 


5758 


5910 


6062 






286 


6366 


6518 


6670 


6821 


6973 


7125 


7276 


7428 


7579 






287 


7882 


8033 


8184 


8336 


8487 


8638 


8789 


8940 


9091 






288 


9392 


9543 


9694 


9845 


9995 


146 


296 


■ 447 


.597 






2S9 


460898 


1048 


1198 


1348 


1499 


1649 


1799 


1948 


2098 






290 


2398 


2548 


2697 


2847 


2997 


3146 


3296 


3445 


3594 






291 


3893 


4042 


4.191 


4340 


4490 


4639 


4738 


493G 


5085 






202 


5383 


5532 


5680 


5829 


5977 


6126 


6274 


6423 


6571 






293 


6868 


7016 


7164 


7312 


7460 


7608 


7756 


7904 


8052 






294 


8347 


8195 


8643 


8790 


8938 


W85 


9233 


93 8Q 


9527 




^^12931 9822 


9969 


.116 


.263 


.410 


557 .70i| 


851 


■ 998 




^^§296 ill 292 


14-i8 


i585\n32\\sn%\ic«s\a\-\\V»a\4 


^464 




^■957/ 2756 


2903 


3049\si»s\a«*'i.\^^&"t\^«>?.V\VV-\^Vi^<1.5 




^■SdS/ 4216 


4362 


4508\465a\*-ia^\«'kA^^*A^'^'^n^'^'*' 




^Kaaal .wri 


5816 


tiQfi9l 6\0l\ 625l\ ft?.^l\ &&\l\fe&V\\ ?.% 





1 

7266 
8711 
0151 
L536 
3016 
4442 
5863 
7280 




47772? 

8566 
480007 

1443 

2874 

4300 

5721 

7188 

8551 

9958 
491362 

2760 

4155 

5544 

6930 

6311 

9687 
501059 

2427 

3791 

5150 
-6505 

7856 

9203 
510545 

1383 

32 18 
■ 4548 

5874 

7196 

8514 

9828 
521138 

2444 

3746 

5045 

6339 

7^30 

8917 
530200 

1479 

2754 

4026 

5294 

6558 

7819 

9076 

]379 llOi 
2S25 29S0 



1502 

2900 
4294 
5683 
7068 
844K 
9821. 
J 196 
2564 
3927 
5286 
6640 
7991 
93S7 
0679 
2017 
3351 
4€81 
6006 
7328 
8646 
9959 
1269 
2575 
3876 
5174 
6469 
7759 
9045 
0328 
1607 
2882 
4153 
5421 
6635 
7945 
9202 



74H 
885; 
0294 
1729 
3159 
4585 
6005 
7421 
8833 
.239 
1642 
3040 
4433 
5822 
7206 
8586 
996; 
1333 
2700 
4063 
5421 
6776 
8126 
9471 
0813 
2151 
3484 
4813 
6139 
7460 
8777 
. .90 
1400 
2705 
4O06 
5304 
6598 
7888 
9174 
0+56 
17:J4 
3009 
4280 
5547 
6811 
S07I 
9327 
0380 
1829 
3074 



04:J8 
1872 
3302 
4727 
6147 
7563 
S974 
.380 
1782 
3179 
4572 
5960 
7344 
8724 
..99 
1470 
2337 
4199 
5557 
6911 
8260 
9606 
0947 
2284 
3617 
4946 
6271 
7592 
8909 
.221 
1530 
2835 
4136 
5434 
6727 
8016 
9302 
05S4 
1862 
3136 
4407 
5674 
6937 
8197 
9452 
0705 
1953 
3199 



7700 7844 7989 8135 8278 8422 

9143 9287 9431 9575 9719 9863 

0582 0^25 0869 1012 1156 1299 

2016 2159 2302 2445 25S8 2731- 

3445 3587 3730 3872 4015 4157 



5011 5153 5295 5437 5579 
6430 6572 6714 6855 6997 
7845 7986 8127 8269 8410 
3255 9396 953 



. 801 

2062 2201 



3458 



4850 4989 



3597 



6238 
7621 
8999 
374 
1744 
3109 
4471 
5828 
7181 
8530 
9874 
1215 
2551 
3883 
5211 
6535 
7855 
9171 
434 
1792 



6376 
7759 
9137 
.511 
1830 
3246 
4607 
5964 
7316 
8664 
. ..9 
1349 
26S4 
4016 
5344 
6668 
7987 
9303 
615 



941 
2341 
3737 
5J26 
6515 
7897 
9275 
.648 
2017 
3382 
4743 
6099 
7451 
879 1' 
. 143 
1482 
2818 
4149 
5476 
6800 
8tl9 
9434 

745 



9677 9818 
1222 



4869 
6289 
7704 
till- 
520 
1922 
3319 
•4711 
6099 
7433 
8862 
.236 
1607 
2913 
4335 
i693 
7046 
8395 
9740 
1081 
24)8 
3750 
5079 
6403 
7724 
9040 
.353 
1661 
2966 



5563 5693 5822 5951 6081 6210 
6356 6985 7114 7'<:43 7372 7501 
3145 8274 8402 8531 8660 8788 
9430 9559 9687 9315 9943 ..72 
07l2 0840 0968 1096 1223 1351 
1990 2117 2245 2372 2500 2627 
3264 3391 3513 3645 3772 3899 
4534 4661 4787 4914 5041 5167 
. ^3Qg g432 

'567 7693 



.,-.^ 1922 2053 2183 

3096 3226 J356 3436 

4396 4526 4656 4785 4915 



2481 

387* 
5267 
6653 
80J5 
tf4l2 

7U 
2154 
3518 
4378 
6234 
7586 
8934 
.277 

6Ifi 
2951 
4282 
5609 
6932 
151 
9566 

376 



2631 
4015 
1406 
6791 
8173 
9350 
.9^2 

5014 
C370 
7721 

9068 
■ 411 
1760 

3084 
441i 
574! 

7064 
3382 
5697 
1007 
2314 
3616 



5800 5927 6053 

7063 7189 7315 7441 ,.^, ....,>-. 
8322 S448 857'tU6c,.jUAa^\%.^-a\\ 
9578 9703\sS'29\9^6*\.-"^*i\-'^'^^\ 
0830 0955\\O8o\\^5V'iW^^?f\ 
2078 22Qs\2^'i^\'i*&*iV^J^V^5i^ 



31« 






LOGARITHMS 










N. 





1 


9 


3 


4 


5 


6 


7 


8 




350 


544068 


4192 


4316 


4440 


4564 


4688 


4812 


4936 


5060 




3il 


5307 


5431 


5555 


5678 


5802 


5925 


6049 


6172 


6296 




352 


6543 


6666 


6789 


6913 


7036 


7159 


7282 


7405 


7529 




35? 


7775 


7898 


8021 


8144 


8267 


8389 


8512 


8635 


8758 




354 


9003 


9126 


9249 


9371 


9494 


9616 


9739 


9361 


9984 




355 


550228 


0351 


0473 


0595 


0717 


0840 


0962 


10S4 


1206 




35G 


1450 


1572 


1694 


1816 


1938 


2060 


2181 


2303 


2425 




357 


2668 


2790 


2911 


3033 


3155 


3276 


3398 


3519 


3640 




358 


3863 


4004 


4)26 


4247 


4368 


4489 


4610 


4731 


4852 




359 


5094 


5215 


5336 


5457 


5578 


5699 


5820 


5940 


6061 




360 


6303 


6423 


6544 


6664 


6785 


6905 


7026 


7146 


7267 




361 


7507 


7627 


7748 


7868 


7988 


8108 


8228 


8349 


8469 




362 


8709 


8829 


8948 


9068 


9188 


9308 


9428 


9548 


9667 




363 


9907 


.•26 


. 146 


.265 


.385 


.504 


.624 


.743 


. 863 




364 


561101 


1221 


1340 


1459 


1578 


1693 


1817 


1936 


2055 




365 


2293 


2412 


2531 


2650 


2769 


2887 


3006 


3125 


3244 




366 


3481' 


3600 


3718 


3337 


:i955 


4074 


4192 


4811 


4429 




367 


4666 


4784 


4903 


5021 


5139 


5257 


5376 


5494 


5612 




363 


5848 


5966 


6084 


6202 


6320 


6437 


6555 


6673 


6791 




369 


7026 


7144 


7262 


7379 


7497 


7614 


7732 


7849 


7967 




370 


8202 


8319 


8436 


8554 


8671 


8788 


8905 


9023 


9140 




371 


9374 


9491 


9608 


9725 


9842 


9959 


.076 


. 193 


. 309 




372 


570543 


0660 


0776 


0893 


1010 


1126 


1243 


1359 


1476 




375 


1709 


1825 


1942 


2058 


2174 


2291 


3407 


2523 


2639 
S800 




374 


2872 


23'iS 


3104 


322U 


3336 


3452 


3568 


3€S4 




375 


4031 


4147 


4263 


4379 


4494 


4610 


4726 


4841 


4957 




376 


5188 


5303 


5419 


5534 


5650 


5765 


5880 


5996 


6111 




377 


6341 


6457 


6572 


6687 


6802 


6917 


7032 


7147 


7262 




373 


7492 


7607 


7722 


7836 


7951 


8066 


8181 


8295 


8410 




379 


8639 


8754 


8868 


3983 


9097 


9212 


9326 


9441 


9555 




380 


97S4 


9898 


..12 


. 126 


.241 


.355 


.469 


.583 


.697 
1836 




381 


580923 


1039 


1153 


1267 


1381 


1495 


1603 


1722 




382 


2063 


2177 


2291 


2404 


2518 


2631 


2745 


2858 


2973 
4105 




383 
3K4 

385 
386 


3199 


3312 


3426 


3539 


3652 


3765 


3879 


3992 




4331 


4444 


4557 


4670 


47S3 


4896 


5009 


5122 


5235 




5461 


5574 


5686 


5799 


5912 


6024 


6137 


6250 


6362 




6587 


6700 


6812 


69-25 


7037 


7149 


7262 


7374 


7486 




387 


7711 


7823 


7935 


8047 


8160 


8272 


8384 


8496 


8608 

9726 
.842 




388 
383 
390 
391 
393 


8332 
9930 


8944 
-.61 


9056 
. 173 


9167 
.284 


9279 
.396 


939.1 
.507 


9503 
.619 


9615 
.730 




591065 


1176 


1287 


1399 


1510 


1621 


1732 


1843 


1955 
3064 
4171 




2177 


2283 


2399 


2510 


2621 


2732 


2643 


2954 




3286 


3397 


3508 


3618 


3729 


3840 


3950 


4061 




^93 
394 
395 


4393 


4503 


4614 


4724 


4834 


4945 


5055 


5165 


5276 




5496 


5606 


5717 


5827 


5937 


6047 


6157 


6267 


6377 




6597 


6707 


6ai7 


6927 


7037 


7146 


7256 


7366 


747€ 


h^' 


7695 


7805 


191-V 


ROi-V 


au^ 


%14'i 


SX53 


84fi9 


1397. 


8791 


8900 9009\9Via\yii6Wi-i'\\^W&Ws?,\V4* 


I $93 I 


9883 


9992 . lQ\\.2Y0\.1iW\.^a%\.E.'i-l\.&\6\.-\' 


%9J_ 


£00973 


l082\n9\\l^9»\\*OS\\.aV-\\\61s\vi«,A,\v 



OF NUMBERS. 



37S 



N. 







I 



4f.)0 602060 2169 

401 3144 3253 

402 4226 4334 

403 5305 5413 

404 6381 6489 

405 7455 7562 

406 8526 8633 

407 9594 9701 

408 610660 0767 

409 1723 1829 

410 2784 2890 

411 3842 3947 

412 4897 5003 

413 5950 6055 

414 7000 7105 

415 8048 8153 
4-16 9093 9198 

417 620136 0240 

418 1176 1280 

419 2214 2318 

420 3249 3353 

421 4282 4385 

422 5312 5415 

423 6340 6443 

424 736^ 7468 

425 8389 8491 

426 9410 9512 

427 630428 0530 

428 1444 1545 

429 2457 2559 

430 3468 3569 

431 4477 4578 

432 5484 5584 

433 6488 6588 

434 7490 7590 

435 8489 8589 

436 9486 9586 

437 640481 0581 

438 1474 1573 

439 2465 2563 

440 3453 3551 

441 4439 4537 

442 5422 5521 

443 6404 6502 

444 7383 7481 

445 8360 8458 
1446] 9335 1 9432 
447 6503081 0405 

448 12781 1375 

^449/ 2246 12343 



2277 
3361 
4442 
5521 
6596 
7669 
S740 
9808 
0873 
1936 
2996 
4053 
5108 
6160 
7210 
8257 
9302 
0344 
1384 
2421 
3456 
4488 
5518 
6546 
7571 
8593 
9613 
0631 
1647 
2660 
3670 
4679 
5685 
6688 
7690 
8689 
9686 
0680 
1672 
2662 
3650 
4636 
5619 
6600 
7579 
8555 
9530 
0502 
1472 
2440 



3 


4 


2386 


2494 


3469 


3573 


4550 


4658 


5628 


5736 


6704 


6811 


7777 


7884 


8847 


8954 


9914 


..21 


0979 


1086 


2042 


2148 


3102 


3207 


4159 


4264 


5213 


5319 


6265 


6370 


7315 


7420 


8362 


8466 


9406 


9511 


0448 


0552 


1488 


1592 


2525 


2628 


3559 


3663 


4591 


4695 


5621 


5724 


6648 


6751 


7673 


7775 


8695 


8797 


9715 


9817 


0733 


0835 


1748 


1849 


2761 


2862 


3771 


3872 


4779 


4880 


5785 


5886 


6789 


6889 


7790 


7890 


8789 


8888 


9785 


9885 


0779 


0879 


1771 


1871 


2761 


2860 


3749 


3847 


4734 


4832 


5717 


5815 


6698 


6796 


7676 


7774 


8653 


8750 


9627 


,9724 



2603 

3686 

4766 

5844 

6919 

7991 

9061 

.128 

1192 

2254 

.3313 

4370 

5424 

6476 

7525 

8571 

9615 

0656 

1695 

2732 

3766 

4798 

5827 

6853 

7878 

8900 

9919 

09^36 

1951 

2963 

3973 

4981 

5986 

6989 

7990 

8988 

9984 

0978 

1970 

2959 

3946 

4931 

5913 

6894 

7872 

8848 



2711 

3794 

4874 

5951 

7026 

8098 

9167 

• 234 

1298 

2360 

3419 

4475 

5529 

6581 

7629 

8676 

9719 

0760 

1799 

2835 

3869 

4901 

5929 

6956 

7980 

9002 

..21 

1038 

2052 

3064 

4074 

5081 

6087 

7089 

8090 

9088 

>.84 

1077 

2069 

3058 

4044 

5029 

6011 

6992 

7969 

894S 



2819 
3902 
4982 
6059 
7133 
8205 
9274 
.341 
1405 
2466 
3525 
4581 
5634 
6686 
7734 
8780 
9824 
0864 
1903 
2939 
3973 
5004 
6032 
7058 
8082 
04 
23 
39 
53 
65 
75 
82 
87 
89 
90 
88 
83 
77 
68 
56 
43 
27 

io 



1 
2 
3 
4 

5 

6 

7 

8 

9 

• 

1 

2 

3 

4 

5 

6 



0599 
1569 
2536 



7089 
8067 
9043 

0696 \ 019^\ 0^^0\Q>^^n\\^'«i^^\\^^^ 
1666 \ U6^\\^5A\^^^\^^^^ Y^^^ 
2633 \ 2n30\Q;^^^V^^^?^^^ 



2928 

4010 

5089 

6166 

7241 

8312 

9381 

.447 

1511 

2572 

3630 

4686 

5740 

6790 

7839 

8884 

9928 

0968 

2007 

3042 

4076 

5^107 

6135 

7161 

8185 

9206 

.224 

1241 

2255 

3266 

4276 

"5283 

6287 

7290 

8290 

9287 

.283 

1276 

2267 

3255 

4242 

5226 

6208 

7187 

8165 

9140 



3036 

4118 

5197 

6274 

7348 

8419 

9488 

.554 

1617 

2678 

3736 

4792 

5845 

6895 

T943 

8989 

. .32 

1072 

2110 

3146 

4179 

5210 

6238 

7263 

8287 

9308 

.326 

1342 

2356 

3367" 

4376 

5383 

6388 

7390 

8389 

9387 

.382 

1375 

2366 

3354 

4340 

5324 

6306 

7285 

8262 

9237 



\ 

kVS 



r 


S74 


LOGARITHMS 




N. 





1 


2 


3 


4 


5 


■6 


7 


8 


9 


450 


653213 


3309" 


3405 


3502 


3593 


3695 


3791 


3888 


3984 


4080 




4.51 


4177 


4273 


4369 


4465 


4562 


4658 


4754 


4850 


4946 


5042 




452 


5138 


5235 


5331 


5427 


5526 


5619 


5715 


58(0 


5906 


6002 




4^53 


609S 


6194 


6290 


6386 


6482 


6577 


6673 


6769 


6864 


6960 




434 


7056 


7152 


7247 


7343 


7438 


7534 


7629 


7725 


7820 


7916 




455 


8011 


8107 


8202 


8293 


8393 


8488 


8584 


8679 


3774 


8870 




456 


8965 


9060 


9155 


9250 


9346 


9441 


9536 


9631 


9726 


9821 




4Jl 


9916 


..11 


. lOS 


.201 


.296 


.391 


.48e 


.331 


.676 


.771 




458 


660865 


0960 


1055 


1150 


1245 


I33y 


1434 


1529 


1623 


1718 




459 


1813 


1907 


2002 


2096 


2191 


2286 


2380 


2475 


2569 


2663 




4u0 


2758 


2852 


2947 


3041 


3135 


3230 


3324 


3418 


3512 


3607 




461 


3701 


3795 


3889 


3983 


4078 


4172 


4266 


4360 


4454 


454S 




462 


4642 


4736 


4830 


4924 


5018 


5112 


5206 


.5299 


5393 


5487 




463 


5531 


5675 


5769 


5862 


5956 


6050 


6143 


6237 


6331 


6424 




464 


C518 


6612 


6705 


6799 


6892 


6986 


7079 


7173 


7266 


7360 




465 


7453 


7546 


7640 


7733 


7826 


7920 


8013 


8106 


3199 


8293 




466 


8386 


8479 


8572 


8665 


87S9 


8852 


8945 


9033 


9131 


9224 




467 


9317 


9410 


9503 


9596 


9689 


9782 


9S75 


9967 


-.60 


.153 




463 


670246 


0339 


0431 


0524 


0617 


0710 


08O2 


0895 


0988 


1080 




469 


1173 


1265 


1358 


1451 


1543 


1636 


1728 


1821 


1913 


2005 




470 


2098 


2190 


2283 


2373 


2467 


2560 


2652 


2744 


2836 


2929 




471 


3021 


3113 


3205 


3297 


3390 


3482 


3574 


3666 


3753 


3350 




472 


3942 


4034 


4126 


4218 


4310 


4402 


4494 


4586 


4677 


4163 




473 


43C1 


4953 


5045 


5137 


5228 


5320 


5412 


5503 


5595 


5687 




474 


5778 


5870 


5962 


60.-53 


6145 


6236 


6328 


6419 


6511 


6602 




475 


6694 


6785 


6876 


6968 


7059 


7151 


7242 


733S 


7424 


7516 




476 


7607 


7698 


7789 


7831 


7972 


8063 


8154 


8245 


8336 


8427 




477 


8518 


8609 


8700 


8791 


8882 


8973 


9064 


9155 


9246 


9337 




478 


9+23 


9519 


9610 


9700 


9791 


9882 


9973 


..63 


. 154 


.245 




479 


680336 


0426 


0517 


0607 


0698 


0789 


0879 


097O 


1060 


1151 




480 


1241 


1332 


1422 


1.513 


1603 


1693 


1784 


1874 


1964 


2055 




481 


2145 


2235 


2326 


2416 


2506 


2596 


2686 


2777 


2867 


2957 




482 


3047 


3137 


3227 


3317 


3407 


3497 


3587 


3677 


3767 


3857 




483 


3947 


4037 


4127 


4217 


4307 


4396 


44S6 


4576 


4666 


4756 




484 


4845 


4935 


5025 


5114 


5204 


5294 


5383 


5473 


5563 


5652 




485 


5743 


5831 


5921 


6010 


61G0 


6189 


6279 


6368 


6458 


6547 




486 


6636 


6726 


6815 


6904 


6994 


7083 


7172 


7261 


7351 


7440 




487 


7529 


7618 


7707 


7796 


7836 


7975 


8064 


8153 


8242 


8331 




488 


8420 


8509 


8598 


8687 


8776 


8865 


8953 


9042 


9131 


9220 




489 


9309 


9398 


9486 


9575 


9664 


9753 


9841 


9930 


. . 19 


.107 




490 


690196 


0285 


0373 


0462 


0550 


0639 


0728 


0816 


0905 


0993 




491 


1081 


U7G 


1258 


1347 


1435 


1524 


1612 


1700 


1789 


1877 




492 


1965 


2053 


2142 


2230 


2318 


2406 


2494 


2583 


2671 


2759 




493 


2847 


2935 


3023 


3111 


3199 


3287 


3375 


3463 


3551 


3639 




494 


3727 


3815 


3903 


3991 


4078 


4166 


4254 


4342 


4430 


4517 


493 j 


4605 


4693 


4781 


4S6& 


4956 


504-4 


5131 


5219 


5307 
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701 


•5^18 


5780 


5842 


5904 


5966 


6028 


6090 


6151 


6213 


6275 




702 


6337 


6399 


6461 


6523 


6585 


6646 


6708 


6770 


6832 


6894 




703 


6955 


7017 


7079 


7141 


7202 


7264 


7326 


7388 


7449 


7511; 




704 


7573 


7634 


7696 


7758 


7819 


7881 


7943 


8004 


8066 


8128 




705 


8189 


8251 


8312 


8374 


8435 


8497 


8559 


8620 


8682 


8743 




706 


8805 


8866 


8923 


8989 


9051 


9112 


9174 


9235 


9297 


9358 




707 


9419 


9481 


9542 


9604 


9665 


9726 


9788 


9849 


9911 


9972 




708 


850033 


0095 


0156 0217 


0279 


0340 


0401 0462 


0524 


0585 




709 


0646 


0707 


0769 


0830 


0891 


0952 


1014 


1075 


1136 


1197 




710 


1258 


1320 


1381 


1 442 


1503 


1564 


1625 


1686 


1747 


1809 




711 


1870 


1931 


1992- 


2053 


2114 


2175 


2236 


2297 


2358 


2419 


, 


712 


2480 


2541 


2602 


2663 


2724 ' 


2785 


2846 


2907 


2968 


3029 




713 


3090 


3150 


3211 


3272 


3833 


3394 


3455 


3516 


3577 


2637 




714 


3698 


3759 


3820 


3881 


3941 


4002 


4063 


4124 


4185 


4245 




715 


4306 


4367 


4428 


4488 


4549 


4610 


4670 


4731 


4792 


4852 




716 


4913 


4974 


5034 


5095 


5156 


5216 


5277 


5337 


5398 


5459 




717 


5519 


5580 


5640 


5701 


5761 


5822 


5882 


5943 


6003 


6064 




718 


6124 


6185 


6245 


6306 


6366 


6427 


6487 


.6548 


6608 


6668 




719 


6729 


6789 


6850 


6910 


6970 


7031 


7091 


7152 


7212 


7272 




720 


7332 


7393 


7453 


7513 


7574 


7634 


7694 


7755 


7815 


7875 




721 


7935 


7995 


8056 


8116 


8176 


8236 


8297 


8357 


8417 8477 




722 


8537 


8597 


8657" 


8718 


8778 


8838 


8898 


8958 


9018 


9078 




723 


9138 


9198 


9258 


9318 


9379 


9439 9499 9559 


9619 


9679 




724 


9739 


9799 


9859 


9918 


9978 


..38 


..98 


. 158 


.218 


.278 




725 


860338 


0398 


0458 


0518 


0578 


0637 


0697 


0757 


0817 


0877 




726 


09S7 


0996 


1056 


]116 


1176 


1236 


1295 


1355 


1415 


1475 




727 


1534 


1594 


1654 


1714 


1773 


1833 


1893 


1952 


2012 


2072 


■ 


728 


2131 


2191 


2251 


2310 


2370 


2430 


2489 


2549 


2608 


2668 




729 


2728 


2787 


2847 


2906 


2966 


3025 


3085 


3144 


3204 


3263 




730 


3323 


3382 


3442 


3501 


3561 


3620 


3680 


3739 


3799 


3858 




73 i 


3917 


3977 


4036 


4096 


4155 


4214 


4274 


4333 


4392 


4452 




732 


4511 


4570 


4630 


4689 


4748 


4808 


4867 


4926 


4985 


5045 




733 


5104 


5163 


5222 


5282 


5341 


5400 


5459 


5519 


5578 


5637 




734 


5696 


5755 


5814 


5874 


5933 


5992 


6051 


6110 


6169 


6228 




735 


6287 


6346 


6405 


6465 


6524 


6583 


6642 


6701 


6760 


6819 




736 


6878 


6937 


6996 


7055 


7114 


7173 


7232 


7291 


7350 


7409 




737 


7467 


7526 


7585 


7644 


7703 


7762 


7821 


7880 


7939 


7998 




138 


8056 


8115 


8174 


8233 


8292 


8350 


8409 


8468 


8527 


8586 




739 


8644 


8703 


8762 


8821 


8879 


8938 


8997 


9056 


9114 


9173 




740 


9232 


9290 


9349 


9408 


9466 


9525 


9584 


9642 


9701 


9760 




741 


9818 


9877 


9935 


9994 


..53 


. Ill 


. 170 


.228 


.287 


.345 




742 


870404 


0462 


0521 


0579 


0638 


0696 


0755 


0813 


0872 


0930 




743 


0989 


1047 


1106 


1164 


1223 


1281 


1339 


1398 


1456 


1515 




744 


1573 


1631 


1690 


1748 


1806 


1865 


1923 


1981 


2040 


2098 




745 


2156 


2215 


2273 


2331 


2389 


2448 


2506 


2564 


2622 


2681 




746 


2739 


2797 


2855 


2913 


2972 


3030 


3088 


3146 


.S^O^k^^^'i.V 


747 


3321 


3379 


3437 


3495 


3553 


36 \ I \ ^66^ \'i'\n\'ir\^ A'^^AA^ 


748 
l749i 


/ 3902 1396014018 1 4016 


4134\4\92\4MOU^Ci«,\Vi^^\^ 


' 44821 


^4540] 


'4598/4656 


47l4\4712\4ft^0\4^ 


»^^\Ae 


^<^^v 
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LOGARITHMS 



iM. 



750 

1511 

lyj 

753 
754 
755 
1756 
757 
758 
759 
760 
761 
762 
763 
764 
765 
766 
7C7 
76« 
769 
770 
771 
772 
773 
774 
775 
776 
777 
773 
7791 
780 
781 
782 
783 
784 
785 
786 
787 
788 
789 
790 
791 
792 
793 
794 
795 
796 




o 



87506 I 
5640 
6218 
6795 
7371 
7947 
8522 
9096 
9669 

880242 
0814 
1385 
1955 
2525 
3093 
3661 
4229 
4795 
5361 
5926 
6491 
7054 
7617 
8179 
8741 
9:502 
9862 

89042 1 
0930 
1537 
2095 
2651 
3207 
3762 



5119 

6276 

7429 
8004 
8579 
9 1 53 
9726 
0299 
0871 
1442 
2012 
2581 
3 1 50 
3718 
4285 
4852 
5418 
5983 
6547 
7111 
7674 
S236 
8797 
9358 
9918 
0477 
1035 
1593 
2150 
2707 
3262 
3817 
'1371 
4925 



? 799 




o 

51*77 
5756 
6333 
6910 
7487 
8062 
8637 
9211 
9784 
0356 
0928 
1499 
2069 
2638 
3207 
3775 
4342 
4909 
5474 
6039 
6604 
7167 
7730 
4292 
8853 
9414 
9974 
0533 
1091 
1649 
2206 
2762 
3318 



3 



5235 
5813 
6391 
6968 
7544 
8119 
8694 
9268 
9841 
0413 
0985 
1556 
2126 
2695 
3264 
3832 
4399 
4965 
5531 



5293 
5871 
6449 
7026 
76G2 
8177 
8752 
9325 
9898 
047! 
1042 
1613 
2183 
2752 
3321 
3888 
4455 

50;>2 

5587 
609616152 



6660 
7223 
7786 

8348 
8909 
9470 
.. 30 
0589 
1147 
1705 
2262 
2818 
3373 
3928 
4482 
5036 
5588 
6140 
6692 
7242 
7792 
8341 
88^)0 
9437 
9985 
0476 j 0531 
1022 i \077 



38*73 



4427 

4980] 

5533 

6085 

6636 

7187 

7737 

8286 

8835 

9383 

i;f)30 



6716 
1280 
7842 
8401. 
8965 
9526 i 
..86 
0645 
1203 
1760 
2317 
2873 
3429 
3984 
4538 
5091 
5644 
6i95 
6747 
7297 
7847 
8396 
8944 
9492 
..39 
0586 
\1131 






5351 
5929 
6507 
7083 
7659 
8234 
8809 
9383 
9956 
0528 
J 099 
1670 



6 



5409 
5987 
6564 
7141 
7717 
8292 
8866 
9440 
.. 13 
0^85 
1156 



5466 
6045 
6622 
7199 
7774 
8349 
8924 
9497 
..70 
0642 
1213 



70, 1727 1 1784 
2240 12297 I 2354 
2809 1286612923 
3377:3434:3491 
3945 I 4002 i 4059 



4512 
5078 
5644 
6209 
6773 
7336 
7898 
8460 
9021 
9582 
. 141 
0700 
1259 
1816 
2373 
2929 
3484 
4039 
4593 
5146 
5699 
6251 
6802 
7352 
7902 
8451 
8999 
9547 



4569 
5135 



4625 
5192 



5700 5757 



2(X)3 
2547 




5524 

6102 

G680 

7256 

7832 

8407 

8981 

9555 

.127 

0699 

1271 

1841 

2411 

2980 

3548 

4115 

4682 

5248 

53 1 3 

6378 

6942 

7505 

8067 

8629 

9190 

9750 

.309 

0868 

1426 

1983 

2540 

3096 

3651 

4205 

4759 

5312 

5864 

6416 

6967 

7517 

8067 

8615 

9164 

9711 

. 258 

0804 

1349 

AM4 



6265 
6829 
7392 
7955 
8516 
9077 
9638 
. 197 
075G 
1314 
1872 
2429 
2985 
3540 
4094 
4648 
5201 
5754 
6306 
6857 
7407 
7957 
8506 
9054 
9602 
. 149 
0695 
1240 



6321 
6885 
7449 
8011 
«573 
9134 
9694 

0812 
1370 
1928 
2484 
3040 
:^595 
4150 
4704 
5257 
5809 
6361 
6912 
7462 
8012 
8561 
9109 
9656 
.203 
0749 
1295 
\%« 



5582 

6160 

6731 

7314 

7889 

8464 

9039 

9612 

• 183 

0756 

1328 

1898 

2468 

5037 

3605 

4172 

4739 

5 SO J 

5870 

6434 

6998 

7561 

8123 

8685 

9246 

9806 

.365 

0924 

1482 

2039 

2595 

9151 

3706 

4261 

4814 

5367 

5920 

6471 

7022 

7572 

8122 

8670 

9218 

9766 

.312 

0859 

1404 

1948 



k 



or NUMBERS. 



381 



isoo 





1 


2 
3199 


903090 


3144 


801 


3633 


3687 


3741 


' 802 


4174 


4229 


4283 


803 


4716 


4770 


4824 


804 


525() 


5310 


5364 


805 


5796 


5850 


6904 


806 


6335 


6389 


6443 


807 


6874 


6927 


.6981 


808 


7411 


7465 


7519 


809 


7949 


8002 


8056 


810 


8485 


8539 


8592 


8M 


9021 


9074 


9128 


812 


9556 


9610 


9663 


813 


910091 


1 44 


0197 


814 


0624 


0678 


0731 


815 


■ 1158 


!211 


1264 


816 


1690 


174:^ 


1797 


817 


2222 


227.5 


232:5 


818 


2753 


2806 


2859 


819 


3284 


3337 


331)0 


820 


3814 


3867 


3920 


821 


4343 


4396 


4449 


822 


4872 


4r»25 


4977 


823 


5400 


54.'53 


5;;05 


824 


5927 


5980 


6033 


825 


64s54 


6.^07 


6559 


826 


6980 


7033 


7085 


827 


7506 


7558 


7611 


828 


8030 


8083 


8135 


829 


855a 


8607 


8659 


830 


-9078 


9130 


9183 


831 


9601 


9653 


9706 


832 


920123 


0176 


0228 


833 


0645 


0697 


0749 


834 


1166 


1218 


1270 


835 


1686 


1738 


1790 


836 


2206 


2258 


2310 


837 


2725 


2777 


2829 


83S 


3244 


3296 


3348 


839 


3762 


3814 


3865 


840 


4279 


4331 


4383 


841 


4796 


4948 


4899 


842 


5312 


5364 


5415 


843 


5828 


5879 


5931 


844 


6342 


6394 


6445 


845 


6857 


6908 


6959 


846 


7370 


7422 


7473 


847 


7883 


7935 


7986 


848 


8396] 
S!^0S} 


■8447 


8498 


fff^.o/ 


S959\ 


9010 



3 

325^ 

3795 

4337 

4878 

5418 

0958 

6497 

7035 

7573 

8110 

8646 

9181 

9716 

0251 

0784 

1317 

1850 

2381 

2913 

:U43 

3973 

4502 

5030 

5558 

6085 

6Q 12 

7138 

7663 

8188 

8712 

9235 

9758 

O2S0 

0801 

1322 

1842 

2362 

28811 

3399 

3917 

4434 

4951 

5467 

5982 

6497 

7011 

7524 

8037 

85 f 9 

9061 



3307 
3649 
4391 



4932 4986 5040 5094 5148 5202 
5472 5526 5580 5634 5688 5742 



6012 6066 6119 6173 6227 



6551 

7089 
7626 
8613 
8699 
9235 
9770 
0304 
0838 
1371 
HX)3 
2435 



3496 
4026 
4555 
5083 
5611 
6138 
6664 
7190 
7716 
8240 
8764 
9287 
9810 
0332 
0853 
1374 
1894 
2414 
2933 
3451 
39^9 
4486 
5003 
5518 
6034 
6548 
7062 



3361 
3904 
4445 



6604 
7143 
7680 
8217 
8753 
9289 
9823 
0358 
0891 
*1424 
1956 
2488 
3019 
3549 
4079 
4608 
5136 
5664 
6191 
6717 
7243 
7768 
8293 
8816 
9340 
9862 
0384 
0906 
1426 
1946 
2466 
2985 
3503 
4021 
4538 
5054 
5570 
6085 
6600 
7114 



6 



3416 
3958 
4499 



3470 3524 3578 



4012 
4553 



6658 6712 6766 

7196 7250 7304 

7734 7787 7841 

8270 8324 8378 

8807 8860 8914 

9342 9396 9449 

9877 9930 9984 

Oil I 0464 0518 

0944 0998 1051 

1477 1530 1584 
2009 2f)63 2116 
2541 2594 2647 
3072 3125 3178 
3602 3655 3708 
4132 4184 4237 
46^0 4713 4766 
5189 5241 5294 
5716 5769 5822 
6243 6296 6349 
6770 6822 6875 
7295 7348 7400 
7820 7873 7925 
8345 8397 8450 
8869 8921 8973 
9392 9444 9496 
9914 9967 .. 19 
0436 0489 0541 
0958 1010 1062 

1478 1530' 1582 
1998 2050 2102 
2518 2570 2622 
303t 3089 3140 
3555 3607 3658 
4072 4124 4176 
4589 4641 4693 
5106 5157 5209 
5621 5673 5725 
6137 6188 6240 
6651 6702 6754 
7165 7216 7268 7319 

7576 7627 7678 7730 7781 7833 

8088 8140 8191 8242 1 8293 1 8MS 



4066 
4607 



4120 
4661 



6281 
6820 
7358 
7895 
8431 
8967 
9603 
..37 
0571 
1104 
1637 
2169 
2700 
3231 
3761 
4290 
4819 
5347 
5875 
6401 
6927 
7453 
7978 
8502 
9026 
9549 
..71 
0593 
1114 
1634 
2154 
2674 
3192 
3710 
4228 
4744 
5261 
5776 
6291 
€805 
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LOGARITHMS 



T\ 



N. 

850 
851 
852 
853 
854 
855 
856 
857 
858 
859 
860 
861 
862 
863 
864 
865 
866 
867 
868 
869 
870 
871 
872 
873 
874 
875 
876 
877 
878 
879 
880 
881 
882 
883 
884 
885 
886 
887 
888 
889 
890 
891 
892 
893 
894 

896 







929419 
9930 

930440 
0919 
145S 

196^; 

2474 
2981 
3487 
3993 
4498 
5003 
5507 

coil 

6514 
7016 
7518 
8019 
8520 
9020 
9519 

940018 
0516 
1014 
1511 
2008 
2504 
8000 
3495 
3989 
4483 
4976 
5469 
5961 
6452 
6943 
7434 
7924 
8413 
SJ?02 
P390 
9S78 

950365 
0851 



9470 
9881 
0491 
1000 
1509 
2017 
2524 
3031 
3538 



2 

9521 
no 

0542 
1051 
1560 
2068 
2575 
30S2 
3589 
4044 i 4094 
4549 1 4599 
5054 5104 



5558 

6061 

6564 

7066 

7568 

8069 

8570 

9070 

9569 

0068 

0566 

1064 

1561 

2058 

2554 

3049 

3544 

4038 

4532 

5025 

5518 

6010 

6501 

6992 

7483 

7973 

8462 

8951 

9439 

9926 

0414 

0900 

1386 

1872 

2356 



5608 

6111 

6614 

7117 

7618 

8119 

8620 

9120 

9619 

0118 

0616 

1114 

1611 

2107 

2603 

3099 

3593 

4088 

4581 

5074 

5567 

6059 

6551 

7041 

7532 

8022 

8511 

8999 

9488 

9975 

0462 

0949 

1435 

1920 

2405 



9572 

..83 

0592 

1102 

1610 

2118 

2626 

3133 

3639 

4145 

4650 

5154 

5658 

6162 

6665 

7167 

7668 

8169 

8670 

9170 

9669 

0168 

0666 

1163 

1660 

2157 

2653 

3148 

3643 

4137 

4631 

5124 

5616 

6108 

6600 

7090 

7581 

8070 

8560 

9048 

9536 

..24 

0511 

0997 

1483 

1969 

2453 



9623 

. 134 

0643 

1 153 

1661 

2169 

2677 

3183 

3690 

4195 

4700 

5205 

5709 

6212 

6715 

7217 

7718 

8219 

8720 

9220 

9719 

0218 

0716 

1213 

1710 

2207 

2702 

3198 

3692 

4186 

4680 

5173 

5665 

6157 

6649 

7140 

7630 

8119 

8609 

9097 

9585 

..73 

0560 

1046 

15S2 

2017 

2502 



9674 

. 185 

0694 

1204 

1712 

2220 

2727 

3234 

3740 

1246 

4751 

5255 

5759 

6262 

6765 

7267 

7769 

8269 

8770 

9270 

9769 

0267 

0765 

1263 

1760 

2256 

2752 

3247 

3742 

4236 

4729 

5222 

5715 

6207 

6698 

7189 

7679 

8168 

8657 

9146 

9634 

. 121 

0608 

1095 

1580 

2066 

2550 



6 




9725 

.236 

0745 

1254 

1763 

2271 

2778 

3285 

3791 

4296 

4vS01 

5306 

5809 

6313 

6815 

7317 

7819 

8320 

8820 

9320 

9819 

0317 

0815 

1313 

1809 

2306 

2801 

3297 

3791 

4285 

4779 

5272 

5764 

6256 

6747 

7238 

7728 

8217 

8706 

9195 

9683 

. 1/0 

0657 

1143 

1629 

2114 

2599 



8 



.9776 9827 9879 
.287 .338 .389 
0796 0847 0898 
1305 1356 1407 
1814 1865 1915 
2322 2372 2423 
2829 2879 2930 
3335 3386 3437 
3841 3892 3943 
4347 4394 4448 
4S5N4 4902 4953 
5356 5406 5457 
5860 5910 5960 
6363 6413 6463 
6865 6916 6966 
7367 7418 7468 
7869 7919 7969 
8370 8420 8470 
8870 8919 8970 
9369 9419 9469 
9869 9918 9968 
0367 0417 0467 
0865 0915 0964 
1362 1412 1463 
1859 J 909 1958 
2355 2405 2455 
2851 2901 2950 
3346 3396 3445 
3841 3890 3939 
4S35 4384 4433 
4828 4877 4927 
5321 5370 5419 
5813 5862 5912 
6305 6354 6403 
6796 6845 6894 
7287 7336 7385 
7777 7826 7875 
8266 8315 8364 
8755 8804 8853 
9244 9292 9341 
9731 9780 9329 
.219 .267 .316 
0706 0754 0803 
1192 1240 1299 
1677 1726 1775 
2163 2211 2260 
2647 2696 2744 
Sl3ll8I80 3228 
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N-r 


1 


2 


3 


4 


5 


6 

4532 


7 


8 

4628 


9 


900 1 


554243 


4291 


4339 


4387 


4435 


4484 


4580 


4677 


9Dl 


4725 


4773 


4821 


4869 


4918 


4966 


5014 


5062 


5110 


5158 


902 


5207 


5255 


5303 


5351 


5399 


5447 


5495 


5543 


5592 


5640 


903 


5688 


5736 


5784 


5832 


5880 


5928 


5976 


6024 


6072 


6120 


904 


616,8 


6216 


6265 


6313 


6361 


6409 


6457 


6505 


6553 


6601 


90.5 


6649 


6691 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7080 


906 


. 7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7512 


7559 


907 


76Q7 


7655 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


8038 


908 


8086 


8134 


8181 


8229 


8277 


8325 


8S73 


8421 


8468 


8516 


909 


8564 


8612 


8659 


8707 


8755 


8803 


8850 


8898 


8946 


8994 


910 


9041 


9089 


9137 


9185 


9232 


9280 


9328 


9375 


9423 


9471 


911 


9518 


9566 


9614' 


9661 


9709 


9757 


9804 


9852 


9900 


9947 


912 


9995 


..42 


..90 


. 138 


. 185 


.233 


.280 


.328 


.376 


. ^23 


913 


960471 


0518 


0566 


0613 


0661 


0709 


0756 


0804 


0851 


0899 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


915 


1421 


1469 


1516 


'1563 


1611 


1658 


1706 


1753 


1801 


1848 


916 


1895 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


2322 


917 


2369 


2417 


2464 


2511 


2559 


2606 


2653 


2701 


2748 


2795 


918 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


3174 


3221 


3268 


919 


3316 


3363 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


:^741 


920 


3788 


3835 


3882 


3929 


3977 


4024 


4071 


4118 


4165 


4212 


921 


4260 


4307 


4354 


4401 


4448 


4495 


4542 


4590 


4637 


4684 


922 


4731 


4778 


4825 


4872 


4919 


4966 


5013 


5061 


5108 


5155 


923 


5202 


5249 


5296 


5343 


5390 


5437 


5484 


5531 


5578 


5625 


924 


5672 


5719 


5766 


5813 


5860 


5907 


5954 


6001 


6048 


6095 


925 


6142 


6189 


6236 


6283 


6329 


61576 


6423 


6470 


6517 


6564 


926 


6611 


6658 


6705 


6752 


6799 


6845 


6892 


6939 


6986 


7033 


927 


7080 


7127 


7173 


7220 


7267 


7314 


7361 


7408 


7454 


7501 


. 928 


7548 


7595 


7642 


7683 


7735 


7782 


7829 


7875 


7922 


7969 


929 


8016 


8062 


8109 


8156 


8203 


8249 


8296 


8343 


8390 


8436 


930 


8483 


8530 


8576 


8623 


8670 


8716 


8763 


8810 


8856 


8903 


931 


8950 


8996 


9043 


9090 


9136 


9183 


9229 


9276 


9323 


9369 


932 


9416 


9463 


9509 


9556 


9602 


9649 


9695 


9742 


9789 


9835 


933 


9882 


9928 


9975 


. .21 


..68 


. 114 


.161 


.207 


.254 


.300 


934 


970347 


0393 


0440 


0486 


0533 


0579 


0626 


0672 


0719 


0765 


935 


0812 


0858 


0904 


0951 


0997 


1044 


1090 


1137 


1183 


1229 


936 


1276 


1322 


1369 


1415 


J461 


1508 


1554 


1601 


1647 


1693 


937 


1740 


1186 


1832 


1879 


1925 


1971 


2018 


2064 


2110 


2157 


938 


2203 


2249 


229512342 


2388 


2434 


2481 


2527 


2573 


2619 


939 


2666 


2712 


2758 


2804 


2851 


2897 


2943 


2989 


3035 


3082 


940 


3128 


3174 


:j220 


3266 


3313 


3359 


3405 


3451 


3497 


3543 


941 


3590 


:i636 


3682 


3728 


3774 


3820 


3866 


3913 


3959 


4005 


942 


4051 


4097 


4143 


4189 


4235 


4281 


4327 


4374 


4420 


4466 


943 


4512 


4558 


4604 


4650 


4696 


4742 


4788 


4S34 


4880 


4926 


944 


4972 


5018 


5064 


51J0 


5156 


5202 


5248 


5294 


5340 


5386 


945 


5432 


5478 


5524 


5570 


5616 


5662 


5707 


5753 


5799 


5845 


946 


5891 


5937 


598a 


6029 


6075 


6121 


6167 


6212 


6258 


6S04 


947 


6350 


6396 


64 12 


64B8 


6533 


6579 
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2 


3 
7861 


4 


5 


6 


1 


8 


9 






7769 


7.SI3 


7906 


7932 


7998 


8043 


8089 


3133 






P5i 


8181 


H2J6 


Ai-tH 


8317 


8363 


^409 


B454 


8500 


8546 


8591 






tf5a 


80 i7 


S6K;i 


87l'8 


8774 


8819 


8865 


8911 


8956 


9022 


9047 






95 a 


9093 


yi3rt 


9184 


9230 


9275 


9321 


9366 


9412 


9+57 


9503 






y5+ 


934H 


95;r4 


9639 


9683 


9730 


9776 9821 


9867 


991S 


9958 






;J55 


980003 


00(9 


O094 


0140 


0185 


0231 1 0276 


0322 


0367 


0-M2 






99b 


04 J 8 


05O3 


0549 


0594 


0640 


0685 ; 0730 


0770 


0S?1 


OdnT 






9A7 


0911i 


OM.57 


1003 


1048 


1093 


1139 


1184 


1229 


1275 


I3i0 






y5S 


13ut> 


1411 


1456 


1501 


1547 


1392 


1637 


1683 


17138 


1773 






yjy 


1819 


1864 


iLioy 


1954 


2000 


2045 


2090 


2135 


2181 


'^226 








itliTl 


23] t> 


2j6-J, 


2407 


2452 


2497 


2543 


2588 


2033 


2678 






961 


27i'3 


'-'769 


2814 


2859 


2904 


2949 


2994 


304O 


3085 


3130 






»6J 


317a 


32J0 


3'J63 


3310 


335.; 


3401 


34t.i 


3491 


3536 3581 [ 




9ti3 


361^0 


3671 


i7it; 


3762 


3807 


3852 


3897 


3942 


3ys7 


4032 






964 


4077 


41122 


4167 


4212 


4257 


4302 


4347 


4392 


4437 


44S2 






965 


45127 


4572 


4617 


466^ 


4707 


4752 


4.797 


4842 


4387 


4932 






dS6 


4977 


50*22 


5067 


5112 


5157 


5202 


5247 


5292 


5337 


3382 






967 


54120 


3471 


5516 


5561 


si;o6 


5651 


5G9« 


5741 


5786 


3830 






9U8 


5S75 


5920 


59C5 


0010 


6055 


6100 


0144 


6189 


6234 


6279 






9K9 


632+ 


Gi69 


6413 


6458 


6503 


0548 


6593 


6637 


6682 


6727 






970 


677a 


6817 


6861 


6906 


6951 


6990 


7040 


7085 


7i:io 


7175 






971 


7'JI9 


7264 


7309 


7353 


7393 


744S 


7488 


7532 


7577 


7622 






972 


7666 


77U 


7756 


7^00 


7845 


7890 


7934 


7979 


S024 


8063 






97a 


8113 


8157 


8202 


8247 


8291 


8336 


8381 


8425 


8470 


3514 






974 


8559 


8604 


8648 


S693 


8737 


87air 


dHUii 


8871 


8916 


3960 






975 


9005 


yo-iu 


■■U9 + 


ai38 


9183 


9227 


9272 


9316 


9361 


9403 






976 


9450 


9494 


9539 


9583 


9628 


9672 


9717 


9761 


9800 


9S50 






977 


9893 


9939 


9983 


-.28 


..72 


. 117 


. 161 


.206 


.250 


.294 






978 


990339 


0383 


042S 


0472 


0516 


0561 


0bO5 


0650 


0694 


0738 






979 


0783 


0827 


0871 


OJIG 


0960 


1004 


1049 


1093 


1137 


11812 






980 


12L'6 


1270 


1315 


1359 


1403 


1448 


1492 


1536 


1580 


1625 






981 


l(ji:9 


1713 


1758 


1302 


1846 


1890 


1935 


1979 


2023 


2067 






982 


2111 


2156 


2200 


2244 


2288 


2333 


2377 


2+21 


2465 


25CW 






98:i 


2354 


2598 


2642 


2686 


2730 


2774 


2819 


2S63 


2907 


2951 






984 


2995 


3039 


3083 


3127 


3172 


3216 


3200 


3604 


3348 


3392 






935 


343G 


3480 


3524 


3563 


3613 


3637 


3701 


3745 


3789 


3833 






9ti6 


3S77 


3921 


3965 


4B09 


4053 


4097 


4141 


4185 


42^9 


4273 






987 


4317 


4361 


4405 


4449 


4493 


4537 


4581 


4*i25 


4609 


4713 






988 


4757 


4801 


4845 


4889 


4933 


4977 


5021 


5065 


5108 


51Sa 






9Sd 


5196 


5240 


528+ 


5328 


537^ 


5416 


5160 


5504 


5547 


5591 






990 


5635 


5679 


ST23 


5767 


5811 


5854 


5898 


5942 


5986 


6030 






991 


6074 


6117 


6161 


6205 


6249 


6293 


6337 


6380 


0424 


646S 






99:j 


6512 


6555 


6599 


6643 


6687 


6731 


6774 


6818 


6862 


60Ot 






993 


6940 


6993 


7037 


7080 


7124 


7168 


72.2 


7255 


7299 


7343 






994 


73K6 


7430 


7474 


7517 


7561 


7005 


7648 


7C92 


7736 


777i' 




993 


78^3 


7867 


7910 


■954 


7908 


8041 


8085 


8129 


8172 


S21S! 


i 


lac, 


Sl!59 


8303 


8347 


3390 


8434 


8477 


8321 


8504 


8 603 


3651! t 


997J 


S695 


8739 


81fl2\^»26\*%tiS\*i«Vi 


H956 


9000 


9043 


90S7, 


h'JS 
J999] 


9131 
95<a6 


9174 
9009 
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